
Math 60330: Basic Geometry and Topology
Problem Set 9

1. Define a 1-form ω on M2 “ R2zt0u via the formula

ω “

ˆ

´y

x2 ` y2

˙

dx`

ˆ

x

x2 ` y2

˙

dy.

(a) Let γ : r0, 1s ÑM2 be a circle of radius r ą 0 around p0, 0q. Calculate
ş

γ
ω.

(b) Prove that there does not exist some smooth function f : M2 Ñ R such
that ω “ df.

(c) Define M2
2 “ tpx, yq | x ą 0u. Construct an explicit function f : M2

2 Ñ R
such that ω “ df.

2. (a) Let Mn be a smooth manifold and let ω P Ω1pMnq be such that ω “ df for
some smooth function f : Mn Ñ R. If γ : ra, bs ÑMn is a closed path (i.e.
a path such that γpaq “ γpbq), prove that

ş

γ
ω “ 0.

(b) Let Mn be a smooth connected manifold and let ω P Ω1pMnq. Assume
that for all closed paths γ : ra, bs Ñ Mn, we have

ş

γ
ω “ 0. The goal of

this problem is to prove the converse of part a, i.e. that there exists some
smooth function f : Mn Ñ R such that ω “ df.

i. Let γ1 : r0, 1s Ñ Mn and γ2 : r0, 1s Ñ Mn be two smooth paths such
that γ1p0q “ γ2p0q and γ1p1q “ γ2p1q. Prove that

ş

γ1
ω “

ş

γ2
ω. Warn-

ing: you have to be careful; it is not necessarily the case that the path
δ : r0, 2s ÑMn defined via the formula

δptq “

#

γ1ptq if 0 ď t ď 1,

γ2pt´ 1q if 1 ď t ď 2

is smooth. The problem occurs at t “ 1. Try to reparameterize your
paths such that this is smooth.

ii. Fix some basepoint x0 PM
n. Define a function f : Mn Ñ R by letting

fppq “
ş

γ
ω, where γ : r0, 1s ÑMn is a path such that γp0q “ x0 and

γp1q “ p (this is well-defined by part a). Prove that df “ ω.

3. Let ω P AnpRnq and let M be an nˆn matrix. Prove that for all ~v1, . . . , ~v P Rn,
we have

ωpMp~v1q, . . . ,Mp~vnqq “ detpMqωp~v1, . . . , ~vnq.

4. Let V be a vector space and let ω1, . . . , ωk P V
˚ “ A1pV q. Prove that the ωi are

linearly independent if and only if ω1 ^ ω2 ^ ¨ ¨ ¨ ^ ωk “ 0.
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5. Let U Ă Rn and V Ă Rm be open sets and let f : U Ñ V be a smooth map.
Consider ω P ΩkpV q. Let x1, . . . , xn be the coordinates on Rn and let y1, . . . , ym
be the coordinates on Rm. Set

I “ tpi1, . . . , ikq | 1 ď i1 ă ¨ ¨ ¨ ă ik ď nu

and
J “ tpj1, . . . , jkq | 1 ď j1 ă ¨ ¨ ¨ ă jk ď mu

Write
ω “

ÿ

JPJ
gJdyJ and f˚pωq “

ÿ

IPI
hIdxI .

State and prove a relationship between f , the gJ , and the hI .
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