
Math 60330: Basic Geometry and Topology
Problem Set 8

1. (a) Prove that the inclusion map Sn ãÑ Rn`1 is an embedding (the most
important thing to check is that the induced map on tangent spaces in
injective).

(b) Prove that under the embedding Sn ãÑ Rn`1, the image of the tangent
bundle TSn consists of

tpx, v⃗q P Sn ˆ Rn`1 | the vector from 0 to x is orthogonal to v⃗u Ă TRn`1

“ Rn`1 ˆ Rn`1.

Of course, this is the tangent bundle to Sn you learned about in multivari-
able calculus!

2. Let f : Mn1
1 Ñ Mn2

2 be a submersion.

(a) Prove that if U Ă Mn1
1 is open, then fpUq is open.

(b) If Mn1
1 is compact and Mn2

2 is connected, then prove that f is surjective.

3. A standard projection of Rm onto an n-dimensional subspace is a linear map
π : Rm Ñ Rn that can be written in the form πpx1, . . . , xmq “ pxi1 , . . . , xinq for
some 1 ď i1 ă ¨ ¨ ¨ ă in ď m. Problem: For an embedding f : Mn Ñ Rm and a
point p P Mn, prove that there exists a chart ϕ : U Ñ V such that p P U and
ϕ “ π˝pf |Uq for some standard projection π : Rm Ñ Rn. HINT: Prove that one
of the standard projections is a local diffeomorphisms using the tangent space
criterion for local diffeomorphisms.

Remark 0.1. We remark that each chart in the system of charts we gave for Sn

on the first day of class is of this form.

4. A polynomial fpx1, . . . , xkq is homogeneous of degree m if

fptx1, . . . , txkq “ tmfpx1, . . . , xkq pt, x1, . . . , xk P Rq.

Fix some polynomial fpx1, . . . , xkq which is homogeneous of degree m ě 1.

(a) Prove Euler’s Identity:

mf “

k
ÿ

i“1

xi
Bf

Bxi

.

(b) Prove that all nonzero numbers a P R are regular values of fpx1, . . . , xkq,
and hence that f´1paq is a smooth submanifold of Rn of dimension pn´1q.

(c) Prove that if a, b ą 0, then the manifolds f´1paq and f´1pbq are diffeomor-
phic, and similarly if a, b ă 0.
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5. Fix some real numbers λ1 ď λ2 ď ¨ ¨ ¨ ď λn`1. Regarding Sn as a subspace of
Rn`1, define a map f : Sn Ñ R via the formula

fpx1, . . . , xn`1q “ λ1x
2
1`λ2x

2
2`¨ ¨ ¨`λn`1x

2
n`1 for px1, . . . , xn`1q P Sn Ă Rn`1.

(a) Prove that the regular values of f are exactly the set Rztλ1, . . . , λn`1u.

(b) Consider a P R such that λk ă a ă λk`1 for some 1 ď k ď n. Define
X “ f´1paq. Prove that X is diffeomorphic to Sk´1 ˆ Sn´k.
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