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Abstract— It has been suggested that “near-codewords” may of tail-biting LDPC convolutional codes (introduced in [10
be a significant factor affecting decoding failures of LDPC odes derived from a single protograph-based ensemble of LDPC
over the ANGN channel. A near-codeword is a sequence that p4ck codes to obtain a lower bound on the average trapping
satisfies almost all of the check equations. These near-cadards . . L
can be associated with so-called ‘trapping sets’ that existn set en.umerato_rs of untermlnated,_ asymptotically goodoger
the Tanner graph of a code. In this paper, we analyse the Ca”y time-varying LDPC convolutional code ensembleshia t
trapping sets of protograph-based LDPC convolutional code. process, we show that the average trapping set enumerétors o
LDPC convolutional codes have been shown to be capable ofensembles of tail-biting LDPC convolutional codes apphoac
achieving the same capacity-approaching performance as LBC  1ha ayerage trapping set enumerator of an associated LDPC

block codes with iterative message-passing decoding. Fhsr, it . .
has been Shv(\;lvvnlthatlvsome engen?blesl gf LDPCI gonvolutil)nalConVOIUIlonal code ensemble as the block length of the tail-

codes are asymptotically good, in the sense that the averagee biting ensemble increases.
distance grows linearly with constraint length. Here, asymtotic Il LDPC
methods are used to calculate a lower bound on the trapping : CONVOLUTIONAL CODES

set growth rates for two ensembles of asymptotically good \ne start with a brief definition of a rat® = b/c binary

protograph-based LDPC convolutional codes. This can be ude LDPC convolutional cod€. A code sequencey satisfies

to predict where the error floor will occur for these codes under . T T .
iterative message-passing decoding. the equationvig o Hy, | = 0, whereH|, , is the syndrome
former matrix and

. INTRODUCTION H) o] =

Trapping sets, graphical sub-structures existing in the Ta Ho(0)
ner graph of Low-Density Parity-Check (LDPC) codes, were | " Hoh)
first studied in [1]. Known initially asnear-codewordsthey - 1<m5> . 711 (o)
were used to analyse the performance of LDPC codes in th : Ho(ms+1)  Hume_1(ms+ 1)
error-floor, or high signal-to-noise ratio (SNR), regiontbé : -
tc):;[necr;or rate (BER) curve. In [2!’ R|chardsoq develope$§1ei% the parity-check matrix of the convolutional code The

pts and proposed a two-stage technique to predict gu%matricesH-(t) i — 0.1 me £ > 0 are binar
error floor performance of LDPC codes based on trappirgfg b P SR = y
: : — b) x ¢ submatrices, given by
sets, and asymptotic results on trapping set enumerators 10
both regular and irregular LDPC block code ensembles were hz(.l’l)(t) o hz(.l’c) (t)
published in [3]. . .

LDPC convolutional codes were introduced in [4], and their Hi(t) = : : ’ @
advantages and disadvantages compared to LDPC block codes hgc’b’l)(t) e hl(.c’b’c) (t)
of the same complexity were discussed in [5], [6]. Further, i
[7] and [8], it was shown that several ensembles of both mguf
and irregular unterminated periodically time-varying LOP 1) Hi(f) =0, i <0 andi > ms, V ¢.
convolutional codes based on protographs asgmptotically ~ 2) There is & such thatH,,, () # 0.
good In other words, their average free distance grows linealye callms the syndrome former memory angd= (ms+1)-c
with constraint length. Also, a lower bound on the free disea the decoding constraint length. These parameters determin
growth rates was obtained, which was shown to exceed tite width of the nonzero diagonal region #i, ;. The
growth rates of minimum distance with block length fosparsity of the parity-check matrix is ensured by demanding
corresponding protograph-based LDPC block code ensembtbst its rows have very low Hamming weight, i.ey (h;) <<

The analysis used in [7] and [8] to calculate ensemblens+1)-c, i > 0, whereh; denotes thé-th row of Hg .
average weight enumerators can be extended to the problEne code is said to be regular if its parity-check matiy .
of finding ensemble average trapping set enumerators. $n thas exactlyJ ones in every column and, starting from row
paper, building on work by Abu-Surra, Ryan, and Divsalar [9]c—b)ms+1, K ones in every row. The other entries are zeros.
asymptotic methods are used to calculate a lower bound on We refer to a code with these properties as(an, J, K)-
average trapping set enumerators for two ensembles of asymggular LDPC convolutional code, and we note that, in gdnera
totically good, protograph-based LDPC convolutional cydethe code is time-varying and has rae=b/c =1 - J/K.
one regular and one irregular. In particular, we use ensesnbh rate R = b/c¢, (ms, J, K)-regular time-varying LDPC

H()('m,s)
e Ho(ms+1)

hat satisfy the following properties:



convolutional code is periodic with peridH (in submatrices) P.. of an unterminated, periodically time-varying convolu-
if H,(t) is periodic, i.e.,H;(t) = H;(t + T),V i,t, and tional code with ratdR = 1—n../n,, constraint lengtlvs = n,,,
if H;(t) = H;,V i,t, the code is time-invariant. An LDPC and periodl’ = y given by

convolutional code is calle@regular if its row and column P,
weights are not constant. P, P
[1l. PROTOGRAPHBASED LDPC CONVOLUTIONAL CODES Pee = P, B : @)

A protograph is a small bipartite graph. Figure 1 shows a
protograph and the associated protograph parity-checkxmat

Vo Vi Va V3

Note that when gogh.,n,) = 1, we cannot form a square
block matrix larger thanl x 1 with equal size blocks. In

0 0 this case,, = P and P, is the all-zero matrix of size
1 1 n. X n,. This trivial cut results in a convolutional code
10 with syndrome former memory zero, with repeating blocks
of the original protograph on the leading diagonal. In this
case we must use one of two approaches. First, we can
create a larger protograph parity-check matrix by applying
Suppose a given protograph has variable nodes and. the copy and permute operatidd times to P. This results
check nodes. An ensemble of protograph-based LDPC blagkan Mn,. x Mn, = nl x n/, parity-check matrix for
codes can be created using the copy-and-permute operafigme small integei/. Then/, x n/, protograph parity-check
[11]. The parity-check matri¥{ corresponding to a membermatrix can then be cut following the procedure outlined abov
of the resulting ensemble of protograph-based LDPC bloglternatively, we can use a nonuniform cut, as described in
codes can be obtained by replacing ones with< N per- [g].
mutation matrices and zeros wifli x N all-zero matrices in To create an ensemble of time_varying LDPC convolutional
the underlying protograph parity-check matiX where the codes we follow the usual protograph construction techmiqu
permutation matrices are chosen randomly and independenthe ones are replaced withh x N permutation matrices

Using this construction, the sparsity condition of an LDP@r summations ofV x N permutation matrices for parallel
parity-check matrix will be satisfied for larg&y. The code edges) and the zeros witki x N all-zero matrices, where the
created by applying the copy-and-permute operation to gBrmutation matrices are chosen randomly and indepernydent

ne X ny protograph parity-check matri¥* has block length Choosing V' to be sufficiently large guarantees the sparsity
n = Nn,. In addition, the code has the same rate and degigsdition for an LDPC code.

distribution for each of its variable and check nodes as the

underlying protograph. IV. GENERAL TRAPPING SET ENUMERATORS FOR
We note that in this example the row and column weights of PROTOGRAPHBASED CODES

P are not constant, sB represents the parity-check matrix of Definition 1: A | . f a bioar-

an irregular protograph. The resulting ensemble of pratplar . efinition 1. An (a,b) general trapping set,,;, of a bipar

based block codes will thus also be irregular. Note that it ‘ge graph is a set of variable nodes of sizavhich induce

also possible to consider protograph parity-check magrice a subgraph with exactly odd-degree check nodes (and an

with larger integer entries, which represent parallel sdige artl)ltrarc)j/ numbelr OT even-degrsle check nodes). | .
the base protograph. In this case, the resulting block7in n order to calculate ensemble average general trapping set

consists of a sum oV x N permutation matrices [11]. enumeratprs fo_r protograph—based_ block codes, we makduse 0
the combinatorial arguments previously presented in [12] a

A. Forming protograph-based convolutional codes [13] for calculating ensemble average weight enumeraldrs.

K technique involves considering a two-part weight enuncerat
for a modified protograph with the property that afy,b)
trapping set in the original protograph is a codeword in the
modified protograph. We now briefly describe the procedure

C, C G

Fig. 1. An example protograph and associated parity-cheattixn

Suppose that we have an x n, protograph parity-chec
matrix P, where gcdn.,n,) = y. We then partitionP as a
y X y block matrix as follows:

Pii oo Pry introduced in [9]. An auxiliary ‘flag’ variable node is added
P= : : , to each check node, as displayed in Figure 2.
Py71 - Py,y Vo vy V2 V3

where each block?; ; is of sizen./y x n,/y. P can thus
be separated into a lower triangular pafi, and an upper

triangular part minus the leading diagon&l,. Explicitly, R o
P P2 ... Py
P>y P32 ) . Co C, C,
P = . . and P, = ’ .
: . . Py_q,
Py Py.2 e Pyy ’ ’ K fl E

nodes.

called ‘cutting’ a protograph parity-check matrix. L _ _ _ ,
R . th itions of these two trianaular matric Cutting certain protograph parity-check matrices may lteésua smaller
earranglng € pOS e . - g ¢ ﬁériodT =y’, wherey’ ¢ Z* dividesy evenly. Ify’ = 1, then the resulting
and repeating them indefinitely results in a parity-checkixa convolutional code is time-invariant.



Consider a subsét with cardinalitya of the variable nodes fixing A and plotting the normalized weightagainst the two-
V = {wvp,v1,v2,v3}, for examplea = 3 andS = {vg,v1,v2}. part asymptotic spectral shape functiofa, 5) = r(a, Aa).
We now attach weight to these variable nodes and weighSupposex > 0 and the first zero-crossing ef«, 3) occurs
0 to the remaining nodes iY/S = {v3}. We observe that at a = §:5(A). If r(a, 3) is negative in the range < a <
check nodes, andc; are satisfied, since they both have inpuf;s(A), then the first zero-crossing;;(A) is called theA-
weight 2, but that check node. (with input weight3) is trapping set growth ratef the code ensemble. §f;(A) exists,
unsatisfied. Thus there ts= 1 odd degree (unsatisfied) checlkand if the probability
node. This is an example of(&, 1) general trapping set. Thus 0es(A)n—1
73,1 contains the subset = {vg, vy, va}. Pla<6s(A)n) = Y Aup<<l1

For any subset of variable nodes we can satisfy any unsat- a=1
isfied check nodes by assigning weighto the corresponding as the block lengtin grows, we can say with high probability
auxiliary variable node. Note that the weight of the vamablthat the majority of codes in the ensemble havA-&rapping
nodesV is a = 3 and the weight of the auxiliary nodes isset number that increases linearly with i.e., dis(A) =
b = 1 for this (3, 1) general trapping set, which suggests thais,,(A). This implies that, for sufficiently large, a typical
the general trapping sets of a protograph can be enumeratggmber of the ensemble has no small trapping sets.

by ;gpg/lng a twor;parlt V\r/]e'ght engmerator anaIyS|§ rt10 theV. GENERAL TRAPPING SET ENUMERATORS FORDPC
modified protograph. We thus consider a two-part weight enu- CONVOLUTIONAL CODES

medrator_lc_)ver se;s gc;fl/arlable nodes= {uo, v1h, o ’U"_v—th} In this section, we present a method for obtaining a lower
an Sux' '?ry n_oble *d{fo’.flér']".’f;%flfl}'\;v erezv IST€  hound on theA-trapping set number of an ensemble of
number of variable nodes in the initial protograph andis unterminated, asymptotically good, periodically timeyiag

the number of auxi!iaryvariable nodes (equal to thg numberl?DPC convolutional codes derived from protograph-based
check nodes..). This methlod of enumergtlng trapping sets _f ' DPC block codes. To proceed, we introduce a family of tail-
p][ot’;]o_grapht—_based codes is _prefﬁnted Irl]t [9].f Ig the(;erféam ﬁing LDPC convolutional codes with incremental incresase

of this section, we summarize the results of [9] and [12] %R block length. The tail-biting codes are then used as a tool

which our approach is based. to obtain the desired bound on tetrapping set number of

A. Finite length ensemble trapping set enumerators the unterminated codes.

Suppose that a modified protograph containsvariable A. Tail-biting convolutional codes

nodes to be transmitted over the channel. Also, supposéconsider the parity-check matri®.. of the protograph-
that each of then, transmitted variable nodes has an ag@ased unterminated convolutional code introduced in Secti

sociated weightd;, where0 < d; < N for all .2 Let Ill-A. We now introduce the notion of tail-biting convolatnal
Sq = {(do,d,...,dn,, 1)} be the set of all possible weightcodes by defining an ‘unwrapping factok' as the number
distributions such thady + ... +d,,, _1 = a. Finally, suppose ©f times the sliding convolutional structure is repeatetbtee
that Sy = {(fo,fi,---,fn,—1)} is the set of all weight applying ;ail-biting termination. FoA > 1, the parity-check
distributions such thafy+. . .+ fn,—1 = b, where0 < f; < N matrix Pt(b ) of the desired tail-biting protograph-based convo-
for all . Then the two-part ensemble average trapping detional code with block lengti\n, can be written as

enumerator for the modified protograph is given by P, P,
— P, B
Aa,b - Z Z Ad7 (3) P()‘) o Pu Pl (4)
{dr}€Sa {fi}€Sy th
where Ayq is the average number of codewords in P P
the modified ensemble with weight distributiod = v 2 D nexan,
(do,du,.,dn, -1, fo, f1,- s fp—1). Note that the tail-biting convolutional code far= 1 is simply

the original protograph-based block code.
B. Asymptotic trapping set spectral shape function

. L , . B. Tail-biting LDPC convolutional code ensembles
The two-part normalized logarithmiasymptotic trapping , .
set spectral shape functioof a code ensemble can be writ-  CGiven & protograph parity-check matrix, we generate a
ten asr(a, B) = limp,_.oc SUPTy(a, B), Where r,(a, ) = famlly of EZ/\i;FbItIng convplutlonal codes with parity chiec
In(Aas) ., — a/n, B =b/n, a andb are Hamming weights; matricesP,;’ and increasing block lengthsy,, A = 1,2, ...,

is t?le block length, andl, , is the two-part ensemble averagér‘smg the process described above. Since tail-biting convo
weight distribution ’ lutional codes are themselves block codes, we can treat the

(N)
Suppose now we are interested in the raticdhab o for a 12NNer graph ofP;” as a protograph for each value of

general(a, b) trapping set enumerator. Let = b/a = f/a, A. Replacing the entries of this matrix with eith&f x N

A € [0,00). As proposed in [9], we may now classify theoermutation matrices a¥ x N all-zero matrices, as discussed
trappiné sefs asa = {raplb = A~,a} For eachA. we define N Section lIl, creates an ensemble of LDPC codes that can
- a, - . 1

dys(A) to be theA-trapping set numberwhich is the size be analysed asymptotically 88 goes to infinity, where the

of the smallest, non-empty trapping set7in. Now consider sparsity condition of an LDPC code is satisfied for large
N. Each tail-biting LDPC code ensemble, in turn, can be

2Since we useN copies of the protograph, the weight associated with gnwrapped and rgpgated 'r.]defm'tel_y to form an ensemble of
particular variable node in the protograph can be as larg¥ as unterminated periodically time-varying LDPC convolutadn



codes with rate R = 1 —n,./n,, constraint lengtv, = Nn,, A family of rate R = 1/2 tail-biting LDPC convolutional
and, in general, period = \y. code ensembles can be generated according to the displayed
To study the average general trapping set enumeratorscof. We now proceed to calculate thetrapping set growth
these block codes, we add auxiliary flag variables followingte 5t(j)(A) for the modified tail-biting convolutional code
the procedure detailed in Section IV. The resulting prapbr  ensembles with base parity-check matrid%t‘g\) for various
based parity-check matrix is given by fixed values of A and increasing values of the unwrapping
factor A. Note that setting\ = 3/a = 0 corresponds to

P, P, - .

P, P the minimum distance growth rate problem [7]. Thus, for
<3 v P P i A = 1, which corresponds to thé3, 6)-regular block code
Py = wo At » ensemble,sV(0) = S = 0.023, where 5., is the

L minimum distance growth rate for tH8, 6)-regular ensemble,
as originally calculated by Gallager [15]. Further, forgar
) ) _ ) values of}, the value for(St(j) (0) agrees with the earlier results
wherel,, is then x n identity matrix. For any), we can  for minimum distance growth rates for tail-biting convotutal
now follow the procedure detailed in Section IV to calculatggges given in [7].
the A-trapping set numbed!" for the ensemble of LDPC  Ag A ranges f o t the points(s™ W)

s ges fron to oo, the points(d,;” (A), A-6,.7 (A))

tail-biting convolutional codes based on the protograpfityya trace out the so-calledero-contour curveor a protograph-
check matrixP};". based block code ensemble [9]. The zero-contour curves for

) ) Example1 are shown in Figure 3, and thA-trapping set
C. Alower bound on the convolutionattrapping set number growth rates are highlighted fak = 0.02.

Pu ]Dl Ane XA (ny+ne)

Theorem 1:Consider forming a family of unterminated, x* :

periodically time-varying LDPC convolutional codes withte a, =89(0.02)
R=1-Nn./Nn, = 1—-n./n,, constraint lengthv, = Nn,, T r=123 a,=300.02)
and period7" = \y from (4), as described in Section V-B. | 0=8000) ||
Let dﬁﬁzs(A) be the A-trapping set number of the code with r=4 o, =3;,27002)

T = Ay, and letdecis(A) = max d).(A), which we call the s
>

ccts

A-trapping set number of the unterminated convolutionabcm,%’ 4l

gradient
A=0.02

family. Then, for any tail-biting termination with unwraipg = N6

factor A, decis(A) is bounded below byli)(A) for any A, 3 < |

ie., | > N 7
dccts(A) > dg;\) (A) (5) | ! b

1 s : ' 3 i

Proof. The proof, omitted here for brevity, is presented in [14
Intuitively, as A\ increases, the tail-biting code become | . . N . _

a better representation of the associated unterminated c o o aq,

volutional code, withA — oo corresponding to a non- . .

periodically time-varying convolutional code. This is ezfled Fig. 3. Zero-contour curves for Example

in the average general trapping set enumerators, and itTRe zero-contour curve is key to understanding the role of

shown in Section VI that increasiny provides us withA- trapping sets in iterative Secoding. Code ensembles wifela

trapping set growth rates>) (A) that converge to a lower A-trapping set numberd’ (A) are of primary interest, since

bound ond,...s(A), which we call theA-trapping set growth small trapping sets dominate iterative decoding perfolgaan

rate of the unterminated convolutional code family. in the error floor [2]. Thus we want tha-trapping set growth
rate 5§5)(A) to exist and be as large as possible for each
VI. TRAPPING SET ANALYSIS value of A. We observe in Fig. 3 that™)(A) < 622 (A)

We now present a trapping set analysis for two asymBlr any \; > Xo. This is analogous to the decrease in the
totically good ensembles, one regular and one irregular, Binimum distance growth rate with increasingobserved in
unterminated periodically time-varying LDPC convolutidn [7]. If a zero-contour curve of ensemble A is always below the
codes. As described in Section V, we make use of ensemb#&§0-contour curve of ensemble B, then, in general, we would
of tail-biting LDPC convolutional codes to obtain a loweg€Xpect a code drawn from ensemble A to exhibit poorer error
bound on the desired\-trapping set growth rate of the floor performance than one drawn from ensemble B. Thus we
associated unterminated convolutional code ensemble.  €xpect worse error floor performance with increasinfgr the

Example 1 Consider a(3, 6)-regular LDPC code with the tail-biting convolutional code ensemblés.
folowing protograph and associated parity-check matrix: The A-trapping set growth rates of the tail-biting ensembles
for each\ are given by

A A A
_dP@) _dR @) _dp’ o)

n AN, AU

3 (A) . (6

4We observe from the zero-contour curves of Examipthat increasingk
results in smallerA-trapping set growth rates fox > 3. However, we must
be careful in this case to remember that the block lengths ialsease and
3In this case, the submatrices Bf and P, are of sizeNn./y x Nn,/y.  the A-trapping set number idgi)(A) = négi)(A) = NAnvégi)(A).



and the A-trapping set growth rate of the associated ratmearly with constraint length for several ensembles of un

R =1/2 ensemble of unterminated periodically time-varyingerminated, protograph-based periodically time varyifzgPiC

LDPC convolutional codes i$..:s(A) = d..s(A)/vs, as convolutional codes. Further, it was shown that fhérapping

discussed above. Thus (5) gives us the lower bound set growth rates of the LDPC convolutional code ensembles

(\) exceed the growth rates of the corresponding LDPC block

dcctS(A) dts (A) (A) . .
» > = Ao’ (A),  (7) code ensembles on which they are based. These large trapping
s s set growth rates suggest that LDPC convolutional codes will

for all A > 1. TheseA-trapping set growth rates are plottedbyhibit good iterative decoding performance in the erraorflo
in Fig. 4 for A =0, 0.01, and0.05. Related work includes an important subset of general trap-

5ccts(A> ==

0.09 ping set enumerators, callellementary trapping set enumer-
Lower bound on the convoluiona ators [2], which require a slightly different analytical model,
0.08 frueppngsetorowhe®e® 1 35 described in [9]. Monte Carlo simulations (see, e.g), [2]
S oorl oo 1 have shown that in fact most of the decoding failures in
s - ccls(O'Ol) . - . .
= iterative decoding correspond to elementary trapping. sets
5 008 1 Similar results to those presented here for elementarpimgp
* ool Lowerboundon g, 005) | Sets are the subject of ongoing research.
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