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Abstract

An Optimal Bounding Ellipsoid (OBE) algorithm
with asymptotic convergence properties and a selective
update capability is developed in this paper. Inter-
esting geometrical insights into the updating rule are
found. This algorithm is shown to be robust with re-
spect to certain model violations. Convergence of the
algorithm can be established even when the assump-
tion of bounding ellipsoids breaks down due to incorrect
initialization. A least-squares formulation is developed
next for systems with bounded noise. The recursive
estimation procedure of this approach is shown to be
identical to that of the proposed OBE algorithm. Fun-
damental connections between these two approaches
are also shown. These results are shown to imply en-
hanced tracking performance of the algorithm. Simula-
tion results, tested on real channel data, show excellent
performance inspite of highly reduced updating. More-
over, the algorithm is shown to render superior tracking
capability, as expected.

1 Introduction

The problem of estimation of a linear-in-parameter sys-
tem, given knowledge of the input and corrupted out-
put observations has been a widely studied problem
in Control, Signal Processing and Communication [1].
The classical method of Least-Squares has been exten-
sively studied to address this problem [1]. When there
is additional knowledge about the system to be esti-
mated (identified), it is important to include the same
in the estimation procedure. Consequently, significant
performance gains can be achieved by the explicit use
of available information. A common, and realistic as-
sumption which can be made about many such lin-
ear systems is that the noise corrupting the observa-
tions is bounded instantaneously by an a priori known
value. Such knowledge leads to a set of feasible es-
timators which are consistent with the given observa-
tions and model assumptions. Methodologies exploit-
ing this set theoretic knowledge are conceptually dis-
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tinct from the philosophy of traditional point-wise es-
timators (like least-squares, maximum likelihood, etc).
These methods have attracted significant attention in
the signal processing and control communities over the
last decade and in identification literature, they have
been termed as Set-Membership Identification (SMI)
algorithms ([2, 3, 4]). The objective of such techniques
is to maintain consistency with the model assumptions,
and are hence, not tied to any specific cost function.

A class of popular SMI algorithms are the group of
the so-called Optimal Bounding Ellipsoid (OBE) algo-
rithms ([2, 5]) which are recursive estimation schemes.
The OBE algorithms have gained widespread popular-
ity in the research community following the work of
Fogel and Huang [5]. The OBE algorithms enjoy a dis-
cerning update capability, i.e., they use the data se-
lectively for updating the parameter estimates. Tradi-
tional least-squares algorithms, on the other hand, lack
a simple procedure to exploit possible redundancy in
the data [5].

In this paper, we derive a novel OBE algorithm with
enhanced performance and robustness to model viola-
tions in Section 2. The optimality criterion in this algo-
rithm, for obtaining “tightly” outer bounding ellipsoids,
is the same as that used in the algorithm (DH/OBE), by
Dasgupta and Huang [2]. This is the so-called o; min-
imization method. The proposed algorithm features a
highly selective update policy, while exhibiting excel-
lent performance in terms of mean-square error (MSE).
A geometrical insight into the selective updating pro-
cess is also derived. Convergence of this algorithm is
proved under certain conditions.

The robustness results motivate the need for de-
riving, in Section 3, a least-squares estimator with a
bounded noise assumption. It is shown that a certain
least-squares like formulation leads to eractly the same
recursive procedure for the estimate as that of the OBE
algorithm developed in Section 2. It is further shown
that the problem is amenable to a geometric solution.

This analysis also allows us to provide links between
least-squares and OBE estimation paradigms, which
were not available in such an explicit and neat manner
before. We show that the weights obtained via ¢; min-
imization are precisely the Lagrangian multipliers for
a least-squares cost function. The discerning update
capability also arises directly as a consequence of the



problem statement from the least-squares perspective.
As a result, it allows for an optimal choice of weights
in an RLS algorithm. Discussions on these aforemen-
tioned issues, including tracking performance, are given
in Section 4. Simulation results are presented in Section
5. These are for an application to the estimation of a
microwave radio communications channel, generated by
actual field experiments. A performance comparison of
the proposed algorithm is made vis-a‘-vis the popular
RLS algorithm. It is seen that the algorithm renders ex-
cellent performance with highly reduced computational
requirements as compared to RLS.

2 A Novel OBE Algorithm

The assumed discrete time system model is of the form

(1)
where {y;} € R is the output corrupted by the noise
{vi} € R; {z;} € R" is the known input sequence and
0" € R™ is the system parameter to be estimated. We
assume that the noise satisfies the following bounded-
ness criterion

vieV={weR:|w? <4’} Vi=1,2,...

for a given noise bound vy > 0.

Equation (2), combined with (1), results in a feasible
set of parameters at each instant ¢ which are consistent
with the data observed at that time. Obviously, the
true parameter lies in this set, which is referred to here
as the observation set (denoted by S;), given by

Si={0€R": |yi — i 6]" <~} 3)
Given observations {yx,z},_; and the fact that 6* €
Sk, for all k = 1,2,...,3, it follows that §* € ¥; =
02:1 Sk. The basic approach of OBE algorithms is to
outer bound this membership set ¥;, by a mathemat-

ically tractable ellipsoid &; for every 7 in some optimal
manner.

yi =z 0" +v;

(2)

2.1 Recursions and Selective Update
Rule

Given an initial ellipsoid & = {8 € R" : (0 —
6,)'P; Y (0 — 6,) < 0o}, with some properly chosen
6,,P, = I and 0, > 0 such that 6* € &,, the algo-
rithm establishes a recursive procedure for computing
the sequence of ellipsoids {&;}. Specifically, the true pa-
rameter 8 lies in &;, where &; is obtained as an outer
bounding ellipsoid of the intersection of S; with &;_;.
Such an outer bounding ellipsoid is formulated here as a
linear combination of {&;} with S;. If {£;} is described
by {§ € R* : (8 — 8:;)TP1(8 — ;) < 0:}, then the
recursions of the algorithm are:

0; = bio1 4 MNPz (4)

Pi_l = Pi__ll + )\zmzsz (5)

g, = 0i—1—1; (6)
Xi02
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for any A; > 0 where the prediction erroris d; = y; —
.’L‘iTéi_1 and Gi = :c,-TPi_lzci.

Remark 1: For a properly chosen v, P, and 0, > 0, we
have o; > 0 for all 4.

Remark 2: Each value of A; yields a different bounding
ellipsoid. To compute \;, a measure of optimality which
is similar to the one in DH/OBE has been adopted in
this algorithm [2]. This is to minimize o; with respect
to A;, under the constraint that A; > 0. It is important
to note that this measure essentially amounts to maxi-
mizing 7;. When the maximum of 7; occurs at A\; =0,
it results in no update. This constitutes the discerning
update capability of the proposed algorithm.
Proposition 1: The optimal value of A;, denoted by
A}, is obtained by the following:

52 1
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Moreover,
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For the next result and much of the analysis later on,
we need the following definitions:

Definition 1: The “bounding hyper planes” to the
observation set, S; at time i, denoted by S;” and S,
are given by:

(8)

SE={eR":yi—z]0 =47} (9)
Moreover, the “nterior” of S; is given by:
St={0eR" |y —aTol<r}  (10)

It follows from the above construction that we have
Si=8usi"us;

Definition 2: The “nearest bounding hyper plane”
to a vector, say 8 ¢ S; at time instant 7, denoted by
NB;(0) is:
8+

9

S,

ifyi—xiT9>’y

if y; — xfﬁ < =y (11)

NB;(8) = {

By the assignment to A; (in Proposition 1), we have
the following result for the a posteriori error, €; = y; —
xlTéz from which we obtain a geometrical interpretation
to the update rule.

Proposition 2: The resulting a posteriori error
magnitude is always less than or equal to the noise
bound and is given by:

€ = if ¢ € updating instants

v
|6

i.€.

lei] min(y, |:]) Vi

Geometrically, the update rule is: No update is needed
if éi_1 € S, else, update éi_l in the direction of the
vector Pi_1z; such that 6; € NB;(fi—1).

Remark 3: Deller et al. have an algorithm with a sim-
ilar update rule [3], whose motivation being to achieve



O(n) complexity of the information evaluation crite-
rion. However, their algorithm uses weights which are
computed via a volume or trace minimization procedure
once this information evaluation criterion is met and
hence belongs to a different class of OBE algorithms
altogether.

2.2 Effects of Initial Conditions and
Convergence Issues

The choice of the initial condition, i.e. ©¢,, has been
dismissed in existing OBE literature in a somewhat
hand waving manner. The motivation for the following
analysis is two-fold: (1) It can be shown that various
choices of g, lead to significantly different performance
in DH/OBE [2] and (2) The problem with tracking of
time-varying parameters is that of o; becoming neg-
ative for some i. By a result for the case of model
violation, we can effectively explain how this algorithm
is more robust to time-varying parameters and conse-
quently offers better performance in such situations.
The condition to be satisfied while choosing o, is:

(12)

where 6 is the true parameter. In practice, we pick a
“large enough” o, to start the algorithm. Also, 6o =0
forms the initial estimate of 6.

Remark 4: First, it can be shown that the effect of any
arbitrary positive o,, such that (12) is satisfied, does
not change the sequence of estimates by the algorithm.
The above assertion does not hold for DH/OBE.

Now we focus attention to the potentially catas-
trophic case of a wrong choice of o,, such that (12) is
not satisfied. In such a scenario, the basic assumption
that &, is a bounding ellipsoid fails, leading to what we
term as a model violation. In the following important
result, which is a generalization of Remark 4, we show
that the recursions given by (4-7) and (8), is robust to
these model violations.

6711” < oo

Proposition 3: All values of o, (not necessarily posi-
tive), result in the same sequence of updating instants,
weights (A]) and parameter estimates ({6;} Vi). Again,
this is not true for DH/OBE.

Remark 5: The above results, i.e., the robustness of the
algorithm even when OBE assumptions do not hold,
motivate the need to answer the following question:

“Does there ezist a fundamentally different approach
which results in the same estimation strategy?”

The answer to this question is addressed in Section
3 by casting the problem in a least-squares framework.
With such an approach, the excellent performance of
the algorithm and it’s insensitivity to initial conditions
can be thus explained.

Convergence issues in OBE algorithms were first ad-
dressed rigorously by Dasgupta and Huang [2]. Later,
Nayeri, Deller and Liu [6] established convergence re-
sults for all known OBE algorithms, along with con-
ditions to guarantee point convergence to the true pa-
rameter. The contribution in this work is that we prove

asymptotic convergence of the prediction error, cessa-
tion of updating and region convergence of the estima-
tor even under model violations. For this, results for
the case when oy is chosen to satisfy the model assump-
tion (12) are established. Then, using Proposition 3, it
can be shown that all the above results are true even
when (12) is not satisfied.

Proposition 4: If G; is bounded for all i, then for
any o,, the following hold:

e limsup, , [0 <7
e lim; o A; =0

o limsup, ,_ ||8i—1 — 0*|> < (v* — 02)/o2, where
o2 is the noise variance and o2 is the minimum
singular value of Rg., the autocorrelation matrix

of the (stationary) input.

We proceed to the alternate approach in the next sec-
tion.

3 Least-Squares Estimation
under Bounded Noise

As the title suggests, our approach is to formulate a
least-squares cost function, given the knowledge that
the uncertainty is bounded, but otherwise unknown. In
the following discussion, we assume that the measure-
ment and input are related by (1) and furthermore, that
the noise obeys the bound given by (2).

3.1 Problem Formulation

To develop a recursive mechanism, let us assume that at
time 7 — 1, we have formulated a certain quadratic cost
function given information up to and including time
instant i — 1, that is, {yx, zx} "' Denote this function
as V;—1(6), which is of the form:

Viei(0) = {(6—0,)"P; (0 —6,) — 0o}

+3 (e — k6’ -4’} (13)
k=1

= (0—0i-)"PZy(0— 6im1) — 0ima(14)

for some appropriately chosen weighting sequence ay >
0,k=1,2,...,i—1. The choice of the time-varying and
(possibly) data-dependent weights will be explained
shortly. Note that the additive constants appearing in
the cost function do not affect the optimization proce-
dure but only serve to facilitate connections to the OBE
methodology. Also, the first term in (13) represents the
confidence on the initial guess.

Now, consider the data set at time ¢, given by the pair
{yi,zi}. The information contained by the new data,
due to the knowledge of the bounded uncertainty, is
characterized by: (y; — 27 8)?> < v® & 6 € S;, where §
is any estimate of §*. The basic idea of deriving this
least-squares estimator is the following:

Given the cost function, V;—1(0) and the observation
set, Si, the goal is to find the new estimate, say éi,



which minimizes Vi_1(60) such that 6; lies in S;. In
other words, the strategy is to move from fi_1 to a
new estimate so as to incur the least increase in the
cost function V;—1(8), under the constraint that the new
estimate has to lie in the observation set S;.
Remark 6: A very important fact can be noticed im-
mediately, i.e., that when ;1 € Si, then there is no
need to move to a new estimate as §;_; itself is the
global minimum of V;_1(6). It is pertinent to note that
this results in no update of the parameter estimate.
Moreover, the condition for no update is exactly the
same as for the OBE, given by Proposition 1! There-
fore, without any analysis, we already have established
the discerning update rule for this least-squares prob-
lem and shown it to coincide with the earlier condition.
Note that 6;_; € S; is equivalent to |8;| > .

For further analysis, we see that this estimation
strategy can easily be cast as a constrained optimiza-
tion problem: At each instant 7,

Vi—1(6)
(yi — i 6)” <+

(15)
(16)

Minimize
Subject to:

The parameter vector minimizing this problem is the
new estimate, denoted by ém

We first show that the solution to this problem has to
lie on the nearest bounding hyper plane of S;, namely,
NB;i(B;_1). The problem constraint then becomes an
equality, rather than an inequality as in (16). We solve
the above problem by reducing it to an unconstrained
optimization problem with the help of the standard
Lagrange multipliers technique. We further show the
same result to be obtainable by a different geometric
approach. Henceforth, it is assumed that 6; 1 & Si.

Proposition 5: The new estimate at time 4, i.e., 6;

belongs to NBi(éi_l).

3.2 The Solution

Given these facts, we now construct an auxiliary func-
tion,

Ji(0,k:) = Vio1(0) + Kigi(0)
9:(6) = {(yi—2{6)"—+"}

where k; is the Lagrangian multiplier. Note that setting
the gradient of J;(0,k;) (with respect to 6) to zero,
implies that the minimizer is the parameter at which
the normal vectors to the surfaces of V;_1(8) and g;(6)
are collinear. The following solution then follows:
Theorem 1: Given data set {y;,x;} and the cost
function V;—1(f) at time ¢, the solution to the opti-
mization problem posed in (15,16) is given by (4) and
the optimal Lagrangian multiplier is x; = Aj, where
the latter is as defined by (8).
Remark 7: The first thing to notice, of course, is that
the recursion for the parameter estimate has turned out
to be exactly the same as in the case of the OBE algo-
rithm. What is further appealing is that the update
rule, along with the assignment to the time-varying
weights is the same as before. We have the additional

(17)
(18)

NBl(éirl)

Figure 1: Contour Plot of V;_1(8) along with Geomet-
ric Representation of Updating Process

understanding that the weights are the Lagrangian mul-
tiplier to the constrained optimization problem.
Remark 8: It was not clear, using OBE arguments, as
to the significance of the particular direction P;_ix;
to move from the earlier estimate, 9}-71, in Proposition
2. It now becomes obvious that this strategy is essen-
tially a compromise between reaching the observation
set at each instant, while not increasing the extra cost
incurred on the earlier error surface, V;_1(9).

A novel geometric solution to the same problem is
possible by linearly transforming the parameter space
so that the contours of V;_1(f) become speheroids in-
stead of ellipsoids. By appropriately transforming S;
also, the solution is obtained as the projection of éi_l
on to NB;(fi_1), in the transformed space. The re-
cursions then turn out to be the same as before. The
updating process is depicted in Figure (1).

Next, we need a method for construction of V;(6),
given knowledge of V;_1(0) and the data pair, {y;, z:}.
The property that should be possessed by this function
is that it is quadratic and of the same form as V;_;(6).
Also, ; should be the global minimizer of this function.

Effectively, the question is regarding the choice of the
weight, a; > 0, as in (13). Therefore,

Vi) = Vie1(0) + i{(yi —2{6)* ="} (19)
0—6,)"P7'(0—6;)—a;

with 6; given by Theorem 1. It turns out that the only
assignment to «;, which is consistent with the above
formulation, is given by k; from Theorem 1, which, in
turn, is the same as \].

Proposition 6: The recursions for V;(6), defined
via P; and o;, with 6; given by Theorem 1, are given
by (5-7) and a; = A}.

To summarize, we have formulated a least-squares
cost function at each instant and obtained a solution
constrained upon the need for the estimate to lie in the
observation set at that instant. We have solved this
problem by the Lagrange multiplier technique and also
shown that the solution can be obtained by a geomet-
rical argument. Further, we have shown a recursive
method for constructing the cost function.



One of the important points that arises out of this
formulation is that for the first time, the least-squares
criterion has been used to rigorously achieve “selective
updating” in a recursive formulation without the use of
any ellipsoidal optimality criterion. Additional knowl-
edge assumed of the model, in the form of a known
bound on the noise process, has allowed an intelligent
method to pick the weighting sequence in a recursive
least-squares algorithm. To date, the choice of such
weights was subject to heuristic arguments, based on
experimentally observed performance. Also, by the
analysis presented in this section, it now becomes am-
ply clear as to the (least-squares) optimality criterion
of the OBE algorithm under consideration.

The next section discusses some other interesting as-
pects of this approach, namely, explicit connections to
the meaning of ¢; minimization in this Optimal Bound-
ing Ellipsoid algorithm. In passing, we also discuss the
connections to DH/OBE, which is the other algorithm
in this class.

4 Discussions

In this section, we first discuss the case when the pa-
rameter is time-varying. Also, connections between
o; minimization and the least-squares solution are ex-
plored.

One of the singular problem encountered with track-
ing via OBE algorithms is the case when the intersec-
tion of S; with &_1 becomes void at some time instant
1. At such instants, o; becomes negative and the OBE
algorithms have to resort to certain “rescue procedures”
in order that tracking is restored [4]. However, as have
been shown in the earlier section, o; becoming negative
does not affect the updating recursions (4-7), although
the OBE interpretation breaks down. In the absence of
rescue procedures, other OBE estimators lose track of
the parameter while such is not the case with this algo-
rithm, which explains good tracking characteristics ob-
served in practice. From the least-squares perspective,
this fact is even more apparent. The only objective in
that formulation is to optimally “move” to the observa-
tion set at the present time instant. Hence, intuitively,
we see that the estimate is going to be “close” to the
time-varying true parameter at all times.

However, if we wish the estimator to operate accord-
ing to OBE principles, a scheme using ideas from set-
membership state estimation can be implemented for
tracking, thus giving a concrete method to circumvent
the need for rescue mechanisms. For more details on
the state estimation via set-membership principles, the
reader is referred to [7].

It can be shown that the process of obtaining an
extremum of J;(-) with respect to x;, (17), in order to
find the Lagrange multiplier, is the same as finding the
extremum of o; with respect to x;. Moreover, with x;
denoting the value of x; which achieves this extremum,
it turns out that

d%o;

oz >0 for

*
Ki = K;

which implies that «; is in fact a minimizer of o;.

By the above analysis, we have shown how the prob-
lem of finding the Lagrange multiplier is the same as
finding the minimum of o; over all k; > 0. Also, the ge-
ometrical significance of o; is that it defines the depth
of the minimum point of V;(#) below the #-plane.

5 Simulation Results

We present simulation results for the following three
cases:

o Identification of an 8" order FIR filter under uni-
formly distributed noise.

o Estimation of a real microwave radio communica-
tions channel with truncated Gaussian noise.

o Tracking of a fast time varying 2" order FIR filter.

Note: This digital microwave radio channel was ex-
tracted from processing of field measurements of re-
ceived signals.

‘We omit minute details of the simulation for the sake
of brevity. The results are shown in Figures (2), (3) and
(4). For all cases considered, the Signal to Noise Ratio
(SNR) was 15 dB and the input was taken to be from
a binary PAM alphabet.

‘We notice the similar performance of the proposed
algorithm as compared to RLS for case 1. In fact, one
of the simulation results showed that an order of magni-
tude improvement on the mean square parameter error
was obtained over RLS. This translates to similar per-
formance in the mean-square prediction error, as can be
seen from Figure (1). Importantly, the number of up-
dates was around 30 out of the total of 1000 samples. It
is pertinent to note the excellent performance in spite
of the sparse number of inputs used by the algorithm
for updating.

For case 2, we observe that the rate of convergence
of OBE is slower than RLS, though the final MSE is
comparable. This hints to the known fact that OBE
algorithms perform best under uniform noise. The se-
lective updating feature may be one of the main reasons
for the slower convergence.

In case 3, it can be seen that the OBE algorithm out-
performs RLS (with an exponential forgetting factor of
0.9) in terms of tracking, while using only around 25
data points for updating, out of 100. The time varia-
tions in the parameter are introduced by having ran-
dom, but bounded jumps at every 15 samples. This
superior tracking capability is an outcome of the “intel-
ligent” choice of weights as also the selective updating
mechanism.

6 Conclusions

This paper presented a novel OBE algorithm along with
a performance analysis. Results on the robustness of
the algorithm to model violations as well as conver-
gence under such circumstances were established. Fur-
ther, a least-squares like criterion was used to derive
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Figure 2: Estimation of an 8 Tap FIR filter with Uni-
form Noise
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the same algorithm. The analysis presented allowed
for fundamental connections between OBE and least-
squares estimation methods. The alternative formula-
tion also shed light on the observed robustness to model
violations and superior tracking properties of the algo-
rithm. Simulation results for various cases, including
that of estimation of a real microwave channel were
presented. The excellent tracking behavior observed
indicates much promise for the algorithm developed.
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