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Abstract

This paper proposesa new strategy for multiuserde-
tectionin DS/CDMAsystems.Thedetectors are designed
to meeta deterministicworst-caseerror performancemea-
sure. Formulationswith andwithouttheuseof trainingsig-
nals are considered and a solution for each is presented.
Further, they are shownto be near-far resistant. An ad-
vantage in posingthemultiuserdetectionproblemthis way
is thatcomputationallyefficientadaptivealgorithmscanbe
derivedfor boththeblind andnon-blindcases,whoseper-
formanceis verycomparableto thatof traditionalRLS-like
algorithms.It is alsoshownthatsharingof detectorsacross
users is possible, leadingto significantreductionin hard-
ware requirements.

1. Intr oduction

Multiuser detection(MUD) for Direct-SequenceCode
Division Multiple Access(DS/CDMA) systemsdealswith
detectionof a desireduser in the presenceof interfering
usersandambientnoise. Theprinciplesof MUD arewell
establishedand understood[12]. An optimal maximum
likelihood solution was found in [12], whosecomplexity
wasexponentialin thenumberof users.Muchattentionhas
beenfocussedon linearmultiuserdetectorsin which class,
thedecorrelatingdetectorandtheMMSE detectorwerede-
rived [5, 6, 11]. The needto know the parametersof the�
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interferingusers(timing, signaturesequence,receivedam-
plitudesetc) is alleviatedby adaptive schemesto achieve
thesegoals.However, sincetheseadaptivemethodsrequire
theuseof trainingbits,blind adaptivemultiuserdetectionis
proposedin [3, 9]. A bottleneckarisesin theseadaptivede-
tectorsdueto thetrade-off betweenachievableperformance
andcomputationalcomplexity. Methodsto overcomethis
difficulty havebeenproposed[10].

Section2 establishesa new performancecriterion for
MUD by imposinga worst-casedeterministicerror spec-
ification on the detector. This type of performancemea-
surehasbeenusedin channelequalization[1, 2]. Solu-
tions for bothblind andnon-blindMUD arederivedwhen
theinterferenceparametersareknown. Theseareshown to
beequivalentin a certainsenseandarealsonear-far resis-
tant [12]. Section3 discussesadaptive solutionsinvolving
projection-basedalgorithms.Someconvergenceproperties
of therecursiveestimatesarealsodiscussed.Section4 con-
tainssimulationresultsandadiscussionof theperformance,
andSection5 concludesthepaper.

2. The Criterion for Multiuser Detection

For simplicity, we shallconsidera synchronousCDMA
network of

�
users. It is pertinentto note that a

�
-user

asynchronoussystemcan be conceptuallyviewed as an
equivalent synchronoussystemwith ��� ���	��


users[8].
Throughoutthispaper, weassumethatuser0 is thedesired
userto bedemodulated.In asynchronoussetup,“one-shot”
detectionis possible.Thatis, symbolsaredetectedbasedon
thereceivedsignalin onesymbolperiod( � ). Thereceived
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in which
� + � � + ��� 
 � ! + ��� 
 are the received amplitude, ��0�1

symbolandsignaturesequenceof the 230�1 user, respectively.
We further assumethat “short codes” areused,although
thisassumptionis neededonly in Section3, whereadaptive
algorithmsarediscussed.This impliesthatthesignaturese-
quencesareperiodicwith a periodequalto the spreading
gain, 4 :
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 is a rectangular
chip waveformof duration � < and I 7 +KJ is a binary-valued
spreadingcode. The received signal is chip-matchedfil-
teredandsampledat the chip-rate(

�ML � < ), which yields a
discrete-timemodelfor thesignalasfollows:N � � 
�� � �'O/
;P-Q ��� 
 �SRT� � 
 (2)

whereN ��� 
 is a 4VU �
vectorof thesampledreceivedvalues,O P � 
 W � �YX#XYXZ�[W %'&=([\ is an 4]U �

matrix of thespreading
sequenceand

�]�
diag
 � � � ( �YXYX#XZ� � %'&)(�\ is the

� U �
matrix of received amplitudes(without lossof generality,
wehavenormalizedtheamplitudessuchthat
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/� 
 �`� � � 
 �YXYX#XY� � %'&)( � � 
 \ P is the

� U �
vectorof bitsof

the
�

users(
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 is thedesiredbit to bedetected)and RT� � 


is a 4aU �
vectorof i.i.d. zero-meanGaussiannoisesamples

eachwith varianceb)cd . A lineardetectoris an 4eU �
vector,f �

, that linearly mapsthe received vector to the decision
output: g � ��� 
/� f P� N � � 
Z>ih� � ��� 
/�

sgn
 g � � � 
 \ G � (3)

where
h�`� � � 
 is theestimateof

�`� ��� 
 .
Commonperformanceindicesfor the designof linear

multiuserdetectorsincludethezero-forcing(decorrelating)
andtheMMSE criteria.Thedecorrelatingdetectornullsout
thecontributionof themultiple accessinterferers(MAI) in
the output,but resultsin noise-enhancement.The MMSE
detectorachievesa balancebetweenMAI and noisesup-
pressionby partiallysuppressingtheMAI.

2.1. Formulation with training

In this section,we proposea performancemeasurethat
ensuresthattheworst-caseerrorachievedby thedetectoris
boundedby aspecifiedvaluefor all receiveddatathatcome
from a certaindesignspace. By doing so, we canbe as-
suredof goodperformanceon a deterministicbasis,i.e., of

achieving boundederrorsfor a largesubsetof thepossible
receivedsignalvectors.Wemightalsobeableto designthe
detectorsothatit resultsin error-freedecisionsfor a subset
of the receivedvectors. In certainspecialcases,we show
theequivalenceof this detectorto theMMSE detectorand
thedecorrelatingdetector.

Let the error specificationbe that the maximumallow-
ableerrormagnitudeis setatavalue jlkmC . Thatis, design
adetectorfon suchthatp"qDrs$tYuovZ&)(�w ("xZw y�u{zl| }3| � p"qDrs$tYuov�&=(`w ([xZw y�u{zl| �`�~� f P n N |�� j (4)

where� is adesignspaceconsistingof all thereceivedvec-
torsformedby theadditivenoisevaluesboundedin magni-
tudeby someconstant� d :
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where ���M� � is thevectorinfinity norm.Given � , thereex-
istsasetof detectorsthatcanachievetheerrorspecification.
This set is calledthe feasibility set � andwe needto find
any f n @�� . In thefollowing, a sufficient conditionfor the
existenceof a non-emptyfeasibility setis given. By upper
boundingtheerrorexpressionusing(4), (2) andminimizing
overall f , it canbeshown that

If ��� �^O fon � h� ��
 � ( �S� d � fon � ( � j�� (5)

then f n is a detectorthatmeetstheerrormagnitudespeci-

ficationwhere f�n ��� &)( W � ,
�����MO P � c O � 5A�K��%��K� andh� � � 
 � �"C��YXYX#XZ�"C \ P is theunit vectorof dimension

� U �
( ���D� ( is thevector1-norm). Using(5), � d canbechosen
suchthatthereis at leastonedetectorwhichmeetstheerror
specificationj . It is interestingto notethefollowing points:� Thestructureof thedetectoris very similar to thatof

the MMSE detector. In fact, if (5) is met for � d �  � �¡L 4 
 b d , then fon is theMMSE detector.� In thenoise-freecase,wecanlet � d£¢ C whichresults
in f n reducingto thedecorrelatingdetector. Sinceit is
known thatthedecorrelatingdetectoris near-far resis-
tant[5], it follows that fon is alsonear-far resistant.� By setting j � �

, we imposethe constraintthat the
detectormake no errorswhenever the receivedsignal
comesfrom thedesignspace,� .

2.2. Formulation without training

TheMMSE counterpartfor blind (anchored)detectionis
theMinimum OutputEnergy (MOE) criterion. We impose
ananalogouscriterionin thisframework thattheworst-case
outputmagnitudebeboundedfrom above by a specifiedj



undertheconstraintthattheprojectionof thedetectorin the
directionof thedesiredsignaturesequencebefixedatunity.

In this case,theproblemis to designa detectorf n such
that p�q�ry�u{z |

g
| � p"qDry�u{z | f P n N |3� j�� (6)

subjectto the constraintf P n W �.�¤�
. A sufficient condition

for this to bepossibleis givenby:� �'O fon � ( �S� d � fon � ( � j�� (7)

where f n � (¥�¦t3§©¨oª ¥ t � &)( W � and
�

is definedas before.

This detectoris a scaledversionof thenon-blindcaseand
so achieves the sameperformance.This is similar to the
equivalenceof theMMSE andtheMOE detectors[3].

3. Low-Complexity AdaptiveAlgorithms

The previous sectionoutlinedpossible“of f-line” solu-
tionsfor theproblemposed.Theserequireknowledgeof the
interferenceparameters- anundesirableoverloadfor imple-
mentationin realsystems.In the following, adaptive algo-
rithmsareproposedfor adaptationwith andwithout train-
ing. Thesealgorithmsusea constrainedleast-squares-like
costfunctionandarederivedusingideasof projectionsonto
convex sets.In eachof thefollowing cases,we will derive
algorithmswith automaticandvariablegainassignmentand
sparseupdating.

3.1. Case1: Adaptation with Training

Considerthecasein whichtrainingbitsareusedinitially
for convergenceof thedetector, afterwhich theupdatingis
performedin decision-directedmode. For the �$0�1 symbol,
we receive thevector N � � 
 andthedesiredoutputis thebit
that was transmitted,

��� � � 
 . To develop a recursive algo-
rithm, assumethat f ��� �a�M


is the detectorat time � �a�
,

obtainedusingthevalues 
 N �$2 
 � �`� ��2 
 \¬« &)(+�,�( . This methodis
similarto thatproposedby theauthorsfor ageneralfiltering
problem[2, 7], namely, to constructa quadraticcostfunc-
tion at time � , givenby­ � f 
�� � f � f ��� �®��
"
;P°¯ &)( � f � f ��� �®��
�
 � (8)

where
¯

is somepositive-definiteweightingmatrix. The
estimateat thepresenttime is thenobtainedby minimizing
this costfunctionsubjectto theconstraintthat theerrorbe
lessthanor equalto theerrorspecification,j . Thatis,

| � � ��� 
�� f P N � � 
 |3� j�X (9)

This constraintdescribesa pair of 4 -dimensionalhyper-
planes, the interior of which is denoted by ±²� � 
H�I f � | ��� � � 
�� f P N � � 
 |3� j J - a convex setin ³ 5 . If f ��� �´��


belongsto ±²� � 
 , thenthereis noneedto updatetheestimate
at time � . Otherwise,thenew estimatelieson thebounding
hyper-planenearestto f ��� �E��


, resultingin an a posteri-
ori error magnitudeof exactly j [7]. The conditionto be
checked is whether f � � ����
 @_±µ��� 
 , which is equivalent
to checkingwhether | ¶ ��� 
 |�� j , where ¶ � � 
 is thea priori
error, givenby ¶ � � 
��·� � ��� 
�� f � � �®�M
 P N ��� 
 . Theupdating
equationsfor anarbitrary

¯ km¸ are:
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is the

time-varyinggain termandalsothe Lagrangianmultiplier
in thesolutionof theaboveconstrainedproblem.1

In general,the computationalcomplexity of the algo-
rithmaboveis of order4�c , but in real-timeimplementation,
is computationallylessintensive dueto selective updating.
By setting

¯
equalto the inverseof theweightedcorrela-

tion matrix of thereceivedvectors,we obtainanRLS-type
algorithmwhich is termedAPEC-RLS(A PosterioriError
ConstrainedRecursive LeastSquares).In this case,at time� , wehaveanadditionalupdateof thematrix

¯
givenby¯ � Ç � � �´�M
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On the otherhand,by setting

¯ ��É 5 , where
É 5 is the

identity matrix of size 4 , we obtainanorder 4 algorithm
with selective updatingwhich is termedAPEC-LMS, by
analogyto theLeastMeanSquaresalgorithm[2]. At each
time, theestimatein APEC-LMSis obtainedsuchthat the
vector f � � 
T� f ��� �·��


is orthogonalto thenearestbound-
ing hyperplane[2]. Thishappensbecausethecostfunction
(8) reducesto theEuclideannormof thedetectorerror. An
importantpropertyof thisalgorithmis thatateachtime,the
estimatemovescloser(in the2-norm)to every point in the
feasibility set. Hencethe sequenceof errorsis monotone
non-increasing.It canalsobe shown that asymptotically,
thevalueof thepredictionerrorbecomeslessthanor equal
to j in magnitudeandalsothealgorithmsceaseupdating.

For adaptationwith trainingbits,thealgorithmsoutlined
above can be usedto designdetectorsthat guaranteethe
asymptoticworst-caseerror to be boundedfrom above by
the specifiedj . Recursive algorithmsfor blind adaptation
areconsiderednext.

1For somematrix ÊiËSÌ , the inner productbetweentwo vectors Í
and Î with respectto Ê is denotedby ÏÃÍÑÐ�ÎDÒÔÓlÕÖ Í�×ÑÊ®Î , andthenorm

inducedby this innerproductby Ø¼ÍÙØ�ÚÓ ÕÖ Ío×ÙÊmÍ .



3.2. Case2: Blind Adaptation

Ideassimilar to thoseusedfor deriving theabove algo-
rithmsareemployedin thedevelopmentof blind recursive
algorithmswith anoutputspecification.For blind adaptive
MUD with anMMSE criterion,anLMS algorithmwaspro-
posedin [3], anda blind RLS algorithmhasbeenrecently
proposedin [8] tosuppressbothMAI andnarrowbandinter-
ference.A blind MUD receiver in conjunctionwith beam
forming via an antennaarray is proposedin [4]. This re-
ceiverusesasimilarcriterionfor adaptiveblind MUD to the
oneusedhere,althougha differentalgorithmis proposed.

In theblind case,wehavetwo constraintsto meetateach
instant.First,theoutputmagnitudemustbelessthanj . The
otheris that thecomponentof thedetectorin thedirection
of the desiredsignaturesequencebe unity. As before,the
updateshouldbesuchthat thecostfunction

­ � f 

, defined

in (8), beminimizedsubjectto thesetwo constraints,

| f P N � � 
 |Û� j (12)f P W �Ü� �
(13)

We denotethesetof all detectorsthatsatisfy(12) by ±µ��� 
 .
Assumethat f � � �¾�M


satisfies(13),thenasbefore,if | ¶ ��� 
 | �
| f � � ���M
 P N � � 
 |3� j , thereis noneedto updatetheestimate.
However, if suchis not thecase,thentheupdateshouldbe
suchthat f � � 
 @	±²� � 
�Ý I f �"W P� f �Þ� J . The solution forf � � 
 is obtainedby themethodof Lagrangemultipliersand
is givenby:

| ¶ � � 
 |3� j ¹ f ��� 
A� f ��� �®��

(14)| ¶ � � 
 | kSj ¹ f ��� 
A� f ��� �®��
���ß � � 
 ¶ ��� 
;¯ N{à ��� 
 �

where
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Here, N à � � 
 is thecomponentof N � � 
 that is orthogonalto
the desiredsignatureW � , i.e., W P� ¯ N à ��� 
®� C . By set-
ting

¯ �æÉ 5 , we obtain an order-N algorithm called
APOC-LMS(A PosterioriOutputConstrainedLeastMean
Squares).Althoughit is possibleto obtaina corresponding
RLS-likealgorithm,it is notadvisabletousetheassignment
in (11)whichresultsin

Ç ��� 
 beingamonotonicallydecreas-
ing sequenceof matrices.Numericalinstabilitiescanarise
becauseof thedenominatorin (16) goingto zero. It is our
conjecturethatthisdifficulty canbeovercomeby settinḡ
to be an exponentiallyweightedtime-averagedcorrelation
matrixof N � � 
 , but this issuerequiresfurtherinvestigation.

4. Simulation Studiesand Discussion

A
� C -user synchronousDS/CMDA system with a

spreadinggainof ��C wassimulated.Theinterferenceampli-
tudeswereall chosento befivetimesthedesireduser’sam-
plitude,to simulatea severenear-farsituation.Thespread-
ing sequencewasgeneratedrandomlyfor all theusersand
wasvariedfrom trial to trial for all the interferers,keeping
thesignaturesequenceof thedesireduserinvariantthrough
the trials. This approximatelymodelsthe effect of arbi-
trary delays in an asynchronoussystem. The signal-to-
backgroundnoiseratiowas �{C dB afterdespreading.

The time-averagedSignal-to-Interference+NoiseRatio
(SINR)wasusedasa measureof performanceof theadap-
tive algorithms. The off-line detectorin (5) resultedin a
SINR of 18 dB which was the sameas achieved by the
MMSE detector. On the other hand,a matchedfilter re-
sulted in an unacceptable-8 dB SINR. The plots of the
performanceof the proposedalgorithmsfor adaptingwith
trainingandblind areshown in Figures(1) and(2). There-
sultsareaveragedover500trials. Thetime-averagedSINR
at time � is givenby

SINR��� 
/� çéè �"�+�,-( � f + ��� �®��
 P W �M
 cç è �[�+�,-( 
 f + � � �´�M
 P � N + ��� 
���� � w + � � 
 W � 
 \ c �
wherethesubscript2 indicesthe 2�0�1 trial.

In Figure (1), training bits were usedfor the first 500
symbols after which adaptationswitched to a decision-
directedmode.Thevalueof j wassetto C�X ê . TheAPEC-
RLSupdatedin approximately110symbolsoutof thetotal
of 1000 while the APEC-LMS updatedabout370 times.
It canbe seenthat the APEC-LMSandthe standardLMS
(with stepsize= 0.001)have not achieved steady-statein
500 symbolsresultingin a degradationin performancein
thedecision-directedmode.On theotherhand,theAPEC-
RLSperformscomparablyto thetraditionalRLS (with for-
gettingfactorof 0.995)while usingonly

� C�ë of the sym-
bols for updating. In Figure (2), it can be seenthat the
APOC-LMSdoesaswell astheforgetting-factorRLSof [8]
while updatingabout460symbolsoutof 1000,andoutper-
forms the traditionalLMS algorithm. The valueof j here
was

�
. A higher j would result in reducedupdating,but

therewouldbesomelossin performanceandvice-versa.It
is at the designerscontrol to adjustthe valueaccordingto
thetrade-off betweentheresourcesavailableandtheperfor-
mancedesired.

Previous experiencein generaladaptive filtering with
thesetypes of algorithmsreveal that they are extremely
adeptat trackingtime-varyingsystems.It is expectedthat
the algorithmspresentedhere also feature the ability to
track time-variationsintroducedby usersswitchingon or
off. Also, it hasbeenshown in [1] thatthesparseupdating



canbe usedto advantagewhenmultiple filters needto be
adapted.Sincesuchis the casehere,wherewe have one
detectorfor eachuser, an updatorsharedschemeis possi-
ble by which the numberof updatorsneededis drastically
reduced.This leadsto significantsavings in the hardware
requirementsin a practicalsystem.For moredetails,refer
to [1].

5. Conclusion

This paper has presenteda new designcriterion and
resulting algorithms for linear multiuser detection in
DS/CDMA systems.The detectorensuresthat the worst-
caseoutputerror is boundedin magnitudeby a designer-
specifiedvalue. Solutionsto this problemfor systemsin-
volving trainingbitsandotherwisewerepresented.Proper-
tiesof thesedetectorswerediscussed,andthey wereshown
to be near-far resistant. Connectionsto the MMSE and
decorrelatingdetectorwereshown in specialcases.Further,
novel adaptive algorithmswerepresentedwhich featurea
selective-updatingcapability. It wasalsoshown via simula-
tionsthatthesealgorithmscanserveasmeansto reducethe
computationalloadwhile renderingexcellentperformance.

0 100 200 300 400 500 600 700 800 900 1000
−15

−10

−5

0

5

10

15

20

Symbols

T
im

e 
av

er
ag

ed
 S

IN
R

RLS

LMS

APEC−LMS
APEC−RLS

Figure 1. Performance with training

References

[1] S.Gollamudi,S.Kapoor, S.Nagaraj,andY. F. Huang.Set-
membershipadaptive equalizationand an updator-shared
implementationfor multiple channelcommunicationsys-
tems.submittedto IEEETransactionsonSignalProcessing,
October1996.

[2] S.Gollamudi,S.Nagaraj,andY. F. Huang.SMART: A tool-
box for set-membershipadaptive filtering. Proc. European
Conferenceon Circuit TheoryandDesign, Budapest,Hun-
gary, September1997.

0 100 200 300 400 500 600 700 800 900 1000
−20

−15

−10

−5

0

5

10

15

Symbols

T
im

e 
av

er
ag

ed
 S

IN
R

RLS

LMS

APOC−LMS

Figure 2. Performance without training

[3] M. Honig, U. Madhow, andS. Verdu. Blind adaptive mul-
tiuserdetection.IEEETransactionson InformationTheory,
41(4):944–960,July1995.

[4] S.KapoorandY. F. Huang.Blind multiuserdetectionandin-
terferencecancellationin DS-CDMA mobileradiosystems.
Proc.IEEESignalProcessingWorkshoponSignalProcess-
ing Advancesin WirelessCommunications, Paris, France,
April 1997.

[5] R. LupasandS. Verdu. Linearmultiuserdetectorsfor syn-
chronouscode division multiple accesschannels. IEEE
Transactionson InformationTheory, 35:123–136,January
1989.

[6] U. Madhow andM. Honig. MMSE interferencesuppression
for direct sequencespreadspectrumCDMA. IEEE Trans-
actionson Communications, 42(12):3178–3188,December
1994.

[7] S. Nagaraj, S. Gollamudi, S. Kapoor, and Y. F. Huang.
Boundederror estimation: Set-theoreticand least-squares
formulations. Proc. Conferenceon Information Sciences
andSystems, pages610–615,Baltimore,MD, March1997.

[8] H. V. Poor and X. Wang. Code aided interferencesup-
pressionfor DS/CDMA communications:PartsI and II.
IEEE Transactionson Communications, 45(9):1101–1122,
September1997.

[9] J. B. SchodorfandD. B. Williams. A constrainedadaptive
diversity combinerfor interferencesuppressionin CDMA
systems.Proc. IEEE Intl. Conferenceon Acoustic,Speech
andSignalProcessing, Atlanta,GA, May 1996.

[10] V. G. SubramanianandU. Madhow. Blind demodulationof
directsequenceCDMA signalsusinganantennaarray. Proc.
ConferenceonInformationSciencesandSystems, pages74–
79,Princeton,NJ,March1996.

[11] M. K. Tsatsanisand G. B. Giannakis. Optimal decorre-
lating receivers for DS-CDMA systems:A signalprocess-
ing framework. IEEE Transactionson signal processing,
44(12):3044–3055,December1996.

[12] S. Verdu. Minimum probability of error for asynchronous
Gaussianmultiple accesschannels. IEEE Transactionson
InformationTheory, 32:85–96,January1986.


