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Abstract—A novel algorithm is studied for the iden-
tification of linear-in-parameters models. This tech-
nique is dubbed “Quasi-OBE” (QOBE) because it is
based on the principles of optimal bounding ellip-
soid (OBE) identification, but has other geometric
and classic least-squares interpretations that enhance
its interpretability and application potential. Conver-
gence behavior of both the central point estimate and
measures of the hyperellipsoidal membership-set will
be discussed in general terms, particularly in compar-
ison with several conventional OBE algorithms. The
QOBE algorithm uses highly-selective updating and
exhibits excellent tracking ability in time-varying en-
vironments.

I. FORMULATION AND BACKGROUND

Optimal bounding ellipsoid (OBE) algorithms [1]-[3],
[6], [7] are becoming increasingly popular in signal pro-
cessing, system identification, control, and communica-
tion problems as alternatives to conventional least-square-
error (LSE) identifiers. For detailed discussion on the ad-
vantages and properties of OBE algorithms, refer [1], [2],
[4].

Recently, a novel algorithm was introduced in [5] that
shares most of the motivating principles and algorithmic
structure with the OBE algorithms, but which has novel
interpretations and operational properties that make it
uniquely different. We shall refer to this algorithm as
quasi-OBE (QOBE) to connote both the similarities and
differences. The purpose of the present work is to gen-
erally examine the convergence properties of QOBE and
to provide some insights into its operation in practical
applications.

The OBE and QOBE algorithms are used to identify a
linear-in-parameters model

Yt = efmt + Etx (1)

in which 8, € R™ is the unknown “true” parameter vector
to be identified; {x;} is a sequence of measurable vectors
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of dimension m; and {e.} is an error sequence. These al-
gorithms are based on the premise that {e;.} has a point-
wise energy bound that is known a priori ,

g2, <42, for allt. (2)

At each t, these bounds imply two hyperstrips in pa-
rameter space, say Hf = {8y, = 07z, + v} and
Hy = {Bly: = 6" x; — v;}, between which 6, must lie.
The intersection of these strips forms a polytope in R™,
which is a subset of a hyperellipsoidal set at time ¢ given
by

Q, %f {0| 0-0)"C,(0-6,) < nt}. (3)

The ellipsoid center, 6;, and matrix P; def C; ! are com-
puted recursively using

G = " Pz (4)
& = Y- otT—lwt (5)
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It is also useful for theoretical purposes to note that C/,
the so-called covariance matriz, can be computed recur-
sively as

Ci=a;Ci1+ ﬂtﬂltiﬂ:{- (9)

Recursions (4) — (8) comprise the basis for a general OBE
or QOBE algorithm. The ellipsoid center 6, is used as
an estimator of the parameters @, at each t. The process
is initialized with 8 = 0, k9 > 0 and Py = %I, where
p is a small number, typically uko = 107%. {a;} and
{B:} are positive weighting sequences chosen according
to the particular OBE algorithm employed. In almost
every OBE algorithm, the weights are chosen to minimize
the “size” (in some sense) of the set (; at each iteration.
When such optimal weights do not exist, the updating
need not take place.

In the QOBE algorithm [5], the quantity &; is mini-
mized at each iteration by letting 8; = X\, a; = 1, then
seeking the optimal A; in light of the current measure-
ments. QOBE is a “quasi” OBE algorithm in that it is
different from the OBE algorithms, including the “SM-
WRLS” OBE [2] and the “D/H-OBE” [1], in having an



interpretation that allows it to be divorced from the in-
herent ellipsoid; yet the ellipsoid is readily available in
QOBE if it is useful. In fact, QOBE may be interpreted
as a method which determines whether 6;_; lies between
the hyperstrips H;” and H; at time . If so, the new
data are ignored, and 8; = 6;_,, Py = P; 1, etc. If not,
0;_, is moved to the nearest hyperstrip in the direction
of P;x; , where it becomes 0;. Further details are found
in [5], where it has been shown that the central QOBE
estimate can be derived, independent of OBE considera-
tions, as a solution of a certain least-squares cost function
constrained upon the need for the estimate to lie in be-
tween the hyperstrips. This kind of an interpretation is
unique to QOBE and which is not shared by any other
OBE algorithms to date.

One of the interesting features of the QOBE algorithm
is its extraordinary ability to track time-varying dynamics
while using very few data. Further, since QOBE does not
explicitly depend upon the bounding ellipsoid, the need
to assure that @, remains inside the ellipsoid, which is
critical in OBE processing, is not important here. Finally,
the set (ellipsoid) associated with QOBE has interesting
convergence behavior in practice which, while seemingly
undesirable from a theoretical point of view, may also
benefit tracking behavior. These issues are all discussed
below in the assessment of QOBE performance.

II. CONVERGENCE BEHAVIOR OF QOBE

A. Introduction

In this section, we generally describe the convergence
behavior of QOBE, particularly in comparison to its OBE
cousins. We begin with some formal results. The follow-
ing definitions are used throughout the reminder of the

paper:

Definition 1. The sequence of regressor vectors
{z:}32, will be said to be persistently exciting
(PE) if, for any nonzero u € R™, there exist an
infinite subsequence, say {x, }32,, and a num-
ber n > 0 (both dependent upon u), such that
zl u>n for all k.

Definition 2. The term infinite visitation (IV) refers
to the condition in which the true disturbance
sequence, {e¢. }, visits arbitrarily small neighbor-
hoods of its bounds infinitely often (i.0.). That
is, IV occurs if for any € > 0, |es| > 1 — € i.0.

Definition 3. The term infinite updating (IU) refers
to the condition in which the algorithm does not
cease updating in finite time.

Further, while much of the the discussion of conver-
gence below is not rigorous, the following (or similar) as-
sumptions must be made in any formal pursuit of these
issues. Generally speaking, these conditions will be taken
for granted in the remainder of the paper:

Assumption 1. The regressor sequence {x;} is PE
as defined in Def. 1.

Assumption 2. {z;} has a bounded norm: 0 <
||z¢]|| < & for every t.

Assumption 3. The true disturbance magnitude is
bounded for all t: &7, < ~7 where 0 <y < <
¥ < oo for all ¢ for some constants v and %.

B. Fundamental results

The following results are fundamental to the under-
standing and ultimate proofs of QOBE convergence prop-
erties. The proofs of the following propositions are omit-
ted due to lack of space. The first describes the elements
of the optimization process.

Proposition 1 [5] An optimal QOBE (in the sense of
minimizing k) weight, A\; > 0, exists at time ¢ if and only
if

|€t| > Vt- (10)
When condition (10) is satisfied, the optimal weight is
given by
1 (e )
M=— (28 —1), 11
=g (& (1)
and the reduced value of k; can be computed as
1 2
Kt = Kg—1 — a(|6t| —Ye)" (12)
t

Remark: Condition (10) also indicates the existence
of an optimal weight in the sense of minimizing ellipsoid
volume at time ¢ [2, p. 57]. It means that whenever k;
is minimized, volume is (or could be) minimized at that
time as well (see Section C.). o

Proposition 2 [5] The sequence of weights, {\;}2,, di-
minishes to zero. Further, the innovation sequence mag-
nitude is asymptotically “upper bounded by +;” in the
following sense: limsup,_, . (|let| — 1) < 0 with equality
when IU occurs.

The final result will be important in attempts to prove
set convergence for QOBE. In particular, it can be used
to assert that ellipsoid volume does not shrink to zero as
a result of k; converging to zero.

Proposition 3 k; > 0 for any finite ¢, and lim;_, oo k¢ >
0 unless (i) |ew«| = v for every t selected by QOBE, and
(ii) 6, is on the boundary of the initial ellipsoid.

C. Convergence in QOBE and volume-minimizing OBE
algorithms

In practice, the convergence behavior of QOBE is ob-
served to be quite different from that of the volume-
minimizing OBE algorithms to which it is closely related.
QOBE tends to select very few points and usually cease



updating rather quickly. Also of great interest is the fact
that the tracking ability of QOBE appears to be superior
to volume OBE in many cases.

The reason for these behaviors is concerned with the
QOBE selection process which tends to discard data as
soon as the central estimator becomes small. In turn, this
often happens very quickly with respect to the shrinkage
of the ellipsoid. The primary criteria for the selection of
a point at time ¢t by QOBE are the ability of the point to
reduce estimation error (reduce ||@;|), and the proximity
of |et«| to the bound ;. This can be observed from the

. T
fact that e; = €4 + 0,_; ¢, hence

lee] < level + 16,1, (13)
so that when |éf_1wt| = € and || < ¥ — €, no update
occurs regardless of the size of the ellipsoid. Whereas
the reduction of ||@;|| will tend to reduce the size of the
ellipsoid [since error tends to be in the direction of the
“weakest” eigenvalues of C; (largest axes of ®;)], the ex-
plicit concern for set shrinkage is not as strong in QOBE
as in the case of the volume-minimizing OBE algorithms.
In volume OBE algorithms, the information checking cri-
terion (ICC) used to determine the potential of data to
improve the estimate is given by (e.g., [2])

.‘ct_th
€2 >~2 - .
t t
m

(14)

With respect to the ICC for QOBE, e > ~2, the “vol-
ume” ICC contains an extra term on the right side of the
inequality that “lowers the threshold” for updating at ¢
in consideration of the potential of the current data to
reduce the size of the ellipsoid, independent of its central
estimator. The quantity

I’it_th = mt_lme;flmt = mf@;_llmt, (15)
where @, is the “ellipsoid matrix” C}/k¢, represents a
normalized instantaneous signal energy, weighted in pro-
portion to the sizes of the axes of the existing ellipsoid.
This weighting tends to emphasize signal components in
the directions of “greatest need,” that is, along axes where
the ellipsoid is still the largest. Conversely, signal energy
in directions with small axes are downplayed.

From the analysis above, it is apparent that, given iden-
tical conditions at time ¢t — 1, a volume OBE algorithm
would update at time ¢ if QOBE does (see remark below
Proposition 1). Further, it is interesting to note that the
ellipsoid volume associated with QOBE is decreased each
time the algorithm updates. This does not imply, how-
ever, that the volume of the QOBE approaches zero, even
with IU. Empirical evidence suggests that the volume, in
fact, does not vanish. Proof of rigorous conditions for
point-set convergence, however, remains an open problem
for QOBE.

On the other hand, the QOBE central estimator 6; reg-
ularly approaches 6, in simulation studies. Here, too, the

precise conditions remain unknown. It is reasonable to
conjecture that IU is theoretically necessary and sufficient
for estimator convergence, but this remains to be proven.
In turn, an IV condition on {e4 } is almost certainly requi-
site for estimator convergence as implied by the discussion
below (13). Sufficiency of IV is also suggested by Proposi-
tion 2 since g4 and &; can only “match” (both quantities
in arbitrarily small neighborhoods of +;) infinitely often
if [/ — 0.

Finally we note that the fast-estimator-convergence —
reluctant-set-convergence behavior that is observed for
QOBE in practice may offer an explanation for its ro-
bust and excellent tracking performance. The ability to
quickly seek the true parameters is obviously the essence
of quick tracking performance, but the tendency for the el-
lipsoidal set to remain large may be an asset with respect
to other OBE methods. The theory of OBE algorithms
does not support the identification of time-varying dy-
namics. However, the maintenance of a larger ellipsoidal
set in the QOBE case may fortuitously benefit tracking
in this regard.

In the next section, we illustrate this theoretical discus-
sion with simulation studies.

D. Simulation studies

The convergence properties of QOBE are demonstrated
via simulation studies, first for the identification of a 4*
order FIR filter with the output corrupted by uniformly
distributed noise. The chosen filter is given by the follow-
ing:

us — 0.0 up_1 +0.25 up_o + 0.125 up_3 + €44
939315 + Etx

Yy =
Yyt =

for all ¢, where

0. = [1

ry = [Ut

-0.5 025 0.125/7
U1 ]T

Ug—2 Ut—3

It is assumed that the “true” noise bound is known. In
this case, the value of 4 = 0.1122 for all ¢. The Signal
to Noise Ratio (SNR) is fixed at 25 dB for all the sim-
ulation examples. The pertinent points to note are that
the convergence rate of QOBE is similar to that of RLS,
although QOBE uses only 40 updates in 1000 samples,
while RLS processes all the samples. Moreover, the mean
squared parameter error (averaged over 200 runs) result-
ing from QOBE is almost a order of magnitude smaller
than that by RLS, as can be seen in Figure (1).

The prediction error can be seen to lie at a value smaller
than the (time-invariant) noise bound in Figure (2), as is
predicted theoretically. The convergence of the update
weights to zero (cessation of updating) was also observed
in the simulations conducted.

Figure (3) is a plot of the evolution of the ellipsoids
through time for the case of identifying a 2" order FIR
filter under uniform noise. The ‘*’ denotes @, while ‘0’



denotes 8;. It can be seen that in just 25 samples, the
central estimate seems to converge to the true parameter
and the associated ellipsoid shrank to a much smaller size,
albeit not yet a point. This can be explained from the
fact that the centroid of the QOBE algorithm can also be
looked upon as the solution of a certain non-linear least-
squares problem under the constraint of bounded noise
[5]-

For tracking time-varying parameters, we simulated a
274 order FIR filter similar to the earlier case, but with
randomly time varying coefficients. The time variations
in the parameter are introduced by having random, but
bounded jumps at every 15 samples. It can be seen
from Figure (4), that the QOBE algorithm outperforms
weighted RLS (with an exponential forgetting factor of
0.9) in terms of tracking, while using only around 25 data
points for updating, out of 100. This superior tracking ca-
pability is an outcome of the “intelligent” choice of weights
as also the selective updating mechanism.

III. CONCLUSIONS

This paper presented studies on a novel OBE algorithm,
termed QOBE, for real-time signal processing and iden-
tification. Excellent convergence properties exhibited by
the algorithm in stationary and non-stationary environ-
ments were discussed. However, a rigorous convergence
proof of this algorithm still remains an open issue al-
though the analysis presented in this paper is a signifi-
cant step in this direction. Simulation studies conducted
demonstrated the superior performance offered by QOBE
over standard techniques like RLS.
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