
Math 60330: Basic Geometry and Topology
Problem Set 11

1. Let ω P AnpRnq and let M be an nˆn matrix. Prove that for all v⃗1, . . . , v⃗ P Rn,
we have

ωpMpv⃗1q, . . . ,Mpv⃗nqq “ detpMqωpv⃗1, . . . , v⃗nq.

2. Let V be a vector space and let ω1, . . . , ωk P V ˚ “ A1pV q. Prove that the ωi

are linearly independent if and only if ω1 ^ ω2 ^ ¨ ¨ ¨ ^ ωk “ 0.

3. Let U Ă Rn and V Ă Rm be open sets and let f : U Ñ V be a smooth map.
Consider ω P ΩkpV q. Let x1, . . . , xn be the coordinates on Rn and let y1, . . . , ym
be the coordinates on Rm. Set

I “ tpi1, . . . , ikq | 1 ď i1 ă ¨ ¨ ¨ ă ik ď nu

and
J “ tpj1, . . . , jkq | 1 ď j1 ă ¨ ¨ ¨ ă jk ď mu

Write
ω “

ÿ

JPJ
gJdyJ and f˚pωq “

ÿ

IPI
hIdxI .

State and prove a relationship between f , the gJ , and the hI .

4. (a) Letting x1, . . . , xn`1 be the coordinate functions on Rn`1, give an explicit
formula in terms of the dxi’s for an n-form on Rn`1 that restricts to a
volume form ω on Sn.

(b) Let ϕ : Snztp0, 0, 1qu Ñ Rn be stereographic projection. Letting y1, . . . , yn
be the coordinate functions on Rn, write down the expression for ω in the
local coordinates ϕ : Snztp0, 0, 1qu Ñ Rn.

5. If Mn is a smooth manifold, then a symplectic form on Mn is a 2-form ω with
the following two properties:

• ω is closed, i.e. dω “ 0.

• ω is non-degenerate in the sense that for all points p P Mn and all nonzero
v⃗ P TppMnq, there exists some w⃗ P TppMnq such that ωpv⃗, w⃗q “ 1.

Do the following problems.

(a) Let x1, . . . , x2n be the coordinate functions on R2n. Prove that

ω “ dx1 ^ dx2 ` dx3 ^ dx4 ` ¨ ¨ ¨ ` dx2n´1 ^ dx2n

is a symplectic form on R2n.
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(b) Let Mn be an arbitrary smooth manifold and let T ˚pMnq be its cotangent
bundle. Construct a symplectic form on T ˚pMnq. Hint: consider a chart
ϕ : U Ñ V for Mn. Let x1, . . . , xn be the coordinate functions on V . We
then get coordinate functions x1, . . . , xn, y1, . . . , yn on T ˚V “ V ˆ pR˚q˚

where px1, . . . , xn, y1, . . . , ynq corresponds to the point

ppx1, . . . , xnq, py1dx1 ` ¨ ¨ ¨ ` yndxnqq P T ˚V.

In these coordinates, your symplectic form should be dx1 ^ dy1 ` ¨ ¨ ¨ `

dxn ^ dyn. What you have to prove is that these expressions in different
charts “glue up” to give a well-defined global 2-form ω, and that this ω is
closed and nondegenerate.
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