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CHAPTER 1

Smooth manifolds

This chapter defines smooth manifolds and gives some basic examples. We also
discuss smooth partitions of unity.

1.1. The definition

We start with the definition of a manifold (not yet smooth).

DEFINITION. A manifold of dimension n is a second countable Hausdorff space
M™ such that for every p € M™ there exists an open set U C M™ containing p
and a homeomorphism ¢ : U — V', where V' C R™ is open. The map ¢ : U — V
is a chart around p. We will often call V' a local coordinate system around p and
identify it via ¢~! with a subset of M™. O

REMARK. We require M™ to be Hausdorff and second countable to avoid var-
ious pathologies, some of which are discussed in the exercises. The existence of
charts is the real fundamental defining property of a manifold. O

Our goal is to learn how to do calculus on manifolds. The idea is that notions
like derivatives are local: they only depend on the behavior of functions in small
neighborhoods of a point. We can thus use charts and local coordinate systems
to identify small pieces of our manifold with open sets in R™ and thereby apply
calculus in R™ to our manifolds. As a test case, we would like to say what it means
for a function on a manifold to be smooth. On an open subset of R™, the correct
definition is as follows.

DEFINITION. Let U C R™ be open. A function f: U — R™ is smooth if it
satisfies the following condition. Let f = (f1,..., fm) be the component functions
of f,so f;: U — R is a function for all 1 <¢ < m. We then require that the mixed
partial deriviatives of all orders exist for f; for all 1 <7 < m. O

If we tried to use charts to use this to say what it means for a function f: M"™ —
R™ to be smooth, then we would immediately run into problems: different charts
might give completely unrelated notions of smoothness. To fix this, we will have to
carefully choose our charts.

DEFINITION. Given two charts ¢ : Uy — V; and ¢s : Uy — V5 on a manifold
M™, the transition function from U; to Uy is the function 791 : ¢1(U; N Uz) —
¢2(U; NUz) defined via the formula 191 = ¢2 0 (¢1|¢1(UIQU2))_1. Here observe that
¢1(U; NUs) is an open subset of V3 C R™ and ¢2(U; N Uz) is an open subset of
Vo C R™. O

DEFINITION. A smooth atlas for a manifold M™ is a set A = {¢; : U; = V; }ies
of charts on M™ with the following properties.
e The U; cover M™, i.e. M™ = U;c1U;.

1



2 1. SMOOTH MANIFOLDS

e For all 7,5 € I, the transition function from U; to Us is smooth in the

sense of Definition 1.1. Of course, this only has content if U; N U; # 0.
Two smooth atlases A; and Ay are compatible if A; U Ay is also a smooth atlas.
This defines an equivalence relation on smooth atlases. A smooth manifold is a
manifold equipped with an equivalence class of smooth atlases. O

REMARK. We will give examples of manifolds by describing an atlas for them.
However, this atlas is not a fundamental property of the manifold, and when we
subsequently make use of charts for the manifold we will allow ourselves to use
charts from any equivalent atlas. The first place where this freedom will play an
important role is when we define what it means for a function between two smooth
manifolds to be smooth. O

1.2. Basic examples
Here are a number of examples.

ExaMPLE. If U C R™ is an open set, then U is naturally a smooth manifold
with the smooth atlas A consisting of a single chart ¢ : U — V with V. = U
and ¢ = id. These can be complicated and wild; for instance, U might be the
complement of a Cantor set embedded in R™. (Il

EXAMPLE. An important special case of an open subset of Euclidean space is
the general linear group GL,(R). The set Mat(n,n) of n x n real matrices can be
identified with R in the obvious way, and GLy, (R) is the complement of the closed
subset where the determinant vanishes. This is an example of a Lie group, that is,
a smooth manifold which is also a group and for which the group operations are
continuous (and, in fact, smooth). (]

EXAMPLE. More generally, if M™ is a smooth manifold with smooth atlas
A ={¢; : Uy = Vi}ser and U C M™ is an open subset, then U is naturally a
smooth manifold with smooth atlas {¢;|vnu, : Ui NU — ¢;(UNU;) }ier- a

EXAMPLE. Let S™ be the unit sphere in R"*! i.e.
S™={(w1,...,2nq1) ER™ | 2T+t 22 =1}
Then S™ can be endowed with the following smooth atlas. For 1 < ¢ < n+1, define
Uz,s>o ={(x1,...,2n41) € S™ | 2; > 0}

and
Uri<o = {(@1,. ., Zny1) € S | ; <O}
Let V' C R™ be the open unit disc. Define ¢,,50 : Uz,>0 — V via the formula

¢zi>0(x17 s 7xn+1) = (xlv BREE) ‘%\ia s 7x’ﬂ+1) € V7
here z; indicates that this single coordinate should be omitted. Define ¢y, <o :
Uy, <0 — V similarly. We claim that

A = {¢$i>0 : Ua;,i>0 — V}le-i_ll U {¢xi<0 : Ua:,i<0 — V}le-i_ll

is a smooth atlas. Since the U,,s¢ and U,, <o clearly cover S™, it is enough to
check that the transition functions are smooth. As an illustration of this, we will
verify that for 1 <4 < j < n + 1 the transition function 7 from Uy, to Uz;>0
is smooth (all the other needed verifications are similar, and this will allow us
to avoid introducing some terrible notation for the various special cases). Define
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Vij = #i(Uz;>0 N Uyg;>0) and Vj; = ¢j(Uz,;>0 N Uyz;>0), so Vi; consists of points
(Y1,--.,Yn) € V such that y;_1 > 0 and V}; consists of points (y1,...,y,) € V such
that y; > 0. The transition function 7;; : V;; — Vj; is then given by the formula

Tji(yla e 7yn) = ¢Ij>0(¢;i1>0(y1u CIEIE 7yn))

= ¢£Cj>0(y17' - Yi-1, \/1 - y% - y’?‘nyia s 7y'!l)
= (yla"'vyi—la\/1_y%_"'_yguyi7“' ayg\—la"ﬂyn)'
This is clearly a smooth function. O

EXAMPLE. Here is another smooth atlas for S™. Let U; = S™\ {(0,0,1)}
and U_; = 8™\ {(0,0,—1)}. Identifying R™ with the subspace of R"*! consisting
of points whose last coordinate is 0, define a function ¢; : Uy — R™ by letting
¢1(p) be the unique intersection point of the line joining p € U; € S™ C R*H!
and (0,0,1) with the plane R™. It is clear that ¢; is a homeomorphism. Similarly,
define ¢_; : U_1 — R™ by letting ¢_1(p) be the unique intersection point of the
line joining p € U_; € ™ C R™*! and (0,0, —1) with the plane R™. Again, ¢_; is a
homeomorphism. In the exercises, you will show that the set {¢1 : Uy — R, ¢_1 :
U_1 — R"} is a smooth atlas for S™ which is equivalent to the smooth atlas for S™
given in the previous example. ([l

EXAMPLE. Define RP" to be real projective space, i.e. the quotient S/ ~,
where ~ identifies antipodal points (that is, x ~ —z for all x € S™). For 1 <
i < n+ 1, define U; C RP" to be the image of U,,~9 C S™ under the quotient
map S™ — RP". Since U,,~¢ does not contain any antipodal points, the map
Uz, >0 — U, is a homeomorphism. Clearly the U; cover RP". Letting V' be the unit
disc in R™, we can define homeomorphisms ¢; : U; — V as the composition

¢1’
Ui 2 Uy 5o —=5 V.
The set A = {¢; : Uy — V}* then forms a smooth atlas for RP"; the fact that

the transition maps for the sphere are smooth implies that the transition maps for
A are. O

EXAMPLE. For j = 1,2, let M;Lj be a smooth n;-dimensional manifold with
smooth atlas {¢] : U/ — Vj}iejj. Then M{™" x M3? is a smooth (ny + na)-

K3
dimensional manifold with smooth atlas {¢; x ¢3 : U} x UZ — Vi' XV} e x1,-
An important special case of a product is the n-torus, i.e. the product S* x - .- x 8!

of n copies of S*. O

For our final family of examples of smooth manifolds, we need the following
definition.

DEFINITION. Let X C R™ be an arbitrary set and let f : X — R™ be a
function. We say that f is smooth at a point p € X if there exists an open set
U C R™ with p € U and a smooth function g: U — R™ such that glynx = flunx-
We will say that f is smooth if f is smooth at all points p € X. If Y C R™ is
the image of f, then we will say that f: X — Y is a diffeomorphism if it is a
homeomorphism and both f: X — Y and f~!:Y — X are smooth. O
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<D

FIGURE 1.1. On the left is a genus 2 surface (a “donut with two
holes”), which is a 2-dimensional smooth submanifold of R3. On
the right is a trefoil knot, which is a 1-dimensional smooth sub-
manifold of R3.

EXAMPLE. An n-dimensional smooth submanifold of R™ is a subset M™ C R™
such that for each point p € M™, there exists a chart ¢ : U — V around p such
that ¢ is a diffeomorphism. Here we emphasize that we are using the definition
of diffeomorphism discussed in the previous definition. The collection of all such
charts forms a smooth atlas on M™"; the fact that we require the charts to be
diffeomorphisms makes the fact that the transition functions are smooth automatic.
It is easy to draw many interesting examples of smooth submanifolds of R3; see,
for example, the genus 2 surface and the knotted circle in Figure 1.1. (I

REMARK. The charts in the first smooth atlas on S™ we gave above are diffeo-
morphisms, so we were really making use of the fact that S™ is an n-dimensional
smooth submanifold of R™*1. O

REMARK. In fact, all smooth manifolds can be realized as smooth submanifolds
of R™ for some m > 0 (in other words, all smooth manifolds can be “embedded” in
R™). We will prove this for compact smooth manifolds in Theorem 3.5 below. O

1.3. Smooth functions

As we said before defining them, one of the reasons for introducing smooth
atlases is to allow us to talk about smooth functions on a manifold. The appropriate
definition is as follows.

DEFINITION. Let M™ be a smooth n-manifold and let f : M™ — R be a
function. We say that f is smooth at a point p € M™ if the following condition
holds.

e Let ¢ : U — V be a chart such that p € U. Then the function f o ¢! :
V — R is smooth at ¢(p). Here V is an open subset of R™, so smoothness
is as defined in Definition 1.1.
We say that f is smooth if it is smooth at all points p € M™. We will denote the
set of all smooth functions on M™ by C*°(M™,R). O

LEMMA 1.1. The notion of f : M™ — R being smooth at a point p € M" 1is
well-defined, i.e. it does not depend on the choice of chart ¢ : U — V such that
pelU.

PROOF. Let ¢ : Uy — Vi be another chart such that p € U;. We must prove
that fo¢~':V — R is smooth at ¢(p) if and only if fo ¢ : Vi — R is smooth
at ¢1(p). Let 7: ¢(UNUy) — ¢1(U NUy) be the transition map between our two
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charts, so 7 = ¢1 o (¢|yny,) L. On ¢(U NUy), we have
fooTl=fodrlodrop = fogr om

Since 7 is smooth, the function fo¢~! is smooth at ¢(p) if and only if the function
fo¢ytis smooth at ¢1(p), as desired. -

DEerINITION. If f: M™ — R is a smooth function on M™ and ¢ : U — V
is a chart on M", then the smooth function f o ¢! :V — R will be called the
expression for f in the local coordinates V. O

REMARK. If M™ is a smooth submanifold of R™, then we now have two different
definitions of what it means for a function f : M™ — R to be smooth:

(1) The definition we just gave, and

(2) The definition given right before the definition of a smooth submanifold of
R™, i.e. a function f: M™ — R that can locally be extended to a smooth
function on an open subset of R™.

It is clear that the second definition implies the first. This allows us to write
down many examples of smooth functions. For example, regarding S™ as a smooth
submanifold of R"*! the function f: S™ — R defined via the formula

n+1

flz1,...,xpy1) = Z iz?“’l

i=1
is smooth. It is more difficult to see that the first definition implies the second. We
will prove this in Chapter 3; see Lemma 3.4. ([l

Defining what it means for a map between arbitrary manifolds to be smooth is
a little complicated. Consider the following example.

EXAMPLE. Define a map f : R — S! via the formula f(t) = (cos(t),sin(t)) €
St c R%2. We clearly want f to be smooth. Recall that R is endowed with the
smooth atlas with a single chart, namely the identity map R — R. The image of
this chart under f is not contained in any single chart for S!, so we cannot define
smoothness for f locally using this smooth atlas. O

The problem with the above example is that we really need to use “smaller”
charts on R. We now adapt the following convention to circumvent this.

CONVENTION. If M™ is a smooth manifold with smooth atlas A, then we will
automatically enlarge A to the maximal atlas compatible with A (remember our
equivalence relation on smooth atlases!). In particular, if ¢ : U — V is a chart for
M™, then so is ¢|y : U' — ¢(U’) for any open set U’ C U. O

With this convention, we make the following definition.

DEFINITION. Let f : M — MJ? be a map between smooth manifolds. We
say that f is smooth at a point p € M7 if there exist charts ¢ : Uy — Vi for M
and ¢y : Uz — Vo for M3? with the following properties.

e pc Us.
[ f(Ul) C Us.

e The composition

—1
woisu Lo, 2w
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is smooth at ¢1(p); this makes sense since V; and V5 are open subsets of
R™ and R™2, respectively.
We say that f is smooth if it is smooth at all points p € M7"*. We will denote the set
of all smooth functions from M7 to M3? by C°(M{*, M3?). A diffeomorphism
is a smooth bijection whose inverse is also smooth. O

Just like for real-valued smooth functions, this does not depend on the choice
of charts.

DEFINITION. If f: M{" — M3? is a smooth function between smooth mani-
folds, ¢y : Uy — Vi is a chart for M7, and ¢o : Uz — Vs is a chart for My? such
that f(U;) C Us, then the smooth function V3 — V5 obtained as the composition

-1
nis o b 2y
will be called the expression for f in the local coordinates Vi and V5. [

EXAMPLE. It is immediate that the function f : R — S! discussed above
defined via the formula f(t) = (cos(t),sin(t)) € S* C R? is smooth. O

REMARK. Just as before, if M7 and My are smooth submanifolds of Euclidean
space this definition agrees with the definition given just before the definition of
smooth submanifolds. This allows us to write down many interesting examples of
smooth maps. For example, regarding S' as a smooth submanifold of R? we can
define a smooth map f: S* — S via the formula f(z1,22) = (2% — 23, 22122). O

1.4. Partitions of unity

We now introduce an important technical device. In calculus, we learned how to
construct many interesting functions on open subsets of R™. To use these functions
to prove theorems about manifolds, we need a tool for assembling local information
into global information. This tool is called a smooth partition of unity, which we
now define. Recall that if f: M™ — R is a function, then the support of f, denoted
Supp(f), is the closure of the set {x € M™ | f(z) # 0}.

DEFINITION. Let M™ be a smooth manifold and let {U;};cr be an open cover
of M™. A smooth partition of unity subordinate to {U;}*_, is a collection of smooth
functions {f; : M™ — R},c; satisfying the following properties.

e We have 0 < fi(z) <1lforall1<i<kandxze M.

e We have Supp(f;) C U; for all 1 <i < k.

e For all p € M™, there exists an open neighborhood W of p such that the
set {i € I | W N Supp(f;) # 0} is finite.

e For all p € M™, we have >, fi(p) = 1. This sum makes sense since
the previous condition ensures that only finitely many terms in it are
nonzero. (Il

THEOREM 1.2 (Existence of partitions of unity). Let M™ be a smooth manifold
and let {U;}icr be an open cover of M™. Then there exists a smooth partition of
unity subordinate to {U;}ier.

For the proof of Theorem 1.2, we need the following lemma.

LEMMA 1.3 (Bump functions, weak). Let M™ be a smooth manifold, let p € M™
be a point, and let U C M™ be a neighborhood of p. Then there exists a smooth



1.4. PARTITIONS OF UNITY 7

function f: M™ — R such that 0 < f(x) <1 for all x € M™, such that f equals 1
in some neighborhood of p, and such that Supp(f) C U.

PrOOF. We will construct f in a sequence of steps.

STEP 1. There exists a smooth function g : R — R such that 0 < g(z) <1 for
all z € R, such that g(x) =1 when |z| < 1, and such that Supp(g) C (-3, 3).

Define g; : R — R via the formula

0 ifz <0
= -7 €R).
(@) {e_l/z if z > 0. (@ )

The function g; is a smooth function such that g;(z) > 0 for all z € R, such

that ¢g1(z) = 0 when = < 0, and such that ¢g;(z) > 0 when = > 0. Next, define

g2 : R — R via the formula

91(x)

g1(x) + g1 (1 =)’

S0 go is a smooth function such that 0 < go(z) < 1 for all z € R, such that go(z) =0

when 2 < 0, and such that go(z) = 1 when z > 1. Finally, define g via the formula
9(x) = 12+ 2)g1(2 — ).

Clearly g satisfies the desired conditions.

ga2() =

STEP 2. Let Cy = {x € R" | ||z|| <1} and Uy = {z € R | ||z|| < 2}. Then
there exists a smooth function h : R™ — R such that 0 < h(z) <1 for all z € R™,
such that hlc, = 1, and such that Supp(h) C Up.

Let g be as in Step 1. Define h via the formula
h(x1,...,2) =gz +---+22).
Clearly h satisfies the desired conditions.
STEP 3. There exists a smooth function f as in the statement of the lemma.

Let Cy and Uy and h be as in Step 2. We can then find an open set U’ C U such
that p € U’ and a diffeomorphism ¢ : U’ — V| where V is either an open subset of
R™ containing Uy or an open subset of H" containing Uy N H" and ¢(p) = 0. The
function f : M™ — R can then be defined via the formula

if U’
0 otherwise.
Clearly f satisfies the conditions of the lemma. O

PROOF OF THEOREM 1.2. Since M™" is paracompact and locally compact, we
can find open covers {U}jes and {U}'};es of M™ with the following properties.
e The cover {U}} e refines the cover {U;}icr, i.e. for all j € J there exists
some i; € I such that the closure of U]{ is contained in Uj;; .
e The cover {U}jcy is locally finite, i.e. for all p € M™ there exists some
open neighborhood W of p such that {j € J | W N U] # 0} is finite.
e The closure of U} is a compact subset of U] for all j € J.
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For each p € M™, choose j, such that p € U] and use Lemma 1.3 to find a
smooth function g, : M™ — R such that 0 < g,(z) <1 for all z € M", such that
Supp(g,) C U J’-p, and such that g, equals 1 in some neighborhood V}, of p. Since the
closure of U} in U7 is compact for all j € J, we can find a set {px}rex of points
of M™ such that the set {V, | k € K, j,, = j} is a finite cover of U} for all j € J.
For all j € J, define h; : M™ — R to be the sum of all the g,, such that j,, = j
(a finite sum), so h; is a smooth function such that h;(z) > 0 for all x € M™, such
that h;(x) > 0 for all z € U}, and such that Supp(h;) C U;. Finally, for all i € I,
define f; : M™ — R via the formula

i, hyla)
Zje] hj(z)

These are not finite sums, but because the cover {U}}jes is locally finite and
Supp(h;) C Uj for all j € J, only finitely many terms in each are nonzero for
any choice of x € M™ and the numerator and denominator are smooth functions.
Also, the denominator is nonzero since h;(x) > 0 for all z € U} and the set {U'} ;e
is a cover.

By construction, we have Supp(f;) C U;. Moreover, for all x € M™ the fact that
the cover {U/} e is locally finite and Supp(h;) C Uj for all j € J implies that there
exists some open neighborhood W of x such that the set {7 € I | W N Supp(f;) = 0}
is finite. Finally, for all x € M™ we have

N Dier Zij:z' h;(x) _ > ey (@) _
Zfl(x) a ZjeJ hi(x) ZjeJ hi(x) b

iel

fi(z) = (x € M™).

as desired. O

As a first illustration of how Theorem 1.2 can be used, we prove the following
lemma.

LEMMA 1.4 (Bump functions, strong). Let M™ be a smooth manifold, let C C
M™ be a closed set, and let U C M™ be an open set such that C C U. Then there
exists a smooth function f: M™ — R such that 0 < f(x) <1 for all x € M™, such
that f(x) =1 for all x € C, and such that Supp(f) C U.

PRrROOF. Set U' = M™\ C. The set {U,U’} is then an open cover of M™. Using
Theorem 1.2, we can find smooth functions f : M™ — R and g : M™ — R such that
0 < f(z),g(z) <1 forall x € M™, such that Supp(f) C U and Supp(g) C U’, and
such that f+ ¢ = 1. The function f then satisfies the conditions of the lemma. O

This has the following useful consequence. Just like for functions on Euclidean
space, if C' is an arbitrary subset of a smooth manifold M; and f: C — M is a
function to another smooth manifold, then f is said to be smooth if there exists
an open set U C M; containing C' and a smooth function g : U — M5 such that

gle = f.

LeMMA 1.5 (Extending smooth functions). Let M be a smooth manifold, let
C C M be a closed set, and let U C M be an open set such that C C U. Let
f:C — R be a smooth function. Then there exists a smooth function g : M — R
such that g|c = f and such that Supp(g) C U.
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PROOF. By definition, there exists an open set U’ C M containing C and a
smooth function ¢; : U" — R such that g1|¢ = f. Shrinking U’ if necessary, we can
assume that U’ C U. Use Lemma 1.4 to construct a smooth function h: M — R
such that 0 < h(z) <1 for all z € M, such that h(z) =1 for all z € C, and such
that Supp(h) C U’. Define g : M — R via the formula

h if x e U,
ga) = | MR (@) Az el (z € M).
0 otherwise.
Clearly g satisfies the conclusions of the lemma. O

1.5. Approximating continuous functions, 1

As another illustration of how partitions of unity can be used, we will prove
the following.

THEOREM 1.6. Let M™ be a smooth manifold and let f : M™ — R™ be a
continuous function. Then for all e > 0 there exists a smooth function g : M™ — R™
such that || f(z) — g(x)| < € for all x € M™.

REMARK. If M™ is not compact, then it is often useful to require that || f(z) —
g(x)| < e(z) for all x € M™, where ¢ : M™ — R is a fixed function such that
e(z) > 0 for all z € M™. The proof is exactly the same. O

For the proof of Theorem 1.6, we need the following lemma.

LEMMA 1.7. Let U C R™ be an open set and let f : U — R™ be a continuous
function such that Supp(f) C U. Then for all € > 0 there exists a smooth function
g : U — R™ such that Supp(g) C U and such that || f(z) —g(x)| < € for allz € M™.

PrOOF. The Stone-Weierstrass theorem says that we can find a smooth func-
tion g1 : U — R™ such that || f(z) — g1(z)|| < € for all x € U (in fact, it says
that we can take g; to be a function whose coordinate functions are polynomi-
als). Let C' = Supp(f), so C is a closed subset of U. Using Lemma 1.4, we can
find a smooth function 8 : U — R such that 0 < g(z) < 1 for all x € U, such
that B|c = 1, and such that Supp(8) C U. Define g : U — R™ via the formula
g(x) = B(x) - g1(x). Since Supp(8) C U, we also have Supp(g) C U. Also, we
clearly have ||f(z) — g(z)|| < € for all z € C. For x € U \ C, we have f(x) =0, so
llg1(x)]] < € and hence

[1f(z) = g(@) = 1B(z) - gr(2)[| < llgr(2)]] <,
as desired. 0

PROOF OF THEOREM 1.6. In the exercises, you will construct a smooth atlas

A ={¢; : Uy = V;}ier for M™ and a large integer K such that for all p € M™,
there exists a neighborhood W of p with [{i € I | U;NW # (0}| < K. We remark
that this is trivial if M™ is compact. Using Theorem 1.2, we can find a smooth
partition of unity {v; : U; = R};cs subordinate to {U;}icr. Define f; : M™ — R™
via the formula f;(x) = v;(x) - f(z). We thus have

Y fil@) = wil2) - fx) = f(x)  (z€M™).

i€l i€l
These sums makes sense since only finitely many terms in them are nonzero for
any fixed x € M™. Moreover, Supp(f;) C U;. Define fi : Vi = R™ to be the
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expression for f; in the local coordinates V;, so ﬁ =foop, ! Applying Lemma 1.7,
we can find a smooth function g; : V; — R™ such that Supp(g;) C V; and such that
| fi(z) — gi(z)|| < ¢/K for all x € V;. Define g; : M™ — R™ via the formula

() = {@(d’i(”) B e,

0 otherwise

Since Supp(g;) C Vi, this is a smooth function on M™ satisfying Supp(g;) C Us.
Moreover, ||fi(z) — g;(x)|| < ¢/K for all x € M™. Define g : M™ — R™ via the

formula
g(x) =Y gi(x)  (zeM");
il
this makes sense because Supp(g;) C U;, and hence only finitely many terms in this
sum are nonzero for any fixed x € M™. The function g is a smooth function and

1 () = g(@)ll = | Y_(filx) = g:(@))l < D I filw) = gi(@)]| < K(e/K) = e,
i€l il
as desired. O
The following “relative” version of Theorem 1.6 will also be useful.

THEOREM 1.8. Let M"™ be a smooth manifold and let f : M™ — R™ be a
continuous function. Assume that f|y is smooth for some open set U. Then for
all € > 0 and all closed sets C C M™ with C C U, there exists a smooth function
g: M™ = R™ such that || f(z) — g(z)|| < € for all x € M™ and such that g|c = flc.

PRrROOF. The proof is very similar to the proof of Theorem 1.6, so we only
describe how it differs. The key is to choose the smooth atlas A = {¢; : U; = Vi }ier
for M™ at the beginning of the proof such that if U; N C # () for some i € I, then
U; CU. For i € I with U; C U, we can then take our “approximating functions”
g; to simply equal ﬁ-, and thus g; = f;. These choices ensure that the function
g : M™ — R™ constructed in the proof of Theorem 1.6 satisfies g|c = f|¢, as
desired. |



CHAPTER 2

Tangent vectors

In this chapter, we will define tangent vectors on a smooth manifold and de-
scribe how to use them to differentiate smooth functions. We will then discuss
vector fields and show how then can be integrated to flows. Finally, as an applica-
tion we will prove that if M is a smooth manifold and p,q € M are points, then
there exists a diffeomorphism f : M — M such that f(p) =g¢

2.1. Tangent spaces on Euclidean space

We begin by defining tangent vectors on Euclidean space.

DEFINITION. Let U C R™ be open and let p € U. The tangent space to U at
p, denoted T,U, is the vector space R™. One should view elements of T,U as being
vectors or arrows whose initial point is at p. (Il

REMARK. The tangent space T,U is a vector space over R. For distinct p,q € U,
the vector spaces T,U and T,U are isomorphic vector spaces, but they should not
be thought of as being the same vector space; for instance, it does not make sense
to add a vector in T,U to a vector in T,U. |

This tangent space has the following standard basis.

DEFINITION. Let U C R™ be open and let p € U. Let the coordinate functions
of R"™ be x1,...,2,. The standard basis for T,U = R" is {(8%1) ey (3%) 1,
P "/p

where (%) € R™ is the vector with a 1 in position ¢ and 0’s elsewhere. ([
‘/p

We now discuss the derivative of a function between open subsets of Euclidean
space.

DEFINITION. Let f: U — V be a smooth map from an open set U C R" to an
open set V' C R™. For p € U, the derivative of f at p, denoted D, f, is the linear
map

Dpf: TpU — Tf(p)V

defined as follows. Let x1, ..., x, be the coordinate functions on U and let y1, ..., Ym
be the coordinate functions on V. Also, let f = (f1,..., fmn) be the components of
f,so fi: U = R is a smooth function. Then D, f is defined via the formula

(Dpf)( (8%) ng@ (;yj)f(p) (1<i<n).

11
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In other words, with respect to the bases {(%) e, (%) } for T,U and
P "/p
{(ai) by (318 > } for Tt V, the linear map D, f is represented by the
Y1) f(p) Ym J f(p)
m X n matrix whose (i, j)-entry is gf; O

EXAMPLE. Define f: R? — R? via the formula
fzy,z0) = (23 — 323, 2120, 22 + 3) € R3 ((z1,22) € R?).

Then for p = (p1,p2) € R? and

7= (1 (a> + Vo <6 > S TpR2
(9:1)1 p 8x2 p
., 2 0
(Dpf)(v) =(2p1v1 — 9p21}2) : E
Y17 1)

0 0
+ (p2v1 + prv2) - EIYS +vg - Jun ;
Y2/ 1) Y3/ f(p)

here y1,...,ys are the coordinate functions on R?®. The matrix representing the
linear map D, f is

we have

2p1 —9p3
P2 21 . O
0 1

One of the most important property of derivatives is the chain rule. Let f :
Vi — Vo and g : Vo — V3 be smooth maps, where V; C R™ and Vo C R™ and
V3 C RY are open. We then have the composition go f : V; — V5. For p € V;, we
have linear maps

Dyf :TpVi — Tf(P)V2
and
D)9 : Tripy)Va = Tyro) Vs

and
Dp(g o f) : Tpvl — Tg(f(p))‘/g.

The chain rule can be stated as follows.

THEOREM 2.1 (Chain Rule, Euclidean space). Let Vi C R™ and Vo, C R™ and
Vs C RY be open sets and let f : V3 — V4 and g : Vo — V3 be smooth maps. Then
for all p € V1 we have

Dy(go f) = (Dsp)g) o (Dpf).
EXAMPLE. Define f: RZ — R3 via the formula
fxy,w0) = (22 — 323, 2120, 29 + 3) € R? ((z1,22) € R?)
and g : R? — R! via the formula

9(y1,y2,y3) = (y1 + 23 + 3y3).
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As we calculated in the previous example, for p € R? written as p = (p1,p2) the
linear map D, f : T,,]R2 — Tf(p)]RS is represented by the matrix

2p1 —9p3
D2 b1
0 1

For ¢ € R® written as ¢ = (q1,¢2,¢3), the linear map Dyg : T,R? — TyR! is
represented by the matrix

(1 4g2 9¢3).
Let’s now check the chain rule. The composition go f : R? — R! is given via the
formula

(90 F)(p1,p2) = ((b] = 3p3) + 2(p1p2)* + 3(p2 + 3)°) € R".
The derivative Dy(g o f) of this at p = (p1,p2) is represented by the matrix
(2p1 + 4(p1p2)p2 —9p3 + 4(p1p2)p1 + 9(p2 + 3)?) .

Plugging the equations of f(p) into the above formula for Dyg : T;R? — Ty R,
the linear map D9 : Typ)R® — Ty(p(p) R is represented by the matrix

(1 4(pip2) 9(p2 +3)?)

The chain rule then asserts that

(2p1 + 4(p1p2)p2 —9p3 + 4(p1p2)p1 + 9(p2 + 3)?)

2p1 —9p3
=(1 4(pp2) 9p2+3)?)-|p2 p |,
0 1
which is easily verified. O

2.2. Tangent spaces

Let M™ be a smooth n-manifold and let p € M™. Our goal is to construct an n-
dimensional vector space T, M™ called the tangent space to M" at p. If ¢ : U — V'
is a chart around p, then vectors in 7, M™ should be represented by elements of
TV = R"™. To make a definition that does not depend on any particular choice
of chart, we introduce the following equivalence relation.

DEFINITION. Let M™ be a smooth n-manifold, let p € M™, and let {¢, : U; —
Vi}ier be the set of charts around p. For ¢,j € I, let 7;; : ¢;(U;NU;) — ¢;(U;NT;)
be the transition function from U; to U;. Finally, let X(M™,p) be the set of pairs
(i,7), where i € I and v € T, (,)Vi. Define ~ to be the relation on X'(M", p) where
where (i,7) ~ (j, W) when (Dg, ) 7ji) (V) = 0. O

LEMMA 2.2. The relation ~ defined in the previous definition is an equivalence
relation on X (M™,p).

PrOOF. We must check reflexivity, symmetry, and transitivity.

For (i,0) € X(M™,p), we have (i,¥) ~ (i,7) since the relevant transition
function Tii - (;Sl(Ul N UL) — QZSL(UI N Ul) is the identity.

If (i,7),(j,W) € X(M™, p) satisty (i,7) ~ (j, &), then by definition we have
(Dg,(p)7ji)(V) = w. From its definition, we see that 7;; : ¢,;(U; NU;) — ¢;(U; N Uj)
is the inverse of 7;; : ¢;(U; N U;) — ¢;(U; N Uj). From Theorem 2.1 (the Chain
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Rule), we have (Dg, (,)7ij) © (Dg,(»7ji) = id, so (Dg,)Tij) (W) = ¥ and hence
)

It (Z,g),(j,tﬁ),(k,ﬁ) € X(M”,p) satisfy (ng) ~ (.737“6) and (.77“7) ~ (kaﬁ)v
then by definition we have (Dg, () 7;:)(¥) = @ and (Dg, ) Tk;) (W) = 4. From its
definition, we see that on ¢;(U; N U; N Uy) we have 7; = 715 o 75;. Again using
Theorem 2.1 (the Chain Rule), we see that Dy, (,)Tki = (Do, (p)Tkj) © (Dg, (p)Tji), 50
(Dg,(p)Tks) (V) = @ and hence (i,7) ~ (k, ). O

This allows us to make the following definition.

DEFINITION. Let M™ be a smooth manifold and let p € M™. Let {¢; : U; —
Vi}ier be the set of charts around p. The tangent space to M™ at p, denoted T, M™,
is the set of equivalence classes of elements of X'(M",p) under the equivalence
relation given by Lemma 2.2. O

LEMMA 2.3. Let M™ be a smooth manifold and let p € M™. Then the tangent
space T,M" is an n-dimensional vector space and for all charts ¢: U — V the
natural map Ty, V — T, M™ is an isomorphism.

PRrOOF. This follows from the fact that the derivatives used to define the equiv-
alence relation are vector space isomorphisms, so the vector space structures on

the various Ty, (,) Vi used to define T, M™ descend to a vector space structure on
T,M™. O

CONVENTION. The notation X (M™, p) that we used when defining T, M will
not be used again. In the future, instead of talking about elements of T, M™ being
equivalence classes of pairs (i, 7), we will simply say that a given element of T, M™
is represented by some 7 € Tj, () Vi- g

CONVENTION. Consider a smooth manifold M"™, a point p € M", and a chart
¢: U — V with p € U. We have the standard basis {( < )¢( SEREE (%>¢>( )}
» n

Bacl

for Ty(,)V = R™. Each (%>¢>( ) represents a vector in 7, M™ which we will write
‘e
(%) ; the resulting basis for T, M"™ will be called the the standard basis for 7),M™
‘/p
with respect to the chart ¢: U — V. (]

2.3. Derivatives

Let f : M{" — M3? be a smooth map between smooth manifolds and let
p € M{"*. We now show how to construct the derivative D, f : T, M{"" — Ty, My,
which is a linear map between these vector spaces. Let ¢1 : Uy — Vi be a chart
around p and let ¢ : Uy — V5 be a chart around ¢(p) such that f(U;y) C Uy. We
thus have identifications T, M"* = T}, (,y) Vi and Ty My? = Ty, (5(p))Vo- We define
Dyf : T,M{" — Tp,) M3 to be composition

ny = Dy (p)(¢2°f°¢_1) = n
T, M = Ty Vi — = Toa(ron Vo = Trp) M5
LEMMA 2.4. This does not depend on the choice of charts.

PRrOOF. This is in the exercises; it provides good practice in the various iden-
tifications we have made. O
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Theorem 2.1 (the Chain Rule in Euclidean space) immediately implies the
following version of the chain rule.

THEOREM 2.5 (Manifold Chain Rule). Let f : M — M3? and g : M3? —
M3® be smooth maps between smooth manifolds. Then for all p € M{"™* we have

Dy(go f) = (Dswp)9) © (Dpf).
2.4. The tangent bundle

Let M™ be a smooth manifold. We now explain how to assemble all the tangent
spaces of M™ into a single object TM™ called the tangent bundle. As a set, it is
easy to define:

TM" ={(p,7) |pe M™ and v € T,M"}.
A subtle point in this is that the set in which the second coordinate @' of (p,¥)
lies depends on the first coordinate p, so this is not a product. For all p € M™",
we will identify T, M"™ with the subset {(p,?) | ¥ € T,M"} of TM™. Under this
identification, we have
™" = | | T,M™
pEM™

We now define a topology on TM™ as follows. Let ¢p: U — V be a chart on M™.
Define TU to be the subset

{(p,V) |pe U and v € T,M"}
of TM™. For p € U, our definition of T, M™ identifies it with T, )V = R". Define
amap T¢: TU — V x R" via the formula
To(p,v) = (6(p), V).
We want to construct a topology on T'M™ such that if TU is given the subspace
topology, then T'¢ is a homeomorphism. Define
U={(Tp) " (W) | ¢: U —V achart on M™ and W C V x R" is open}.

It is easy to see that U is a basis for a topology, and that under this topology the
induced topology on the subsets TU is such that T¢ is a homeomorphism. We
endow T'M™ with this topology.

Now, the set V' x R™ is an open subset of R® x R" = R?". The maps T'¢ are
thus charts, so TM™ is a 2n-dimensional manifold. We now prove that it is in fact
a smooth manifold.

LEMMA 2.6. Let M™ be a smooth manifold. Then the set
A={T¢:TU -V xR" | ¢: U =V a chart on M"}

is a smooth atlas on T M™.

PRrROOF. Consider two charts ¢1: Uy — Vi and ¢o: Uy — Vo on M™. Let
T12: ¢1(Ur NUz) — ¢2(U; NUsz) be the transition map from ¢ to ¢2. By defini-
tion, 712 is smooth. The transition map on TM™ from T¢,: TU; — Vi x R™ to
T¢o: TUs — Vo x R™ is the map

TTio: ¢1(U1 N U2> x R" — ¢2(U1 N Ug) x R"
defined via the formula

T'112(q,7) = (112(q), Dgm12(V)) € ¢2(Ur N Uz) x R™.
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FIGURE 2.1. A vector ¢ € T),S? is orthogonal to the line from 0 to p.

This is clearly a smooth map, as desired. [

2.5. Visualizing the tangent bundle

Our construction of the tangent bundle was very abstract. In the case of
smooth submanifolds of R™, there is a simpler construction which is a great aid
to visualization. Consider a smooth submanifold M™ C R™. For p € M™, we can
regard T, M" as a subspace of T,R™ = R™ in the following way. By definition,
there is a diffeomorphism ¢ : U — V', where U C M™ is an open neighborhood of
p and V C R” is an open set. The inverse ¢~! can be regarded as a smooth map
from V to R™, and thus it has a derivative

Dy : Ty V — T,R™ =R™.

The image of this derivative can be identified with the tangent space T,M"; it is
easy to see that it does not depend on the choice of diffeomorphism ¢ : U — V.
Using this, we can regard the tangent bundle TM™ as the subspace

{(p,¥) eTR™ | pe M™, T € T,M" C T,R™} C TR™ =R™ x R™.
This results in the familar picture of tangent vectors to M™ as being arrows in R™

that “point in the direction of the tangent plane to M™”.
EXAMPLE. For S C R**!, you will prove in the exercises that
TS™ = {(p,¥) € TR™ | ||p|| = 1 and ¥ is orthogonal to the line from 0 to p}.
See Figure 2.1. O

The derivative map can also be understood from this perspective. Let M C
R™ and M3? C R™2 be smooth submanifolds of Euclidean space and let f : M{"* —
M3? be a smooth map. Fix some p € M. As we will see in Lemma 3.4 of Chapter
3, there exists an open set U C R™ containing p and a smooth map g : U — R™?2
such that Q‘MI” = f. The map ¢ induces a derivative map D,g : T,U — T,R™?
in the sense of multivariable calculus. The derivative D, f : T, M"" — Ty(,) M3? is



2.5. VISUALIZING THE TANGENT BUNDLE 17

then just the restriction of D,g to T,M]"* C T,U; this image of this restriction lies
in Ty My C Ty R™.

Often the smooth map f : M["* — MJ? is given by a formula which can be
extended to an open set U (often all of R™1, or at least R™* minus some isolated
points where the formula has a singularity). Using this formula, it is easy to use
the above recipe to work out the effect of D, f.






CHAPTER 3

The structure of smooth maps

3.1. Local diffeomorphisms
The first property of smooth maps we will study is as follows.

DEFINITION. Let f : M; — My be a smooth map between smooth manifolds
and let p € M;. The map f is a local diffeomorphism at p if there exists an
open neighborhood Uy of p such that Us := f(Up) is an open subset of My and
flu, : Ur = Uy is a diffeomorphism. The map f is a local diffeomorphism if it is a
local diffeomorphisms at all points. O

REMARK. This implies that M7 and M, have the same dimension. ([l

EXAMPLE. Let f:R — S! be the smooth map defined via the formula f(t) =
(cos(t),sin(t)) € S' Cc R2. Then f is a local diffeomorphism. Since f is not
injective, f is not itself a diffeomorphism. O

EXAMPLE. Recall that RP" is the quotient space of S™ via the equivalence
relation ~ that identifies antipodal points x € S™ and —x € S™. The projection
map f: S™ — RP" is a smooth map which is a local diffeomorphism. O

The following is an easy criterion for recognizing a local diffeomorphism. As
we will see, it is essentially a restatement of the implicit function theorem.

THEOREM 3.1 (Implicit Function Theorem). Let f : My — Ms be a smooth map
between smooth manifolds and let p € Int(M;). Then f is a local diffeomorphism
at p € My if and only if the linear map D, f : T, My — Ty, Mz is an isomorphism.

PROOF. Assume first that f is a local diffeomorphism at p € M; and let
Uy C Int(M;) be an open neighborhood of p such that Us := f(U;) is open and
flu, : Uy = Us is a diffeomorphism. Replacing U; with a smaller open subset if
necessary, we can find charts ¢, : Uy — Vi for My and ¢5 : Uy — V5 for Ms. Let
F : V7 — V5 be the expression for f in these local coordinates, i.e. the composition

—1
v 2o Loy, 25

Setting ¢ = ¢1(p), we have identifications T,V = T, My and TpqVa = Ty q) Mo,
and it is enough to prove that D F' : T;Vi — T'p(,) V2 is an isomorphism. Since F' is
a diffeomorphism, it has an inverse G : Vo — V4. Applying the chain rule (Theorem
2.1) to idy, = G o F, we see that

ld = indvl = (Dp(q)G) O (DpF)

Similarly, we have
ld = DF(q)idV2 = (DpF) O (Dp(q)G)
We conclude that D, F' is an isomorphism, as desired.

19
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FIGURE 3.1. An immersion f: R — R? that is not an embedding.

Now assume conversely that the linear map D,f : T,My — Ty, Mz is an
isomorphism. Choose charts ¢ : Uy — Vi for My and ¢5 : Us — V4 for Ms such
that p € Uy and f(U;) C Uy and Uy C Int(M;) and Uy C Int(Ms). Let F : V3 — Vs
be the expression for f in these local coordinates, i.e. the composition

-1
v o Lo, 2.

Setting ¢ = ¢1(p), our assumptions imply that D F': T;Vi — Tp4) Va2 is an isomor-
phism. Since V7 and V5 are open subsets of Euclidean space, we can now apply the
ordinary inverse function theorem to deduce that F is a local diffeomorphism at q.
This implies that f is a local diffeomorphism at p, as desired. (I

3.2. Immersions
We now turn to the following property.

DEFINITION. Let f : M; — Ms be a smooth map between smooth manifolds
and let p € M;. The map f is an immersion at p if the derivative D, f : T,M; —
Ty(py Mz is an injective linear map. The map f is an smmersion if it is an immersion
at all points. O

REMARK. This implies that the dimension of M is at least the dimension of
M. O

EXAMPLE. If f : My — M is a local diffeomorphism at p, then f is an
immersion at p. (Il

ExAMPLE. Consider the smooth map f : R — R? whose image is as in Figure
3.1. Then f is an immersion but is not an embedding. ]

ExaMPLE. If M; and My are smooth manifolds and x € Ms, then the map
f: My — My x My defined via the formula f(p) = (p,x) is an immersion. O

The following theorem says that all immersions look locally like the final ex-
ample above.

THEOREM 3.2 (Local Immersion Theorem). Let f : M — M3? be a smooth
map between smooth manifolds that is an immersion at p € Int(M7'*). There then
exists an open neighborhood Uy C M of p and an open subset Uy C M3'? satisfying
f(Ur) C Uy such that the following hold. There exists an open subset W C R™27 "1
a point w € W, and a diffeomorphism v : Us — Uy x W such that the composition

U, Lu, B o xw
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takes u € Uy to (u,w) € Uy x W.

PRrROOF. Choose charts ¢; : Uy — Vi for My and ¢o : Uy — V5 for My such
that p € Uy and f(U1) CcUyand Uy C Int(M1) and Uy C IIlt(MQ). Let FF: Vi — Vy
be the expression for f in these local coordinates, i.e. the composition

-1
v Ao Lu 2,

Set ¢ = ¢1(p). The map F is an immersion at ¢, and it is enough to prove the
theorem for this immersion.
By assumption, the map D F : T, V1 — T'r(4) V2 is an injection. Let

X CTrgVe=R"™
be a vector subspace such that
TrqVe =Im(D,F) @ X.
We thus have X =2 R™~"1, Define G : V; x X — R"2 via the formula
G(p,x) = F(q) + .

We have T{, 0)(V1 x X) = (T,V1) @ X and by construction the derivative D4 0)G :
Tq,0)(V1 X X) = Tpg)Va is an isomorphism. Theorem 3.1 (the Implicit Function
Theorem) thus implies that G is a local diffeomorphism at (g,0). This implies that
we can find open subsets V{ x W C V4 x X and VJ C Vs such that (¢,0) € V{ x W
and G(V{ x W) = V4 and such that G restricts to a diffeomorphism between V;{ x W
and V4. The composition

) F ; G71 /
Vi—=Vy — V] xW

then takes v € V{ to (v,0) € V] x W, as desired. O

3.3. Embeddings
We now discuss embeddings of manifolds.

DEFINITION. A smooth map f: M — Mj? between smooth manifolds is an
embedding if it satisfies the following two properties.

e Letting M3 be the image of f, the map f is a homeomorphism between

M and Ms.
e Let g: M3 — M{" be the inverse of f. Then g is smooth (see the remark
below). O

REMARK. A priori the set M3 is merely a subset of M3'2, so the assertion that g
is smooth means smooth in the sense of Definition 1.2, i.e. that for all p € M3 there
exists an open set U C MJ'? containing p and a smooth function G: U — M3? such
that Gl = gluna,- 0

The following lemma gives an infinitesimal criterion for a map to be an embed-
ding.

LEMMA 3.3. Let f: M — MJ3? be a smooth map between smooth manifolds
that is a homeomorphism onto its image. Then f is an embedding if and only if f
18 QN UMmMersion.
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PROOF. Assume first that f is an embedding. Consider p € M. We want to
prove that the derivative map D, f: T, M|"" — T,y My is injective. By definition,
there exists an open set U C M3 containing p and a smooth map G: U — M
such that G o f =id. Using the chain rule (Theorem 2.5), we see that

id = (D) G) o (Dpf)-

This immediately implies that D, f is injective, as desired.

Now assume that f is an immersion. Let M3 be the image of f and let g: M3 —
M7 be the inverse of f. We want to prove that g is smooth. Consider a point
g € M; and let p € M{"™ be such that f(p) = ¢. Since f is an immersion, we
can apply the Local Immersion Theorem (Theorem 3.2) to see that there exists a
neighborhood Uy C M7"* of p and an open subset Uy C M3? satisfying f(Uy) C Us
with the following property. There exists an open subset W C R™ ™" a point
w € W, and a diffeomorphism v : Us — U; X W such that the composition

U, Lu, LU xw
takes u € Uy to (u,w) € Uy x W. The composition

Uy LUy x W 2%
is then a smooth map G: Uy — U; such that Gly,nn = 9lusnas, as desired. O
This brings us to the following definition.

DEFINITION. A smooth submanifold of a smooth manifold MJ*? is the image of
a smooth embedding f: M — M3?. This image has the structure of a smooth
ni-dimensional manifold that can be identified with M{™. O

REMARK. If MJ? is Euclidean space, then this reduces to the definition of a
smooth submanifold of Euclidean space as defined in Example 1.2. O

If M7 is a smooth submanifold of a smooth manifold M52, then we now have
to different definitions of what it means for a function f: M — R to be smooth:

(1) The definition in terms of charts for M7, and
(2) The definition where we require f to locally extend to a smooth function
on an open subset of M3'2.

This same issue has already arose for smooth submanifolds of Euclidean space;
see Remark 1.3. As we promised in that remark, we now prove that these two
definitions are equivalent.

LEMMA 3.4. Let M{"* be a smooth submanifold of a smooth manifold My? and
let f: M{"" — R be a function. Then the above two definitions of what it means for
f to be smooth are equivalent.

PROOF. It is clear that the second definition implies the first, so we must only
prove that the first implies the second. Assume that f is smooth in terms of the
charts on M7"* and consider p € M. Let f: M{" — MJ? be the embedding. The
local immersion theorem (Theorem 3.2) implies that there exists a neighborhood
Uy C M of p and an open subset Uy C M3? satisfying f(Uy) C Us with the
following property. There exists an open subset W C R™27™ 4 point w € W, and
a diffeomorphism 1 : Uy — Uy x W such that the composition

U, Lu, B o xw
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takes u € Uy to (u,w) € Uy x W. Let F': Uz — R be the composition

Ugi)leﬂ)Ul i)R

Then F' is smooth and F|ymiqy, = flyminp,, as desired. O

3.4. Embedding manifolds into Euclidean space

We now prove that every compact smooth manifold can be realized as a smooth
submanifold of Euclidean space.

THEOREM 3.5. If M™ is a compact smooth manifold, then for some m > 0
there exists an embedding f : M™ — R™.

REMARK. This is also true for noncompact manifolds manifolds, though the
proof is a little more complicated. Whitney proved a difficult theorem that says
that we can take m = 2n. |

PROOF OF THEOREM 3.5. Since M™ is compact, there exists a finite atlas
.A = {(ZSZ : Ul — Vz}le
Choose open subsets W; C U; such that {Wi}i?:l is still a cover of M™ and such
that the closure of W; in U; is compact. Using Lemma 1.4, we can find a smooth

function v; : M™ — R such that (v;)|w, = 1 and (v;)|pm\v, = 0. Next, define a
function n; : M™ — R via the formula

ni(p) = {Vi(P) ~¢i(p) ifpelU;,

0 otherwise.
Clearly 7; is a smooth function. Finally, define f : M™ — R*¥("*+1) via the formula

f(p) = wi(p),m®),---,ve®), m(p))-

The function f is then a smooth map.

By Lemma 3.3, to prove that f is an embedding it is enough to prove that
it is a homeomorphism onto its image and that it is an immersion. Since M" is
compact, to prove that f is a homeomorphism onto its image it is enough to prove
that f is injective. Consider points py,ps € M™ such that f(p1) = f(p2). We thus
have in particular that v;(p1) = v;(p2) for all 1 < i < k. Since the W; form a cover
of M™ and v;|w, = 1, we can find some 1 <4 < k such that 7;(p1) = n;(p2) = 1.
This implies that p;, ps € U; and

¢i(p1) = ni(p1) = 1i(p2) = Pi(p2)-
Since ¢;: U; — V; is a diffeomorphism, we conclude that p; = ps, as desired.
It remains to prove that f is an immersion. Fix a point pg € M". Pick
1 < j <k such that pg € Wj. Let
g: RF(HD R

be the projection onto the coordinates corresponding to 7;, so go f = n;. The chain
rule (Theorem 2.5) thus implies that

(1) D;Donj = (Df(pp)g)o(Dpof)'

Since po € W; and n;|w, = ¢j|w,, we see that D, n; = Dp,¢;. Since ¢;: U;j — V
is a diffeomorphism, we see that D, ¢, is an isomorphism. The formula in (1) thus
implies that D, f is an injection, as desired. [
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3.5. Submersions
We now turn to the following.

DEFINITION. Let f : M; — Ms be a smooth map between smooth manifolds
and let p € M. The map f is a submersion at p if the derivative D, f : T,M; —
Ty(py Mz is a surjective linear map. The map f is a submersion if it is a submersion
at all points. (I

REMARK. This implies that the dimension of M; is at least the dimension of
M. O

EXAMPLE. If f: My — Ms> is a local diffeomorphism at p, then f is a submer-
sion at p. ([l

EXAMPLE. If M7 and My are smooth manifolds, then the map f : My x My —
M; defined via the formula f(p1,p2) = p2 is a submersion. a

The following theorem says that all submersions look locally like the final ex-
ample above.

THEOREM 3.6 (Local Submersion Theorem). Let f : M — M35? be a smooth
map between smooth manifolds that is a submersion at p € Int(M{"™*). There then
exists an open neighborhood Uy C M of p and an open subset Uy C M3'? satisfying
f(U1) C Uy such that the following hold. There exists an open subset W C R™ "2
and a diffeomorphism 1 : Uy x W — Uy such that the composition

nxwSu Lo,
takes (u,w) € Uy x W to u € Us.

Proor. Choose charts ¢, : Uy — Vi for My and ¢ : Uy — V5 for My such
that p € Uy and f(Uy) C Uz and Uy C Int(M;) and Us C Int(Ms). Let F': Vi — Vs
be the expression for f in these local coordinates, i.e. the composition

1

vl Lo, 2

Set ¢ = ¢1(p). The map F' is a submersion at ¢, and it is enough to prove the
theorem for this submersion.

By assumption, the map D F' : T;Vi — TpyVa is a surjection. Let X =
ker(D,F), so X = R™ "2 Identifying T,V; with R™, let 7 : R™ — X be a linear
map such that 7|x = id. Define G : V; — V5 x X via the formula

G(v) = (F(v),7(v)).

We have T(p(q),x(q) (V2 X X) = (Trp(gV2) x X and by construction the derivative
D,G : TgVi = T(p(g),n(q)) (V2 X X) is an isomorphism. Theorem 3.1 (the Implicit
Function Theorem) thus implies that G is a local diffeomorphism at ¢g. This implies
that we can find open subset V{ C V4 and V4 x W C V2 x X such that ¢ € V{ and
G(V]) € V§ x W and such that G restricts to a diffeomorphism between V; and
Vy x W. The composition

Vix WSS v v

then takes (v,w) € V4 x W to v € V3, as desired. O
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3.6. Regular values
We now discuss regular values, which are defined as follows.

DEFINITION. Let f : M7 — Ms be a smooth map between smooth manifolds
and let ¢ € My. Then q € M, is a regular value if f is a submersion at each point

of f~1(q). O
Before we discuss some examples, we prove the following theorem.

THEOREM 3.7. Let f : M{"" — M3? be a smooth map between smooth manifolds
and let ¢ € My? be a regular value such that f=1(q) is nonempty. Then f~1(q) is
a smooth (ny — ng)-dimensional smooth submanifold of M{™.

PROOF. Consider p € f~1(q). Theorem 3.6 (the Submersion Theorem) im-
plies that there exists an open neighborhood Uy € M7 of p and an open subset
Uy C M3? satisfying f(Up) C Uz such that the following hold. There exists an
open subset W C R™™"2 and a diffeomorphism v : Uy x W — U;j such that the
composition

U, x W Lo, Lou,
takes (u,w) € UyxW tou € Us. This implies that ¢ ~! restricts to a diffeomorphism

between f~1(q)NU; and {q} x W, i.e. that the point p € f~!(q) has a neighborhood
diffeomorphic to the open subset W of R™*~"2  as desired. O

It turns out that all smooth maps have many smooth values.

THEOREM 3.8 (Sard’s Theorem). Let f : M{" — My? be a smooth map between
smooth manifolds. Then the set of regular values of f is open and dense in My?>.

REMARK. In fact, Sard’s theorem asserts something stronger: the set of non-
regular values forms a set of measure 0. Defining what this means requires a
discussion of measure theory, which we prefer to to include. O

PrOOF OF THEOREM 3.8. Omitted. The proof in Milnor’s “Topology from
the differential viewpoint” is very readable. (I

We now discuss a large number of illustrations of Theorem 3.7.

EXAMPLE. Let f : M{" — MJ? be a smooth map such that n; < ng. For
instance, f might be an embedding of an n-manifold into R™ for some m > n.
Then f is clearly not a submersion anywhere, so the only regular values of f are
the points not in the image of f. For such a point ¢, we have f~!(q) = 0, which
is what Theorem 3.7 predicts. Sard’s Theorem (Theorem 3.8) implies that such
regular values must exist. This implies in particular that there does not exist a
smooth surjective map f : S' — R™ with n > 2. This is in contrast to the fact that
there exist continuous space-filling curves. O

EXAMPLE. As in Figure 3.2, consider the 2-torus T embedded in R?® and let
f T — R be the “height function”, i.e. the function defined by the formula
f(z,y,z) = z for all (x,y,2) € T. The only non-regular values of f are then
{0,2,4,6}. For a regular value x € R\ {0,2,4,6}, the subset f~(z) C T is a
1-manifold. There are several cases:
e If z <0oraz>6, then f~1(z) = 0.
e If0<x<2o0r4<z<6,then f~!(x) consists of a single circle.
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#1(0) I 0

FIGURE 3.2. The torus T in R? together with the height function
f:T—R.

o If 2 < x < 4, then f~!(x) consists of the disjoint union of two circles.
For z € {0,2,4,6}, the set f~!(z) is not a l-manifold. For z € {0,6}, the set
f~1(x) consists of a single point (a 0-manifold). For x € {2,4}, the set f~!(x) is
not even a manifold (it is a “figure 8”). ]

ExXAMPLE. Consider the map f : R — R defined via the formula
f@1, o @) =27 4+ a2 .

The derivative of this at p = (p1,...,pn+1) is the linear map D, f : T,R"*! —
Tty R represented by the 1 x (n + 1)-matrix

(201 2p2 -+ 2pata).
This is surjective as long as it is nonzero. We conclude that f is a submersion at
every point except for 0 € R®*!, and thus that every nonzero point of R is a regular

value. Since f~1(1) = S™, applying Theorem 3.7 furnishes us with another proof
that S™ is a smooth n-manifold. O

Many smooth manifolds can be constructed like S™ was above. The following
example is a very important case of this.

ExXAMPLE. We can identify the set Mat,, of n x n real matrices with R”2, and
thus endow it with the structure of a smooth manifold. The map f : Mat,, — R
defined via f(A) = det(A) is clearly a smooth map. We claim that f is a submersion
at all points A € Mat,, such that f(A) # 0. Indeed, fixing such an A we define a
smooth map ¢ : R — Mat,, via the formula g(¢) = tA. We have

F(g(t)) = det(tA) = t" det(A).
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0, Dzng
. é L

D3

FIGURE 3.3. The function f : S? — S? equals gor. It takes X to
po and each open disc D; diffeomorphically to S? \ {po}.

The ordinary calculus derivative of the map fog: R — R is thus nonzero at ¢t = 1,
which implies that the derivative map Di(f o g) : TiR — Tyer(a)R is a surjective
linear map (it is just multiplication by our nonzero ordinary calculus derivative!).
The chain rule (Theorem 2.5) implies that

Di(fog) = (Daf)o (D1g).
Since D1(f o g) is surjective, we conclude that D4 f is surjective, i.e. that f is a
submersion at A, as claimed. The upshot is that all nonzero numbers are regular
values of f : Mat,, — R. In particular, Theorem 3.7 implies that

SLa(R) = f71(1)
is a smooth manifold of dimension n? — 1. Just like GL,(R), this is an example

of a Lie group (a group which is also a smooth manifold and for which the group
operations are smooth). O

EXAMPLE. Asin Figure 3.3, let D; and Dy and D3 be three disjoint open round
discs in S% and let X = S?\ (D1 U Dy U D3). We construct a function f : $? — S?
as follows.

o Let S2V S22V S? be the result of gluing three copies of S? together at a
single point (which we will call the “wedge point”). The space S?V S2V S?
is not a manifold because the wedge point does not have a neighborhood
homeomorphic to an open set in Euclidean space. There is a map 7 : S? —
52V 52V 82 obtained by collapsing the subset X to a single point; the map
7w takes X to the wedge point and each open disc D; homeomorphically
to the result of removing the wedge point from one of the S?’s.

e Fix some basepoint pg € S2. There is a map g : S? V §? vV §? — S2 that
takes each copy of S? homeomorphically onto S? and takes the wedge
point to pg.

e We define f =go.

If one is careful in the above construction, we can ensure that f is a smooth map.
The regular values of f are S?\ {po}. For z € S?\ {po}, the set f~!(z) consists
of three point, one in each disc D;. As we expect, this is a 0-manifold. The set
f~(po) is X; this is not even a manifold. O






CHAPTER 4

Vector fields

In this chapter, we discuss some basic results about vector fields, including
their integral curves and flows.

4.1. Definition and basic examples

Let M™ be a smooth manifold. Intuitively, a smooth vector field on M™ is a
smoothly varying choice of vector T, M" for each p € M™. More precisely, a smooth
vector field on M™ is a smooth map v: M™ — TM" such that v(p) € T,M™ for all
p € M"™. Let X(M™) be the set of smooth vector fields on M™. The vector space
structures on each T, M™ together endow X (M ™) with the structure of a real vector
space (infinite dimensional unless M™ is a compact 0-manifold).

If v e X(M™) and ¢: U — V is a chart on M", then for all p € U we have the

standard basis {(a%l)p,..., (a%n)p} for T, M™ with respect to ¢: U — V; here
recall that (a%i)p € T,M™ is the vector represented by the vector (a%i)qﬁ(p) in
TV = R™ with a 1 in position i and 0’s elsewhere. We can then write

v(p) = 1 (p) - (£1>p+...+yn(p) ' (c’“)awr)p

for some unique v1(p),...,v,(p) € R. The resulting functions v;: U — R are
smooth functions; indeed, if you unwind the definitions you will see that this is
equivalent to the fact that the map v: M™ — T M™ is smooth. The expression

0 0

.ail‘l_i'_..._’_]/n.aixn

will be called the expression for v with respect to the local coordinates V.

V1

REMARK. If ¢: U — V is a chart on a smooth manifold M™, then for 1 <i<n
we have a vector field % not on all of M™, but only on the open subset U of
M™. O

It is particularly easy to write down smooth vector fields on smooth subman-
ifolds M™ of R™. Namely, recall that the embedding of M™ in R™ identifies
each T, M™ with an n-dimensional subspace of TR™ = R™. A smooth vector
field on M™ can thus be identified with a smooth map v: M™ — R™ such that
v(p) € T,M™ C R™ for each p € M™. We warn the reader that this is different
from the expressions for v in local coordinates defined above.

ExaMPLE. Consider an odd-dimensional sphere $??~! C R?”. Recall that
75?1 = {(p,¥) € TR*" | ||p|| = 1 and ¥ is orthogonal to the line from 0 to p}.

29
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We can then define a smooth vector field on S?*~! via the formula
V(xh ce 7x2n) = (‘rQa —T1, L4y =3y L2n, 71‘2n—1) S T(I17...,a:2n)szn71 CcR™

for each (21,...,72,) € S?"~!. The smooth vector field v has the property that
v(p) # 0 for all p € S?"~1. A basic theorem from topology (the “hairy ball
theorem”) asserts that no such nonvanishing smooth vector field exists on an even-
dimensional sphere. O

EXAMPLE. Let M™ be a smooth submanifold of R™ and let f: M™ — R be a
smooth function. We can then define a smooth vector field grad(f) on M™ in the
following way. Consider p € M™. We can define a linear map n,: T, M"™ — R via
the formula

1p (V) = X5(f)-
Let w(-,-) be the usual inner product on R™. There then exists a unique vector
grad(f)(p) € T,M"™ such that

Mp(0) = w(grad(f)(p), v) (€ T,M").
It is easy to see that this map grad(f): M™ — TM™ is a smooth vector field. O

REMARK. In the construction of grad(f), we used the embedding of M™ into
R™ to obtain an inner product on each 7, M"™. More generally, a Riemannian metric
on M™ is a choice of a nondegenerate symmetric bilinear form on each 7, M™ that
varies smoothly in an appropriate sense. Given a Riemannian metric on M™, we can
define a smooth vector field grad(f) on M™ for any smooth function F': M"™ — R
via the above procedure. [

4.2. Integral curves of vector fields

Let M be a smooth manifold and let v € X(M). Informally, an integral curve
of v is a smoothly embedded curve that moves in the direction of v. To make this
precise, if I C R is an open interval and v: I — M is a smooth map, then for t € T
we define '(t) € T,,4)M to be the image under the map Dyy: T3] — T M of the
element 1 € T;I = R™. The curve v is an integral curve of v if v/ (t) = v(y(¢)) for
all t € I.

Our main theorem then is as follows.

THEOREM 4.1 (Existence of integral curves). Let M be a smooth manifold and
let v e X(M). Assume that Supp(v) is compact. Then for all p € M, there a
unique integral curve v: R — M of v such that v(0) = p.

REMARK. The hypothesis that Supp(v) is compact holds automatically if M
is compact. (Il

REMARK. The theorem is not necessarily true if Supp(v) is not compact. The
problem is that the integral curve might “escape” the manifold in finite time. As
an example of what we mean here, let M = R\ {2}. This has a single chart
idR\ {2} — R\ {2} and we have a vector field % defined on all of M. We can then
define an integral curve v: (—o00,2) — M for % via the formula (t) = ¢; however,
we cannt extend v past 2 since it runs into the missing point 2. ([

The key technical input to the proof is the following lemma.
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LEMMA 4.2. Consider a chain of open sets V' C V! C V. C R™ such that the
closure of V" is a compact subset of V' and such that the closure of V' is a compact
subset of V. Consider v € X(V'). Then there is an € > 0 such that for allp € V",
there exists an integral curve v: (—e,€) = V such that v(0) = p and v'(t) = v(y(t))
for allt € (—e,€). The integral curve -y is unique in the following sense: if for some
0 > 0 there is another integral curve X: (—9,8) — V with A(0) = p, then y(t) = A(¢)
for all t € (—e,€) N (—=0,9).

PRrOOF. This is simply a restatement into our language of the usual existence
and uniqueness for solutions of systems of ordinary differential equations. O

This lemma provides the local result needed for the following.

LEMMA 4.3. Let M be a smooth manifold and let v € X(M). Assume that
Supp(v) is a compact subset of Int(M). There then exists some € > 0 such that
for all p € M, there exists an integral curve v: (—e,e) — M such that v(0) = p.
The integral curve v is unique in the following sense: if for some 6 > 0 there is
another integral curve \: (=8,0) — M with A(0) = p, then v(t) = A(t) for all
t € (—ee€)N(=4,0).

PrOOF. Let {U;}f_; and {U/}F_, and {U/’}*_, be finite open covers of the
compact set Supp(v) such that the following hold for all 1 <7 < k.

e There exists a chart ¢;: U; — V.

The set U; lies in Int(M).

The closure of U/ is a compact subset of U;.

The closure of U/’ is a compact subset of Uy.

For 1 <4 < k, we can apply Lemma 4.2 to find some ¢; > 0 such that for all p € U/,
there exists a smooth map 7v: (—¢;,¢;) — U; with 4(0) = 0 and +/(¢) = v(y(¢)) for
all t € (—e;,€¢;). Let € > 0 be the minimum of the ¢;. Then the desired curve
v: (—€,€) — M exists and is unique for all p € Supp(v). But for p ¢ Supp(v)
we have v(p) = 0, and thus the desired curve is the constant curve v: (e,€) = M
defined by ~(¢) = p for all ¢. O

PROOF OF THEOREM 4.1. Let ¢ > 0 be the constant given by Lemma 4.3
and let p € M. For kK > 1, we will prove that there exists a unique smooth
function ~y: (—ke/2, ke/2) — M such that v,(0) = p and 7, (t) = v(yx(t)) for all
t € (—ke/2,ke/2). Before we do that, observe that the uniqueness of 7, implies
that vi41(t) = Yk (t) for t € (—ke/2, ke/2), so the desired integral curve v: R — M
can be defined by (t) = vk (¢t), where k is chosen large enough such that ¢t €
(—ke/2,ke/2). The uniqueness of our integral curve follows from the uniqueness of
the vi.

It remains to construct the 4. This construction will be inductive. First, we
can use Lemma 4.3 to construct and prove unique the desired v1: (—¢/2,¢/2) — M
(in fact, we could ensure that v was defined on (—¢,€), but this will simplify our
inductive procedure). Now assume that 74 has been constructed and proven to be
unique. Set g = v ((k — 1)e/2) and r, = ve(—(k — 1)e/2). Another application
of Lemma 4.3 implies that there exists smooth functions (;: (—¢,e) — M and
Kr: (—€,€) = M such that

Ck(0) =pr and kE(0) =71y

and such that
G(t) =v(G(t)) and  w(t) = v(ke(t))
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for all ¢ € (—e¢,€). The uniqueness statement in Lemma 4.3 implies that
C(t) =y ((k—1)e/24+1t) and k() = v(—(k—1)e/2+ 1)

for all t € (—€/2,€/2). The desired function vi11: (—(k + 1)e/2, (k + 1)e/2) = M
is then defined via the formula

kp(t+(k—1)¢/2) if —(k+1)e/2 <t < —(k—1)¢/2,

Vi1 (t) = ¢ 1 (t) if —ke/2 <t < ke/2,
Gt —(k—1)¢/2) if (k—1)e/2 <t < (k+11)¢/2.
Its uniqueness follows from the uniqueness statement in Lemma 4.3. ([
4.3. Flows

Let M be a smooth manifold and let v € X(M). In this section, we use the
results of the previous section to prove an important theorem which says that in
most cases v determines a flow, that is, a family of diffeomorphisms of M that
move points in the direction of v. More precisely, a flow on M in the direction of v
consists of smooth maps f;: M — M for each ¢ € R with the following properties.
For all t € R, the map f; is a diffeomorphism.

Define F': M xR — M via the formula F(p,t) = fi(p). Then F is smooth.
For all t,s € R, we have fi1; = f; o fs. In particular, fy = id.

For all p € M, define 7,: R — M via the formula v,(¢t) = fi(p). Then ~,
is an integral curve for v starting at p.

Our main theorem is as follows.

THEOREM 4.4 (Existence of flows). Let M be a smooth manifold and let v €
X(M) be such that Supp(v) is compact. Then there exists a unique flow on M in
the direction of v.

PROOF. Theorem 4.1 implies that for all p € M, there exists a unique integral
curve 7,: R — M for v starting at p. From the uniqueness of this integral curve,
we see that

(2) 7p(8+t) :'y'yp(s)(t) (pe M?‘SvtER)'

Define F': M x R — M via the formula F'(p,t) = ~,(t). It follows from the smooth
dependence on initial conditions of solutions to systems of ordinary differential
equations that F' is smooth. For ¢ € R, define f;: M — M via the formula f;(p) =
F(p,t) for p € M. The equation (2) implies that fsy; = fs o f; for all s,t € R.
Since fy = id by construction, this implies that f_; o f; = id for all t € R, and
hence each f; is a diffeomorphism. The theorem follows. O

4.4. Moving points around via flows
As an application of flows, we will prove the following theorem.

THEOREM 4.5. Let M™ be a connected smooth manifold and let p,q € M™.
Then there exists a diffeomorphism f: M™ — M™ such that f(p) = q.

PROOF. The proof has two steps.

STEP 1. Let V- C R™ be an open disc with center xog and radius r > 0. Consider
p,q € V. Then there exists a diffeomorphism g: V. — V such that g(p) = q and
such that for some € > 0 we have g(x) = x for all x € V satisfying ||z —zo|| > r—e.
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Without loss of generality, we can assume that xyp = 0. Let ¥ € R™ be the
vector ¢ — p and let 11 € X(V) be the constant vector field v1(p) = ¥ on V. We
cannot apply Theorem 4.4 to v; since it does not have compact support. However,
choose 0 < € < ¢’ < r such that ||p|| < ¢ and ||g|| < €. Using Lemma 1.4, we can
find a smooth function h: V' — R such that

hz)=1 (=]l <€)
and
h(z)=0 (]| > r —e).
Define v € X(V) via the formula
v(z) = h(z) -1 (z).

The support of v is then compact, so we can apply Theorem 4.4 to obtain a flow
g+: V — V. Unwinding the definitions, the map [0, 1] — V taking ¢ € [0, 1] to g:(p)
traces out the straight line segment connecting p to ¢; in particular, g1(p) = gq.

Moreover, for x € V satisfying ||z|| > r — ¢ we have v(z) = 0, and thus ¢, (z) = =z,
as desired.

STEP 2. We construct f.

Let v: [0,1] = M™ be a continuous path with v(0) = p and (1) = g. We can
then find some N > 0 such that for all 0 < k < N, there exists a chart ¢ : Uy — Vi
with v(k/N),v((k+1)/N) € Uy and with V} an open disc in R™. Let gg: Vi — Vi
be the diffeomorphism taking ¢(v(k/N)) to ¢(v((k+1)/N)) given by Step 1. Define
fr: M™ — M™ via the formula

1 if p € Uy,
oe(p) = {qﬁk (1(on(p))) i p € U
p otherwise.
It is clear that fj is a diffeomorphism of M™ satisfying
fr(y(k/N)) = ~((k +1)/N).
Define

f=fn10fnyoo0-0fi: M" — M".
Then f is a diffeomorphism satisfying f(p) = ¢, as desired. O






CHAPTER 5

Differential 1-forms

In this chapter, we introduce the theory of differential 1-forms and path inte-
grals.

5.1. Cotangent vectors

Recall that if V' is a finite-dimensional R-vector space, then the dual of V,
denoted V*, is the set of all R-linear maps V' — R. The dual V* is an R-vector
space of the same dimension as V. If {€1,...,€,} is a basis for V, then we can
define a dual basis {77,...,7}} for V* via the formula

n
ﬁ(Zcié}):ck (c1,...,cn €R, 1<k <m).
i=1

This leads to an isomorphism between V' and V* taking €; to €;. However, we warn
the reader that this isomorphism depends on the choice of basis {éi,...,é,} and
that there is no canonical (i.e. basis independent) choice of isomorphism between
V* and V.

The cotangent space is now defined as follows.

DEFINITION. Let M™ be a smooth manifold and let p € M™. The cotangent
space of M™ at p, denoted T;M™", is the dual (Tp,M™)* of the tangent space at
p. (Il

It : U — Vis a chart for M" with p € U, then T), M" is identified with T,V
and T,y M™ is identified with (Ty,)V)*. Let {(6%1)1) Yoy (%)p} be the standard

basis for T, M™ with respect to ¢: U — V. The dual basis for Ty M" is denoted
{(dx1)ps- -, (dxy)p}, so by definition we have

9 1 ifi=j,
dx)p(( =) ) =
(dx )p(<3xj>p) {O otherwise

for 1 < 4,5 < n. We will call {(dx1)p,...,(dxn)p} the standard basis for the
cotangent space of M™ at p with respect to ¢: U — V.

Now consider two charts ¢q: U; — Vi and ¢o: Uy — Vo with p € Uy N Us. Set
q1 = ¢1(p) and ga = P2(p) and let T19: ¢1 (U1 NUz) — ¢2(Uy NUs) be the transition
map. By definition, the composition

T,Vi=T,M" =T,V
of our identifications is given by the derivative map
(3) D(h T12: qu Vl — Tq2‘/2.

35
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Now consider an element p € T,y M™. We can identify p with elements p; € (T,, V1)*
and pg € (Ty,Vo)*. If 0 € T, M" is identified with v; € T,, V7 and v, € T,, Vs, then
we must have

—

p(v) = p1(vh) = p2(t2).
By (3), we have @ = (Dg,712) ! (¥2), and thus
p1((Dgym12) ™ (B2)) = p2(02).

In other words, p; and ps are related by the equation

(4) p2 = pro (Dg7i2) "

We close this section by giving an important example of a cotangent vector.

EXAMPLE. Let M™ be a smooth manifold, let f: M™ — R be a smooth map,
and let p € M". We define (df), € T, M™ to be the linear map 7, M™ — R that
takes ¥ € T, M"™ to the directional derivative of f in the direction of #. In other
words, (df),(?) is the image of ¥ under the derivative map

Dpfi TpMn — Tf(p)]R =R.

If 9: U — V is a chart with p € U and {(dx1)p,...,(dx,)p} is the associated
standard basis for the cotangent space of M™ at p, then the usual formulas from
multivariable calculus show that

@, =5 22 (4(p)) - (i)

= O
here observe that fo¢~!: VV — R is a smooth function on the open set V of R*. [

REMARK. This is consistent with our previous notation: if ¢: U — V is a chart
on a smooth manifold M", then for 1 < i < n we have the coordinate functions
z;: U — R. For p € U, the element (dx;), defined in the previous example agrees
with the corresponding element of the standard basis for the cotangent space of
M™ at p. ([l

5.2. The cotangent bundle

Let M™ be a smooth manifold. Our goal now is to globalize the construction
in the previous section to define the cotangent bundle of a smooth manifold M™.
The construction will be very similar to that of the tangent bundle. As a set, we
define

T*M" ={(p,p) | p€ M™ and p € Ty M"}.
For all p € M", we will identify T, M™ with the subset {(p,p) | p € T, M"} of
T*M™. Under this identification, we have

M= | | T;M™
peEM™

We now define a topology on T*M™ as follows. Let ¢: U — V be a chart on M™.
Define T*U to be the subset

{(p.,p) |p€U and p e TyM"}
of T*M". For p € U, our definition of T7M™ identifies it with 77 V' = (R™)*.
Define a map T*¢: T*U — V x (R™)* via the formula
T"6(p, p) = (¢(p), p)-
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We want to construct a topology on T*M™ such that if T*U is given the subspace
topology, then T*¢ is a homeomorphism. Define

U={(T*¢)" (W) | ¢: U—V achart on M™ and W C V x (R™)* is open}.

It is easy to see that U is a basis for a topology, and that under this topology the
induced topology on the subsets T*U is such that T*¢ is a homeomorphism. We
endow T*M™ with this topology.

Now, the set V x (R™)* is an open subset of R x (R")* = R?". The maps T*¢
are thus charts, so T*M™ is a 2n-dimensional manifold. We now prove that it is in
fact a smooth manifold.

LEMMA 5.1. Let M™ be a smooth manifold. Then the set
A={T*¢: T*U -V x (R")" | ¢: U — V a chart on M"}
is a smooth atlas on T*M™.

PRrROOF. Consider two charts ¢1: Uy — Vi and ¢o: Uy — Vo on M™. Let
T12: &1(U1 NU3) — ¢o(U; NUz) be the transition map from ¢ to ¢o. By definition,
712 is smooth. Using equation (4) above, we see that the transition map on T*M"
from T*¢y: T*Uy — Vi x (R™)* to T*¢o: T*Us — Vo x (R™)* is the map

T*Tlgi ¢1(U1 n Ug) X (Rn)* — (bQ(Ul n Ug) X (Rn)*
defined via the formula

T*112(q, p) = (T12(q), p© (Dgm12) ") € ¢2(U1 N U3) x (R™)*.

This is clearly a smooth map, as desired. O

5.3. Differential 1-forms
Fix a smooth manifold M™. We then make the following definition.

DEFINITION. Let M™ be a smooth manifold. A differential 1-form on M™ is a
smooth map w: M™ — T*M™" such that w(p) € T,y M" for all p € M™. The set of
all differential 1-forms on M™ is denoted Q*(M™). O

EXAMPLE. Regarding S! as a smooth submanifold of R?, recall that for (x,y) €
S1 the vector space T(Ly)S1 can be regarded as the subspace of R? spanned by
(—y,z). We can then define an element § € Q*(St) by letting 0(z,y) € T(*;C)y)S1 be
the linear map that takes ¢ - (—y, z) to t. O

Observe that the R-vector space structure on the cotangent spaces of M"™ makes
QY (M™) into an R-vector space. In fact, it has even more structure: if f: M™ — R
is a smooth function and w € Q'(M™), then we can define an element of Q!(M™)
that takes p € M™ to f(p)-w(p) € T, (M"); we will denote this by fw. This makes
QY(M™) into a module over the ring of smooth functions on M™.

We now explain how to think about differential 1-forms locally. Fix a chart
¢: U — Von M™. Letting z1,...,x, be the coordinate functions of V', for allp € U
we have the standard basis {(dx1)p, ..., (dx,),} for TyM™. For all 1 <i < n, the
map p — (dx;), is a differential 1-form on the open set U of M™. If w € Q'(M™),
then there exist functions fi,...,fn: U — R such that the restriction to U of
w equals fidxy + --- + frdx,,. The fact that w is a smooth map from M"™ to
T*M™ is equivalent to the fact that these functions f; are smooth. The expression
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frdxy + -+ + fpdx, will be called the expression for w in the local coordinates
o:U—V.

EXAMPLE. Let us return to Example 5.3. Let 6 € Q!(S!) be the differential
1-form from that example. Set U = S'\ {(0,1)} and let ¢: U — R be given by
stereographic projection, so ¢(x,y) = z/(1 — y). To keep our notation straight,
we will let z be the coordinate function on R. We will determine the function
f+ R — R such that the restriction of 6 to U equals fdz. Observe that

2z 22-1
71 _
QS (Z)_(22+1722+1)a
and thus
D.¢" " T.R — Ty1(,)S"

2(1—22)

z2 2
(1+42 )R
(1+22)2

For (z,y) € S!, like in Example 5.3 we will regard T(z,y)Sl as the subspace of R?
spanned by (—y, ). Using this, it follows that

g 2 (1—z2 2z )
92 ) ( o ﬁ)_ZQ-i-l 2241722417

is represented by the matrix

224172241

‘We deduce that
0 2
9 —_— =
<(32>( 22 22—1)) 2241’
224172241
and hence that the restriction of 6 to U is
2
dz. O
2241

Another important example is as follows.

ExXAMPLE. Let f: M™ — R be a smooth map. Recall from Example 5.1 that
for p € M™ we defined df, € T;M" to be the linear map T, M" — R taking
v € T,M" to the directional derivative of f in the direction of ¥ We then have
df € QY(M™) defined via df(p) = df,. If ¢: U — V are local coordinates and

Tri,...,T, are the coordinate functions of V, then the expression for df in terms of
these local coordinates is
0 -1 0 -1
foiédxl + 4 .]%’7¢an. [l
8x1 ﬁxn

REMARK. In the next section, we will prove that the element § € Q(S?!)
discussed in Examples 5.3 and 5.3 cannot be written as df for any smooth f: S* —
R. This is a fundamental fact; underlying it is the fact that the ‘first de Rham
cohomology group” of S' is nontrivial. O

One important property of the previous example is as follows.

LEMMA 5.2. Let M™ be a smooth manifold and let f: M™ — R be a smooth
function. Then df =0 if and only if f is constant.
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PROOF. Let ¢: U — V be a chart and let x4, ..., z, be the coordinate functions
on V. Then the restriction of df to U is
—1 —1
del 4+ .+ den_
ory Oy,

This equals 0 if and only if all the 6f°x ' vanish, i.e. if and only if f o ¢! is

constant. This holds for all charts if and bnly if f is constant. ]

5.4. Pulling back 1-forms

Let f: M{"* — M3? be a smooth map between smooth manifolds. For p € M7
we have a derivative map
Dy f: TyMy™ = Ty M3
However, there is no reasonable way to take a vector field on M{" and push it

forward along f to obtain a vector field on M3?. In contrast, for differential 1-
forms we have the following construction.

CONSTRUCTION. Let f: M{" — MJ3? be a smooth map between smooth man-
ifolds and let w € Q*(MJ?). Define f*(w) € Q(M{") as follows. For p € My, we
must construct an element f*(w)(p) € T, M}", i.e. a linear map T, M}"* — R. The
1-form w gives us a linear map w(f(p)): TypyMy* — R, and f*(w)(p) is obtained
by composing this with D, f: T, M{"" — Ty, M3, i.e. by setting

[ W) p) = (@ (f () o (Dpf)-
It is easy to see that f*(w) € QY(M]). O

REMARK. We emphasize that this construction pulls differential 1-forms back;
there is no reasonable way to push them forward. (I

Here is an important example.

EXAMPLE. Let 6 € Q'(S1) be the form discussed in Examples 5.3 and 5.3.
Define 7: R — S! via the formula 7(t) = (cos(t),sin(t)). Then 7*(w) = dt. O

One important property of the above pull-back construction is as follows.

LEMMA 5.3. Let f: M — M3? be a smooth function between smooth mani-
folds and let g: M3? — R be a smooth map. Then f*(dg) = d(go f).

PRrROOF. By definition, for ¢ € MJ? the linear map dg(q): T,M5? — R takes
w € T,M3? to its image under the map

Dqg: rfq]\f;2 — T, (q)R R.
For p € M, it follows that the linear map f*(dg)(p): T, — R takes ¥ € T, M "
to its image under the composition
ni Dy f ny Prw9g
Tp Mt == Ty My* ——= Ty(sp)R = R.

By the chain rule (Theorem 2.5), this composition equals D,(g o f). The lemma
follows. 0

To illustrate some of the tools we have developed, we now prove the following.

LEMMA 5.4. Let 0 € QY(SY) be the form discussed in Examples 5.3 and 5.3 and
5.4. Then there does not exist a smooth function f: S' — R such that 6 = df.
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PROOF. Assume that f: S' — R satisfies df = 6. As in Example 5.4, let
7: R — ST be the map defined via the formula 7(t) = (cos(t),sin(t)), so 7*(w) = dt.
Set g = f om, so by Lemma 5.3 we have dg = n*(w) = dt. This implies that
d(g —t) = 0, so by Lemma 5.2 we have g(t) = ¢t — ¢ for some constant ¢ € R.
However, since g = for it must be the case that g is periodic, i.e. that g(t+1) = g(t)
for all ¢ € R. This is a contradiction. ]

5.5. Path integrals

The main reason we introduced 1-forms was to define path integrals. Let M™
be a smooth manifold and let w € Q'(M"). Consider a smooth path in M", i.e. a
smooth function ~y: [a,b] — M™ for some a < b. Here [a,b] is not a manifold, but
rather a manifold with boundary; we will ignore this technicality for the moment.
Let t be the coordinate function on [a,b]. We can then write v*(w) = f(t)dt for
some smooth function f: [a,b] — R. Define

Lw - /abf(t)dt.

The following is an important example.

EXAMPLE. Let 0 € Q'(S') be the form discussed in Examples 5.3 and 5.3 and
5.4. Define 7: [0,27] — S* via the formula y(¢) = (cos(t),sin(¢)). Then v*(6) = dt,

SO
2
/9:/ dt = 27.
0% 0

One important property of line integrals is the following lemma, which says
that they do not depend on the parameterization of the curve.

O

LEMMA 5.5. Let M™ be a smooth manifold, let v: [a,b] — M™ be a smooth
path, and let w € QY (M™). Finally, let h: [a,b] — [a,b] be a smooth map such that
h(a) = a and h(b) = b. Define vo = yo h. Then fvw =/ w.

Y2
Proor. Homework. O

REMARK. Lemma 5.5 is why we defined line integrals of differential 1-forms
rather than of functions. If f: M™ — R is a smooth function and v: [a,b] — M"

is a smooth path, then one might be tempted to define f7 f= ff(f o)dt. If one
made this definition, then Lemma 5.5 would not hold. ([

Another is the following version of the fundamental theorem of calculus.

LEMMA 5.6. Let M™ be a smooth manifold, let v: [a,b] — M™ be a smooth
path, and let f: M™ — R be a smooth function. Then fv df= f(b) — f(a).

Proor. Homework. O

To finish up this circle of ideas, we will prove the following theorem which
completely describes the set of 1-forms on S?!.

THEOREM 5.7. Let 6 € QY(SY) be the form discussed in Examples 5.3 and 5.3
and 5.4 and let w € QY(SY) be arbitrary. Then there exists some ¢ € R and some
smooth function f: S* — R such that w = c0 + df.
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PROOF. Define 7: R — S! via the formula 7(t) = (cos(t),sin(t)) and let
v: [0,27r] — S be the restriction of 7 to [0,27]. Set ¢ = fvw and w; = w — ch.

‘We thus have f,y wy = 0. Our goal is to find some smooth function f: S' — R such
that w; = df.
Write 7*(w1) = g(t)dt. The function g(¢) is 2m-periodic in the sense that

g(t+2m) = g(t) (t € R).
Define a function F': R — R via the formula

F(t) = /0 g(t)dt.

By the fundamental theorem of calculus, we know that dF = g(t)dt = 7*(wy).

Moreover, since
2w
/ g(t)dt = /w1 =0
0 Y

and sicne ¢(t) is 2m-periodic we see that F'(t) is 2m-periodic. This implies that F'
descends to S! in the sense that there exists a smooth function f: S' — R such
that F' = f oxw. We clearly have df = wy, as desired. O






CHAPTER 6

Differential k-forms

In this chapter, we introduce the theory of differential k-forms for & > 2.

6.1. Multilinear forms

We begin by discussing some aspects of linear algebra. Let V' be an R-vector
space.

DEFINITION. A k-multilinear form on V is a function

k
w: PV R
i=1
such that for all 1 < ¢ < ¢ and all ¥4,...,0p—1,0¢41,...,Ux € V, the map V — R
defined via the rule
w w(f;’l, C ,17(,1,11_1’,17@+1, R ,Uk)
is linear. O

A 1-multilinear form is thus simply an element of the dual V*, and a 2-

multilinear form should satisfy

w(cw + di’, Uy) = cw(, Ua) + dw(d’, Ta)
and

w(y, el + d') = cw(Ty, W) + dw(y, @)
for all

U1, Uo, W, w €V and c,d € R.

The vector space of all k-multilinear forms on V is denoted 7*(V).

Multilinear forms can be multiplied in the following way.

CONSTRUCTION. Let wy be a ki-multilinear form and ws be a ks-multilinear

form. Define a function
k1+k2

wiwe @ V =R
i=1
via the formula
(W1w2)(1717 s 717k1+k2) = wl(fgla s 777161 )w2(6k1+1a s v'l_)'lier)
Then it is clear that wiws is a (k1 + k2)-multilinear form on V. O

The following lemma provides a basis for 7%(V).

43
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LEMMA 6.1. Let V' be an R-vector space, let {€1,...,€,} be a basis for V, and
let {e5,...,e:} be the dual basis for V*. Then
{é;:...é?k|1§i17i27"'7ik§n}

is a basis for T*(V). In particular, T*(V') is n*-dimensional.
Proor. We begin by introducing some notation. Let
T = {(ins- i | 1 < irin,...,in <n).

For an element I = (i1,...,4x) of Z, define

—k ok —k
€] =€, €.

For w € T#(V) and an element I = (i1, ...,i) of Z, define
w(€r) = w(€,,...,Ei)-

Finally, let B be the purported basis for 7%(V).
We first prove that B is linearly independent. Assume that

(5) S =0
Iez
for some dy € R. For I,I’ € T we have
ey L I=T
erley ) =
ne 0 ifI£1I.

For all I € Z, we can thus plug €7 into (5) and see that d; = 0, as desired.
We next prove that B spans 7%(V). Consider w € T#(V). For I € Z, define

cr =w(er) € R. Set
w = Z cres.
Iez
We then have w’(€7) = w(er) for all I € Z. Using the multilinearity of w, we see
that for all ¥ € V the value of w(?) is equal to an appropriate linear combination of

the w(ey) as I ranges over Z. A similar fact holds for w’. We conclude that w = «’,
as desired. O

We now make the following important definition.

DEFINITION. An element w € T*(V) is alternating if flipping two inputs of w
changes its sign. More precisely, let S be the symmetric group on k letters. We

then require that for vy,...,v, € V and o € S, we have
W(Tr(1)s- - Tohy) = (—1)1N(a, ..., T).

Here (—1)l° is the signature of the permutation o. The set of all alternating k-
multilinear forms on V is denoted A* (V). O
ExXAMPLE. We can construct an alternating form det € A"(R™) by letting
det(,...,7,) equal the determinant of the n X n matrix whose columns are
ULy eonyUn O
REMARK. We will later see that A"(R™) = {sdet | s € R}; see Corollary 6.6.
O

To understand A" (R"), we make the following construction.
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CONSTRUCTION. Let V' be a vector space and let k > 1. Define alt: T#(V) —

AF (V) via the formula

alt(w)(Ty, ..., T%) = klz DTy 1y, - Toy) (B,

€Sk

The linear map alt has the following property.

LEMMA 6.2. For w € T*(V), we have alt(w) = w.

PrOOF. An immediate consequence of the fact that Sy has k! elements.

This allows us to make the following definition.

DEFINITION. Consider w; € A" (V) and wy, € AF2(V).

alt(wywy) € AR TRz (V).

Define wy A we

U € V).

O

O

O

The wedge product is graded commutative in the sense that if wy € Akl(V)

and wy € A*2(V), then

w1 N\ wy = (—1)k1k2WQ A wi.

Our next goal is to prove that the wedge product is associative. This requires a

lemma.

LEMMA 6.3. Consider w; € A" (V) and wy € A*2(V). Then

alt(wiws) = alt(alt(wy)ws) = alt(wy alt(ws)).

Proor. We will prove that
alt(wrws) = alt(alt(wr )ws);
the proof that
alt(wiws) = alt(w;alt(ws))
is similar. Expanding out alt(alt(w)ws), we see that for
ULy ooy Uhytky €V
the number
alt(alt(wy)we2) (U1, . .., Uky+k, )
equals
1

(6) m Z alt((ﬂl)('l_)'o-(l), ey 170(k1))WQ(170(k1+1), ey

OESky +ko

By definition, we have

alt(w1)(Ty(1)s -+ Up(ky)) = ' Z Wi (Ty(5(1))s - - - 5

6€Sk,

Uo(8(k1)))-

60(k1+7€2))'

Plugging this into (6) and regarding Si, as the subgroup of Sk, t, that acts on the

first k; elements and fixes the rest, we get

1 "
(k1 + ko)!(ky)! Z WL (T (5(1))r -+ U (8(k0)) W2 (To (5 +1))5 -+

0E€Sk, +ko
6€Sk,

Vo (5(k1 +h2)) ) -
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Every element of Si, 4+, can be written as 00 with ¢ € S, 4%, and § € Si, in
precisely (k1)! ways. It follows that the above sum equals

w:)):(w Uegikz W1 (T (15 -+ Tor (k) )02 (Tor(ha £1)5 - « - Vo (a1 k2))-
Cancelling the (k1)!’s, this is precisely
alt(wiwa) (U1, -« s Uiy ks )s
as desired. O
THEOREM 6.4. For w; € A (V) and wy € A*(V) and ws € A*(V), we have
w1 A (wo Aws) = (w1 Awa) A ws;

in fact, both sides equal
alt(wiwaws).

ProoOF. Using Lemma 6.3, we see that
(w1 AN (.L)Q) A w3z = alt(alt(wlwg)wg) = alt(w1w2w3).

Similarly,
w1 A (we A ws) = alt(wralt(waws)) = alt(wiwaws). O

Theorem 6.4 implies that the product operation A is associative. Moreover,
applying it multiple times we see that if w; € A" (V) for 1 <4 < ¢, then

wl/\“‘/\Wg:alt(wl'”CUg).

We close this section by proving the following lemma, which gives a basis for
AF (V). Tt should be compared to Lemma 6.1

LEMMA 6.5. Let V' be an R-vector space, let {€1,...,€,} be a basis for V, and
let {e5,...,e:} be the dual basis for V*. Then

{er Noone [ 1<ip <ig<--- <ip<n}
is a basis for A¥(V). In particular, A¥(V) is (1) -dimensional.

PRrROOF. This can be proved exactly like Lemma 6.1. The only difference is
that an alternative k-multilinear form w is determined by the set of values of

w(é’il, ey gzk)
with 1 <41 < ig < -+ < i < n (while for a general k-multilinear form we would
need to allow 1 <4y,...,4 <n). This follows from two facts.

e For 1 < iy,...,4 < n, if i; = iy for distinct 1 < 4,57/ < k, then
w(€,,...,€,) = 0 since flipping €;, and €;,, multiplies it by —1 while
not changing its value.

e For distinct 1 < iy,...,i < n, there exists a unique o € Si such that

o(i1) < ol(iz) < -+ < o(ix), and

—

W(Er(ir)s - s Eriiny) = (1) w(Ey,, ... &) O
We highlight the following corollary of Lemma 6.5.

COROLLARY 6.6. Let V' be an n-dimensional R-vector space. Then A"™(V) is
1-dimensional. In particular, if V.=R"™ then every element of A" (V) is a multiple
of the determinant (see Example 6.1).
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PROOF. This follows from Lemma 6.5 together with the fact that (7) =1. O

6.2. Basics of k-forms

Let M™ be a smooth manifold and let £ > 1. For p € M", define
Ab(M™) = AM(T,M™).
We thus have
Ap(M™) =Ty M™.
Lemma 6.5 implies that AI; (M™) is an (})-dimensional R-vector space. Define
AF(M™) = {(p,wp) | p€ M™ and w, € A5 (M™)}
= UPGM” AI;(Mn).

Just like we did for the tangent bundle in §2.4 and for the cotangent bundle in
§5.2, we can define a topology on Ak(M”) which makes it into a smooth n + (Z)—
dimensional manifold. A differential p-form on M™ is a smooth map w: M" —
AF(M™) such that w(p) € A’;(M") for all p € M™. The R-vector space of all
differential k-forms on M™ is denoted QF(M™). Just like for differential 1-forms,
QF(M™) is a module over the ring C°°(M™") of smooth functions from M™ to R.

For w; € QF(M") and we € QF2(M"), we can define an element w; A wy €
QF1tFk2 (M™) via the formula

(w1 Awz)(p) = wi(p) Awa(p)  (p € M").
This operation is graded commutative in the sense that
we Awy = (—1)k1k2w1 A wa
and is associative in the sense that if ws € Q% (M™) then
(w1 Awso) Aws = wy A (we A ws).

Because of this latter property, we will omit frequently omit parentheses in our
formulas.

Using this wedge product, we can construct many k-forms from our already
existing store of 1-forms. Another interesting class of differential forms are volume
forms, which are defined as follows.

DEFINITION. A wvolume form on a smooth n-dimensional manifold M™ is a
differential n-form w € Q™ (M™) such that w(p) # 0 for all p € M™. O

Not all smooth manifolds support volume forms (we will later see that a nec-
essary and sufficient condition is that the manifold be orientable). Here are some
that do.

EXAMPLE. If U is an open subset of R™, then U can be given the volume form
dx; Adxg A -+ Adxy,. O

ExAMPLE. Consider a smoothly embedded submanifold M™ of R™. One’s first
impulse might be to try to restrict the above volume form on R™ to M™; however,
this does not work unless n = m since it would result in a differential form of
the wrong dimension. Some additional structure is needed. We will deal with a
particularly easy case, namely where m = n + 1 and where there exists a unit
normal vector field on M™, i.e. a smooth map n: M™ — R™""! with the following
two properties.
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e ||n(p)|| =1 for all p € R**!, and
e The vector n(p) € R™! is orthogonal to the tangent space T),(M™) C
R+ for all p € M™.

For example, the sphere S™ C R"*! supports the unit normal vector field that takes

p € S™ to itself (considered as a point of R™*1). Similarly, it is easy to construct

unit normal vector fields on the standard ways of embedding genus g surfaces into

R3; however, they cannot be constructed on the Mébius band. Given a unit normal

vector field n on M™ C R" ™! we can define a volume form w € Q"(M™") by setting
w(P)(V1, .- Tn) = Wrn+1 (p)(W(P), V1, ..., Tn)

for p € M™ and v4,...,7, € T,M™. Here wgn+: is the above volume form on
R, O

6.3. The local picture, I

Let M™ be a smooth manifold, let w € QF(M™), and let ¢;: Uy — V; and
¢2: Us — V5 be two charts. Consider p € Uy N Us, and set ¢1 = ¢1(p) and
g2 = ¢2(p). We thus have identifications

T,M" =T, V, and T,M" =T,V

The alternating multilinear form w(p) on T, M™ can thus be identified with alter-
nating multilinear forms wy(q1) on Ty, Vi = R™ and wa(ge) on T, Vo = R™. We can
related w1 (q1) and wa(gz) just like we did for cotangent vectors in §5.1. Namely, if
T12: $1(U1 NUz) — ¢2(Ur N Us) is the transition map, then T, Vi and T, Vs are
identified via the derivative map

DqlTlgl qu Vl — Tq2V2.
For vy, ...,7r € R™, we then have

wa(q2)(V1, . .., k) = wi () (D, (B1), ..., Dt (U)).

6.4. The local picture, II
Again let M™ be a smooth manifold and let w € Q*(M™). Fix achart ¢: U — V

on M™ and consider some w € QF(M"™). Letting x1,...,7, be the coordinate
functions of V| we have the differential 1-forms {dx;,...,dx,} on U. For a sequence
(i1,...,1) of numbers satisfying 1 < iy,...,i; < n, define

dx; =dx;;, A Adx,,.
Setting
T={(i1,.sip) | 1<y <ig < -+ < < n},

we can apply Lemma 6.5 to deduce that the restriction of w to U can be uniquely
written as

(7) > frdxg

Iez
for functions f;: M™ — R. The fact that w is a smooth map from M" to Ak(M”)
is equivalent to the fact that these functions f; are smooth. The expression (7) will
be called the expression for w in the local coordinates ¢: U — V. The expressions
for w in different local coordinates are related as in §6.3.
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6.5. Pulling forms back

Now let f: M{" — Mj* be a smooth map. Recall that earlier we showed how

to construct a pull-back map

F7 QL) - Q1 (M)
by composing with the derivative map

Dy: T, M" — Ty My”?
for all p € M. The same idea works for k-forms. Namely, we can define a
pull-back map

£ QM) - QM (M)
as follows. Consider w € Q¥ (M;'?). The desired element f*(w) € QF(M]") consists
of an alternating k-multilinear form f*(w)(p) on T, M for all p € M{"*. The form
w gives us an alternating k-multilinear form w(f(p)) on Ty My?, and we define
f*(w)(p) via the formula

Fr@)p)(@1, .., 0k) = w(f () (Dpf)(01), - (Dpf)(Ur))
for ¥,..., T € T, M.
This pull-back respects the wedge product of forms in the following sense.
LEMMA 6.7. Let f: M — M2, let wy € Q¥ (MJ?), and let wy € QF2(My?).
Then
frwi Awa) = f5(wi) A f*(w2).

PRrROOF. Immediate from the definitions. O

6.6. The d-operator: big picture

Let M™ be a smooth manifold and let f: M™ — R be a smooth map. Recall
that we have a natural element df € Q!(M"™) defined as follows. For p € M™, the
element df(p) € T, (M™) should be a linear map 7}, M™ — R. This linear map takes
v € T, M™ to the directional derivative of f in the direction of ¥, i.e. to the image
of ¥ under the linear map

Dyf: T,M"™ — Ty,)R =R.
We will regard d as a linear map
d: C=°(M™) — QY (M™).
In the next three sections, we will show how this can be generalized to a linear map
d: QF(M™) — QFF Y (M™)

for all £ > 1. This linear map will satisfy the following three properties. To simplify
their statements, we will write Q°(M™) for C°°(M™), and also for f € Q°(M™) and
w € QF(M™) we will write f A w for the product fw € QF(M™).

e For w; € QF(M™) and wy € QF2("), we have
d(w1 Awsz) = dwy Awsy + (—l)klwl A dwo.

e For w € QF(M™), we have d(dw) = 0.
e For w € QF(M™) and f: My* — M™ a smooth map between smooth
manifolds, we have

fH(dw) = d(f*(w))-
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The most elegant way to construct this would be to give a global definition
that does not depend on a choice of a local coordinate system (like our definition
of df above). However, the formulas for doing this are a little complicated and
difficult to parse on a first reading, so we will instead do this in a more low-brow
way. Namely, in §6.7 we will construct the d operator for M"™ an open subset of
R™ and prove that this has the above two properties. In §6.8 we will extract from
the previous local definition a key property. Finally, in §6.9 we will show that this
definition “glues together” to give an appropriate operator on an arbitrary smooth
manifold.

6.7. The d-operator: local definition

Consider an open set V' C R™. Letting z1,...,x, be the coordinate functions
of R™ and letting

Ik:{(il,...,ik) | 1§i1<i2<--~<ik§n},

a k-form w € QF(V) with k& > 1 can be uniquely written as

w= Z frdxr

I€Ty,

for some smooth functions f;: V' — R. We then define

dw =" df Adxy € QFH(V).
1€y,

It is clear that this gives an R-linear map d: Q¥(V) — QFF1(V) for all k£ > 1. The
following three lemmas show that it has the three properties discussed in §6.6.

LEMMA 6.8. Let V be an open subset of R™. For some ky,ko > 0 let wi €
QFL (V) and w? € QF2 (V). Then d(w A ws) = dwy Aws + (=1)Frwy A dws.

ProOF. We divide this into three cases.
CASE 1. For f,g € QYV), we have d(fg) = g(df) + f(dg).

Using the product rule, we have

i=1 O
B " af dg
- i—1 < (91‘2‘ +f(9{,131> d !
= g(df) + f(dg),

as desired.

CasE 2. For f € Q°V) and w € QF(V) with k > 1, we have d(fw) = (df) A
w+ fAdw.

Write

w = Z gIdXI~

1€y,
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Using the first case, we then have

dfw="Y"d(fgr) Adx;

I1€Zy,

=) (gs(df) + f(dgy)) A dxs

1€y,
= (df) Aw + f A duw,

as desired.

CASE 3. For w; € QM (V) and we € QF2(V) with ki, ke > 1, we have d(w; A
LUQ) = dwi N\ wg + (—l)klwl A dws.

Write
wy = Z frdxr
1€y,
and
wy= Y gsdx;
JETy,

‘We now calculate that

and

dwp = Y dg; Adxy,
JETk,

and hence dw; A wy + (—1)*1w; A dws equals

(Y dfp Adxp) A (D godsy) + (=D)F (> frdx) A dgy Adxy)

IEIkl JEIk2 IEIkl JeIkz
= Y (gsdfy Adsy Adsy + (1" fr Adxy Adgy Adxy).

I€Zy,

JELy,

For all I € T, and J € T,, we have dx; Adg; = (—1)*1dg; A dx;. It follows that
the above expression equals

Z (ngfI +f]ng) /\dX] /\dXJ.

I€T),
JELk,

Using the previous cases, we see that this equals
Z d(f[g]) ANdxy Adxy.

IEIkl
J€Tk,

For I € 7, and J € Zj,, we have dx; Adx; = 0 if I and J share any entries.
Otherwise, dx; Adx; = +dxy/ for some unique I’ € Zj, 11, and some choice of sign.
It follows that d(frgs) A dx; Adxy = d((frdxs) A (g5 Adxy)), and thus the above
expression equals

d Z Jrdxy | A Z gsdxy = d(w1 Awa),

I€Ty, JETk,
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as desired. 0

LEMMA 6.9. Let V be an open subset of R™ and let w € QF(V) for some k > 0.
Then d(dw) = 0.

PRrROOF. There are two cases.
Case 1. k£ =0.

In this case, w is a smooth function f: V — R™. We then calculate that

=23
() -

dx; A dx;.
g xﬁ)% i x

[
M:

i

HM:

For i = j, we have dx; Adx; = 0. Applying the equality of mixed partial derivatives,
we thus see that the above expression equals

Z i dx; Adx; = Z O (dx; Adx; —dx; Adx;) =0
1<ij<n O; 0z 1<i<j<n 0z;0m;
i
as desired.
CASE 2. k> 1.
Write

w = Z f[dX[.

I1€Ty

Using Lemma 6.8, we have

—d(Z dfﬂ\dx;)

I€Ty,
= ) d(dfy) Adxs — dfy Ad(dx).
I€eTy,
By the first case, all of these terms equal 0, as desired. (]

LEMMA 6.10. Let V C R™ and W C R™ be open subsets and let f: V — W be
a smooth map. Consider w € Q¥ (V) for some k > 0. Then f*(dw) = d(f*(w)).

PROOF. An immediate consequence of the definitions together with the natu-
rality of the wedge product (Lemma 6.7) and the naturality of the d-operator on
smooth functions (Lemma 5.3). O
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6.8. The d-operator: a key lemma

In this section, we apply the local results of the previous section to prove the
following lemma.

LEMMA 6.11. Let M™ be a smooth manifold. For somek > 1, let w € QF(M™).
Assume that we can write

(8) w = Z Jidg; 1 Ndgio N+ A dg; g,
i=1

for some smooth functions f: M"™ — R and g; j: M™ — R. Then

> dfy Adg;y Adggy A A dg € QFTH(M™).
i=1

does not depend on the decomposition (8).

PROOF. Let

m/
w=>Y_ fidg; Adgis A Adgiy,
i=1
be another such decomposition. Our goal is to prove that
m m/
9) dei Ndg; 1 ANdg;o A Adg; = de; Adgi Adgio A Adg .
i=1 i=1

Assume first that M"™ is an open subset V of R™. In §6.7, we constructed a
form dw € Q*F1(V) from w € Q%(V). We claim that

dw =) dfi Adg;; Adg; o A--- Adg;, € QFFH(M™).
i=1
The proof of this is by induction on k. The base case &k = 0 is trivial, so assume
that £ > 1 and that the desired result is true for all smaller values of k. Using
Lemmas 6.8 and 6.9 together with our inductive hypothesis, we have

dw = Zd(fz‘dgi,l Ao ANdggoq) + (_1)k71(fidgi,1 Ao Adg; _q) Ad(dg; )

i=1

m
= df;Adg;; Adgio A---Adg 40,
i=1
as desired. A similar argument shows that
m/
dw =Y dff Adg}, Adgj, A--- Adgly,
i=1
so we conclude that the desired equation (9) holds.
Now assume that M™ is a general manifold. Letting ¢: U — V be a chart,
the previous paragraph proves that the restrictions to U of the left and right hand

sides of (9) are the same. Since M™ can be covered by such U, we deduce that in
(9) holds, as desired. O
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6.9. The d-operator: global definition

Fix some smooth manifold M"™ and some k& > 1. Our goal is to construct a
linear map
d: QF(M™) — QFFL (M.
Consider some w € Q*(M™). We can find an open cover {U, }aeca of M™ with the
following property. For each o € A, the restriction of w to U, can be written as

m
(10) wly, = Z fidg¢,1 A dgi,Z ARERRA dgi,k
i=1
for some smooth functions f;: M™ — R and g¢;;: M"™ — R. For example, we
can take the U, to be the domains of charts ¢,: Uy, — V, and the g; ;’s to be
appropriate coordinate functions on these charts. Define dw, € Q*+1(U,) via the
formula
m
dwe =Y _dfi Adg; Adg o A--- Adg, .
i=1
Lemma 6.11 implies that this only depends on w and U, not on the decomposition
(10). Lemma 6.11 also shows that for all a, o’ € A, the restrictions of dw, and dw,
to U, NU, are equal; indeed, these restrictions can be computed by restricting the
decompositions (10) associated to U, and U, to U, N U,/ . From this, we see that
the dw, glue together to give a well-defined element dw € Q**1(M™) such that the
restriction of dw to U, equals dw, for all a € A.
One might worry that dw depends on the choice of open cover {U, }oca. How-
ever, if {Uj}gep is another choice of cover, then so is the set

{Ua}aéA U {UE}EEB-
From this, we see that dw does not depend on our choice of cover.
This completes the construction of d. The following theorem summarizes its
properties.
THEOREM 6.12. Let M™ be a smooth manifold. Then the following hold.
e Forw; € QM (M™) and wy € QF2("), we have
d(wl A w2) = dwy Nwa + (*l)klwl A dws.
o For w € QF(M™), we have d(dw) = 0.
o For w € QF(M™) and f: My* — M™ a smooth map between smooth
manifolds, we have
fH(dw) = d(f* (W)
PROOF. Immediate from Lemmas 6.8 and 6.9 and 6.10, which prove the corre-
sponding local results. O

For later use, we make the following definitions.

DEFINITION. Let M™ be a smooth manifold and let w € QF(M"™). We say that
w is closed if dw = 0 and is ezact if there exists some w’ € Q*~1(M™) such that
dw' = w. O

LEMMA 6.13. Ifw € QF(M™) is an exact form, then w is closed.

PROOF. Write w = dw’ for some w’ € Q*~1(M™). Then dw = d(dw’) = 0 by
the third property in Theorem 6.12. (]
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EXAMPLE. Since QF(M™) = 0 for k > n, all n-forms on M™ are closed. In
particular, all volume forms on M™ are closed. We will later see that on compact
manifolds volume forms are not exact. O






CHAPTER 7

Orientations

This brief chapter is devoted to orientations on manifolds.

7.1. Vector spaces

We begin by discussing orientations on vector spaces, which are defined as
follows.

DEFINITION. Let V' be an n-dimensional real vector space with n > 1. An

orientation on V is an equivalence class of ordered basis (¥, ...,7,) for V under
the following equivalence relation:

o Ifb=(¢,...,0,) and ¥ = (¥],...,0,) are ordered bases for V, then b ~ ¥’
if det(f) > 0, where f: V — V is the linear map satisfying f(¥;) = ¥, for
1<i<n.

If V is equipped with a fixed orientation, then we will call V' an oriented vector space
and any ordered basis representing that orientation an oriented basis for V. (]

The first basic property of orientations is as follows.

LEMMA 7.1. Let V' be an n-dimensional real vector space with n > 1. Then V
has exactly two orientations.

PRrROOF. Let b = (¥1,...,0,) and ¥’ = (¥,...,7,) be two ordered bases for
V. Define b’ = (—v},d,,...,9,). Since multiplying a column of a matrix by —1
has the effect of multiplying its determinant by —1, it follows that b represents the
same orientation as either b’ or b”. O

This lemma implies that the following definition makes sense.

DEFINITION. Let V be an n-dimensional real vector space and let b be an
orientation of V. Then —b will denote the other orientation. O

As notation, we will write O(V) for the set of orientations on V. If f: V — V'
is a vector space isomorphism, then f induces a bijection f,: O(V) — O(V’). If
V =V’ then f € Aut(V) and we can write this bijection using the formula

)b ifdet(f) >0,
f*(b)_{—b if det(f) < 0.

Finally, the standard orientation on R™ is the orientation corresponding to the
standard basis of R™.

57
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7.2. The orientation bundle

Let M™ be a smooth manifolds. Informally, an orientation on a smooth mani-
fold M™ is a choice of orientation on each tangent space 1, M™ that varies smoothly.
To make this precise, we define an orientation bundle on M™. The definition is sim-
ilar to that of the tangent and cotangent bundles.

Given a finite-dimensional real vector space V, let O(V') be the set consisting
of the two orientations on V. Define O(M™) to be the set

OM™) ={(p,b) | pe M"™ and b e O(T,M")}.
We define a topology on O(M™) as follows. Let ¢: U — V be a chart on M™.
Define O(U) to be the subset
{(p,b) |peUand be O(T,M")}

of O(M™). For p € U, our definition of O(T,M") identifies it with O(Ty,)V) =
O(R™). Define a map O(¢): O(U) — V x O(R") via the formula

O(¢)(p,b) = (¢(p), b).

Giving O(R™) the discrete topology, we want to construct a topology on O(M™)
such that if O(U) is given the subspace topology, then O(¢) is a homeomorphism.
Define

U={0(p)"*(W) | ¢: U =V a chart on M™ and W C V x O(R™) is open}.

It is easy to see that U is a basis for a topology, and that under this topology the
induced topology on the subsets O(U) is such that O(¢) is a homeomorphism. We
endow O(M™) with this topology.

Now, the set V' x O(R™) is homeomorphic to two disjoint copies of V. This
is not itself an open subset of R™, but since R™ contains two disjoint open copies
of itself the set V' x O(R") is diffeomorphic to an open subset of R™. Using this
diffeomorphism, we can view the maps O(¢) as providing charts on O(M"), so
O(M™) is an n-dimensional manifold. We now prove that it is in fact a smooth
manifold.

LEMMA 7.2. Let M™ be a smooth manifold. Then the set
A={0(¢): O(U) >V x OR"™) | ¢: U =V a chart on M"}
is a smooth atlas on O(M™).

PRrROOF. Consider two charts ¢1: Uy — Vi and ¢o: Uy — Vo on M™. Let
T12: $1(U1 NUs2) — ¢2(U; NU2) be the transition map from ¢ to ¢o. By definition,
T12 is smooth. The transition map on O(M™) from O(¢1): O(U;) — Vi x O(R"™)
to O(¢2): O(Uz) — Vo x O(R™) is the map

O(Tlg)l qf)l(Ul n UQ) X O(Rn) — ¢2(U1 n UQ) X O(Rn)
defined via the formula
O(712)(: ) = (112(q), (Dq712)+(b)) € ¢2(U1 N U2) x O(R™).

Here (Dym12)+: O(R™) — O(R™) is the map on orientations induced by the deriva-
tive map Dy7i2, which is an isomorphism of vector spaces. This transition map is
clearly smooth, as desired. ([l
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LAUANL

AE‘%W%PA

FIGURE 7.1. On the left is the open annulus A. The top and
bottom lines are not included. On the right are O(U) = U; U Us
and O(U’) = Uy UU}. These glue together to give two annuli.

7.3. Orientations on manifolds

If M™ is a smooth manifold, then an orientation on M"™ is a smooth map
B: M™ — O(M™) such that 5(p) € O(T,(M™)) for all p € M™. A smooth manifold
equipped with an orientation is an oriented manifold. A smooth manifold for which
there exists an orientation is an orientable manifold; if no orientation exists, then
the manifold is nonorientable.

EXAMPLE. If U is an open subset of R™, then U is orientable. Indeed, in this
case we have O(U) = U x O(R"). Letting b € O(R™) be the standard orientation,
we can define an orientation 8: U — O(R™) via the formula 8(p) = (p,b). This
will be called the standard orientation on an open subset of R™. O

ExAMPLE. Consider a 2-dimensional open annulus A. Of course, A can be
realized as an open subset of R?, so we know that O(A) consists of two disjoint
copies of A. However, to help understand the next example we will work this out in
a different way. As in Figure 7.1 we will think of A as the quotient of [0, 1] x (0, 1) by
the equivalence relation ~ that identifies (0,y) with (1,y) for all y € (0,1). Define

U={(z,y) |0<y<1,1/4<x<3/4}/ ~C A
and
U ={(z,y) | 0<y<1andeither 0 <z <1/30r2/3<xz<1}/ ~CA.

Both U and U’ are diffeomorphic to open rectangles in R2. We thus have O(U) =
Uy UUz and O(U’) = U; LU}, where Uy and Us are the components corresponding
to the two possible orientations on R?, and similarly for U] and U,. These are both
depicted in Figure 7.1. In O(A), open neighborhoods of the boundary segments of
Uy LU, are identified with open neighborhoods of the boundary segments of Uj U U}
like in Figure 7.1. Examining that figure, we see that in fact O(A) is diffeomorphic
to two disjoint copies of A (as we already knew!). In particular, A is orientable via
either of the two evident maps A — O(A). O

ExAMPLE. Consider a 2-dimensional open Mébius band M. As in Figure 7.2
we will think of M as the quotient of [0, 1] x (0,1) by the equivalence relation ~
that identifies (0,y) with (1,1 —y) for all y € (0,1). Define

U=A{(z,y) |0<y<1,1/d<x<3/4}/ ~C M
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FIGURE 7.2. On the left is the open Mobius band M. The top and
bottom lines are not included. On the right are O(U) = U; U Us
and O(U’) = UjUUj,. These glue together to give a single annulus.

and
U'={(z,y) | 0<y<1andeither0<z<1/30r2/3<z<1}/~C M.

Both U and U’ are diffeoomorphic to open rectangles in R?. We thus have O(U) =
Uy WUy and O(U’) = U] WU, where Uy and U, are the components corresponding
to the two possible orientations on R?, and similarly for U] and Uj. These are both
depicted in Figure 7.2; the one difference from the annulus in Figure 7.1 is that the
orientations are flipped when crossing between the two pieces of the U;. In O(M),
open neighborhoods of the boundary segments of U; U Us are identified with open
neighborhoods of the boundary segments of U] Ll U} like in Figure 7.1. Examining
that figure, we see that in fact O(M) is diffeomorphic to a single annulus. It is
intuitively clear that there is no orientation M — O(M); this will be justified in
Lemma 7.3 below. O

The following lemma clarifies what it means for a manifold to be orientable.

LEMMA 7.3. Let M™ be a connected smooth manifold. Then ezxactly one of the
following holds.
e O(M™) is diffeomorphic to two disjoint copies of M™ and M™ is ori-
entable, or
o O(M™) is connected and M™ is not orientable.

PROOF. There is a natural projection w: O(M™) — M™. For p € M™, the fiber
71 (p) equals = {(p,b), (p, —b)}, where {b, —b} = O(T,,(M™)). From the definition
of the topology on O(M™), it is clear that 7 is a 2-fold covering map. The manifold
O(M™) is connected if and only if 7 is a nontrivial cover. We thus must prove that
M™ is orientable if and only if 7 is a trivial cover.

Assume first that 7: O(M™) — M™ is a trivial covering map, so O(M™) =
M"™ U M™. In this case, M™ is orientable, and indeed there are two orientations
B: M™ — O(M™) taking M™ diffeomorphically onto these two copies of M™.

Now assume that M™ is orientable and let §: M™ — O(M™) be an orientation.
Since mo3 = id, we see that 3 is a diffeomorphism onto its image. Define §': M"™ —
O(M™) via 8'(p) = (p, —b), where S(p) = (p,b). Then ' is another orientation,
and by the same reasoning 4’ is a diffeomorphism onto its image. Since O(M") =
Im(B) UIm(B"), we see that O(M™) is diffeomorphic to two disjoint copies of M™
and that 7: O(M™) — M™ is a trivial cover, as desired. O
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7.4. Oriented atlases

We now make the following definition.

DEFINITION. If M™ is a smooth manifold, then an oriented atlas for M™ is a
smooth atlas {¢n: Us — Vitaer for M™ with the following property. Consider
a,f € 1. Let 1o5: ¢a(Ua NUg) = ¢3(Us NUg) be the transition function. For
all ¢ € ¢o(Us NUp), identifying T,V,, and T ,4)Vp with R™ we require that the
determinant of the linear map

DqTap: TgVa = Tros(9) Vs
is positive. O
As is usual, we will say that two oriented atlases are equivalent if their union is

an oriented atlas. The following characterization of orientations on manifolds can
be taken as the definition of an orientation.

THEOREM 7.4. Let M™ be a smooth manifold. Then equivalence classes of
oriented atlases are in bijection with orientations on M™. In particular, M™ is
orientable if and only if it has an oriented atlas.

Proor. PROVE IT!!! O

7.5. Orientations and volume forms

Our goal now is to investigate the relationship between orientations and vol-
ume forms. We will need the following important lemma, which will also find use
elsewhere.

LEMMA 7.5. Let V be an n-dimensional real vector space, let w € A™(V), and
let f:V =V be a linear map. Then

forallvy,..., v, €V.
PrOOF. For a linear map f: V — V, define vy € A"(V) via the formula
V(U1 ..., U) = w(f(T1),..., f(Th))
and define v} € A™(V) via the formula

V(U ..., 0,) = det(f) - w(th, ..., Tn).
Our goal is to prove that vy = V} for all f. Since diagonalizable linear maps
f:V — V are dense in the space of all linear maps, it is enough to prove that
vf = 1/} for a diagonalizable f. Moreover, since A" (V') is 1-dimensional it is enough
to find a single basis {71,...,0,} for V such that vy(0y,...,0,) = y}({)’l, A
Let {¢,...,7U,} be a basis of eigenvectors for f with eigenvalues {A1,...,A,}, so
f0;) = N0, for all 1 < i < n. We then calculate:

I/f(Ul, e 7Un) = w(f(ﬁl), .. ,f(ﬁn))

= w(>\1171, ey An’r}},)

= AlAnw(gl,;ﬁn)
= det(f)w(ﬁla 777n)
= V}‘(ﬁla 71}71)7

as desired. O
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We now prove the following theorem. Recall that a volume form on a smooth
n-manifold M™ is an n-form w € Q™(M™) such that w(p) # 0 for all p € M™.

THEOREM 7.6. Let M™ be a smooth manifold. Then M™ has a volume form if
and only if M™ is orientable.

PROOF. Assume first that M™ has a volume form w € Q™"(M™). For p € M™,
let b, = (1, ..., V) be any basis for T, M"™ such that
We claim that if b}, = (@1,...,w,) is another such basis, then b, ~ b). Indeed,
let f: T,M™ — T,M" be the linear map satisfying f(v;) = &; for 1 < ¢ < n. By
Lemma 7.5, we have

w(p) (W, ..., d,) = det(fw(p)(V1, ..., 0n).
Since
w(p)(W,...,W,) >0 and w(p) (U1, ..., Tn),

it follows that det(f) > 0 and thus that b, ~ b;,, as claimed. This implies that we
can define an orientation 8: M™ — O(M™) via the formula 8(p) = (p,b,). That £
is smooth is immediate from the definitions.

Assume now that M™ is orientable. Let {¢: Uy — Va}aer be an oriented
atlas for M™. Let {fn,: M™ — R},er be a smooth partition of unity subordinate
to the open cover {Uy}acr of M™ (see Theorem 1.2). Letting x1,...,z, be the
coordinate functions on R, define

Wo = ¢p(dx1 A--- Adxy,) € Q" (Uy).
Next, define w, € Q"(M™) via the formula

“ 0 otherwise.

Since the support of f, lies in Uy, the form w, is smooth. Finally, define

W= we €Q"(M").

acl

While this is a priori an infinite sum, for any point p it is a finite sum since the f,
form a partition of unity. We claim that w is a volume form on M™. To check this,
consider p € M™. We must show that w(p) # 0. Let (#,...,7,) be an oriented
basis for T, M". Fixing some o € I such that p € Uy, it is enough to prove that

wa(p)(ﬁla RS ﬁn) > 07

indeed, this will imply that there is no cancellation in the sum defining w(p). The

basis
(6. (2)- . ()

is also an oriented basis for T, M™". Letting f: T, M™ — T,,M™ be the isomorphism
defined via the formula

f(wﬁh(i))@ (1<i<n),
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we thus have det(f) > 0. Applying Lemma 7.5, we then have

Ba(p) (F1,-. ., ) = det(f) - (dxs A - ) (B (p)) (- 0

as desired.

Oz Oz,
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