
ISSUES TO ADDRESS...

Å  When we combine two elements...
what equilibrium state do we get?

Å  In particular, if we specify...
--a composition (e.g., wt%Cu - wt%Ni), and

--a temperature (T)
then...

How many phases do we get?

What is the composition of each phase?

How much of each phase do we get?



Å  Components:
The elements or compounds which are mixed initially (e.g., Al and Cu)

Å  Phases:
The physically and chemically distinct material regions that result  

from interaction between components (e.g., aand b).

Aluminum-

Copper

Alloy

COMPONENTS AND PHASES



}A phase diagram shows what phases are 
present and where the process boundaries are 
within the composition space. 

}Equilibrium phase diagrams represents 
relations between temperature, pressure, 
compositions and quantities of phases at 
equilibrium.

}Phase diagrams allows to predict phase 
transformations which occur during 
temperature change (e.g. upon cooling).



We are all familiar with phase transitionswhere a substance transforms from one 

stable phase to another at an equilibrium temperature. For example, ice will be in 

equilibrium with liquid water at 273.15 K and 1 atmosphere pressure, or liquid water 

will be in equilibrium with water vapor at 373.15 K and 1 atmosphere. 

Let us briefly consider the thermodynamic principles involved in phase transitions. 

We assume that we know nothing about the conditions under which two phases can 

be in equilibrium. The only things we know are the criteria for equilibrium under 

certain conditions:

Åfor a closed isolated system - that is, the entropy, S, seeks a maximum:dSU,V²0

Åfor a system at constant temperature and volume  - the Helmholtz free energy, A, 

seeks a minimum: dAT,V¢0

Åfor a system at constant temperature and pressure - the Gibbs free energy, G, seeks 

a minimum: dG T,P¢0



ÅThe energy like property or state function of a system in thermodynamic equilibrium 

has the dimensions of energyand its value is determined by the state of the system

and not by its history expressed in two forms:

the Helmholtz free energyA, and the Gibbs free energy, G,

ÅIf U is the internal energyof the system, PV the pressure-volume product, and TSthe 

temperature-entropy product, then 

A = U - TSand G = U + PVïTS =H-TS

ÅFreeenergy is an extensive property; i.e., the magnitude depends on the amount 

of the substance present in a given thermodynamic state.



Two phasesaand beach contain a different amount of two components 1 and 2. 

Consider the transfer of a small amount of component  1 from phasea to phase b. 

The effect of Gibbs energy of phases will be:
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In general if we have C components

andP phases, a set of equilibrium

Equations will apply 

Each of the C rows of equation has (P-1)

equations for total of C(P-1) associated

with free energy criteria

It is alsoP equations associated 

with the composition criteria, i.e.

sum of the mole fractions, X for

the given phase must be equal to one

Total Number of Equations:

{(C(P-1)+P}



ÅThe number of independent variables, F,  (degree of freedom) for the thermodynamic

system is: Total Number of Variables minusNumber of Equations {(C(P-1)+P}. 

ÅThe thermodynamic variables are: temperature (1), pressure (1) and composition 

of each phase (CP: C variables for each P phase)

ÅThus degree of freedom F :

F = CP + 2 ïC(P-1) ïP

F = C ïP + 2 This is the Gibbs Phase Rule

For most routine material processing involving condensed system the effect of

pressure is slight and P=1 atmthus we do have one less degree of freedom:

F = C ïP + 1

Example: pure metal at melting point ïC = 1, P=2 (solid + liquid) giving F=0 

no degree of freedom ïonly one temperature!!

For binary systemC=2, P=2 thus F=2-2+1=1 thus solid + liquid phases can coexist 

over a range of temperatures!!



Steam

Water

Ice

H2O

Triple point: F=1-3+2=0

Melting point: F=1-2+2=1

Boiling point: F=1-2+2=1

Pure Fe

Projection of the phase diagram 

information at 1 atm generates 

a temperature scale with important

transformation temperatures for iron



Powerful feature of the free energy is its ability to indicate

the equilibrium state for materials.

H2O  P=1 atm

Reminder:Phase is chemically homogeneous 

portion of the system

Pure Iron  P=1atm

Equilibrium phases

Phases are in Equilibrium 

Thermodynamically stable phases

liquid



ÅIn the statistical interpretation of entropy, it is found that for a very 

large system in a thermodynamic equilibrium state, entropy S is 

proportional to the natural logarithm of a quantity W representing 

the maximum number of microscopic ways in which the macroscopic 

state corresponding to Scan be realized; that is, 

S= k ln W, 

in which k is the Boltzmann constant.

At T=0 K system is in so-called basic state with W=1 and hence S=0

THUS:            lim S = 0 ïTHIRD THERMODYNAMIC LAW
TŸ0



Enthalpy is an energy-like property or state function, it has the dimensions of 

energy, and its value is determined entirely by the temperature, pressure, and 

composition of the system and not by its history. 

In symbols, the enthalpy, H, equals the sum of the internal energy, U, and the 

product of the pressure, P, and volume, V, of the system: 

H = U + PV

According to the law of energy conservation, if the only work done is a change of 

volume at constant pressure, the enthalpy change is exactly equal to the heat 

transferred to the system:

Cp= (dH/dT )p



} Entropy of mixing of solid solution:
Consider case of binary (A - B) substitutional solid solution where 
we have No total atomic sites and n atoms of A elements and 
hence (No- n) atoms of element B. 

The number of distinct ways in which A and B atoms can be 
arranged on N o sites is:

W= N o!/n!(N o- n)!
Thus the entropy of mixing DSm for the solid solution:

DSm=k ln [No!/n!(N o- n)!]

Because No is typically large we can use Stirlingõsapproximation:
ln N! å (N lnN ðN) and in this case

DSm=N o k [n/ Noln (No/n) +(N o- n)/N o ln No/(N o- n)]

Or taking into account that atom fraction of element A, X A and B, X B:
DSm= - No k [X A ln XA + X B ln XB] or for 1 mole of solution (N o= NAvag)

DSm= - R [XA ln XA + X B ln XB]



DSm= - R [XA ln XA + X B ln XB]

where R=kNAvag ðUniversal gas constant

A general feature of this plot is that the

entropy increases with increasing degree

of ñdisorderòrepresented by the random 

mixing of unlike atoms



ÅMaterials composed of two chemical components (A and B), which can be elements 

or chemical compounds

Entropy of mixing of two elements:

DSm= -R [XA ln XA + XB ln XB]

Total entropy of the

system without mixing

Absolute entropy of 

each component

Mixing term

The total entropy

Ideal solution: average chemical bond

strength between like atoms (A-A and B-B)

is equivalent to that between unlike (A-B) atoms

The enthalpy, H, is directly 

related to energy and for 

ideal solution the plot H vs 

composition is a strait line.

It means that enthalpy of 

mixing DHmix is zero over 

composition range



G = H-TS

The resulting plot 

for Gibbs free energy

ÅFor ideal solution case, the component A and B 

can be dissolved in each other in all proportions

Question: at phase equilibrium whether the 

system exists as a solidor a liquid solution? !!!

Go = H ïTSin

Gsol=H-T(Sin+DS) = Go - T DS < Go 



The answer: either or both !!

Temperature below melting

points of both elements
Temperature above melting

points of both elements

Gsolid < Gliquid Gsolid > Gliquid

Temperature between melting

points of pure A and pure B

Solid 

is stable

Liquid 

is stable

Mixture of 

liquid (X1)+Solid(X2)

is stable

(dashed line is Free energy 

of the solid+liquid mixture)

Solid 

is stable
Liquid 

is stable



Å  Phase 

Diagram

for Cu-Ni system

wt% Ni
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T(°C)

L (liquid)

a (FCC solid

solution) 

ÅB

ÅA

ÅC

Approach shown above leads to a binary phase diagram 

with complete solid solution



} A phase diagram shows what phases are present and where the process 
boundaries are within the composition space. 

} Equilibrium phase diagrams represents relations between temperature, 
pressure, compositions and quantities of phases at equilibrium.

} Phase diagrams allows to predict phase transformations which occur 
during temperature change (e.g. upon cooling).

The following type of binary (contains only two component) systems will 

be discussed below:

- complete solubility: isomorphous

- eutectic

- with intermediate phasesor compounds

- involving eutectoidand peritecticreactions



Å  Solubility Limit:
Max concentration for

which only a solution occurs 

(remember HUME ROTHERY RULES)

.

Example: Water ïSugar System 

Question:
What is the solubility limit at 20C?

Answer:    65wt% sugar.
If Co < 65wt% sugar:syrup

If Co > 65wt% sugar:syrup + sugar.

Å  Solubility limit increases with T: 
e.g. at T=99°C, solubility limit is ~ 80wt% 
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Å  Changing T can change number of phases:     path A to B. 

Å  Changing Co can change number of phases:   path B to D.

Water-Sugar (C12H22O11)

system

A(70, 20)

2 phases

B(100,70) 

1 phase
D(100,90) 

2 phases



Å  Isomporhous system is characterized by completeliquid and solidsolubility

of the components

Å  For this course:

--binary systems:  just 2 components.

--independent variables:  T and  Co (P = 1atm is always used).

Å  Phase

Diagram

for Cu-Ni

system

Å B -a and L

Å A -a (FCC solid solution)

wt% Ni20 40 60 80 1000
1000

1100

1200

1300

1400

1500

1600

T(°C)

L (liquid)

a (FCC solid

solution) 

ÅB

ÅA

Phase boundaries:

liquidus and solidus lines

Å C ïL (homogeneous liquid solution)
ÅC



Å  Rule 1: If we know T and Co, then we know:

-the number and types of phases present.

Å  Examples:

wt% Ni

20 40 60 80 1000
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L (liquid)

a(FCC solid

solution) 

A(1100,60)
B

(1
2
5
0
,3

5
) Cu-Ni

phase

diagram

A(1100 C̄, 60 wt%): 

1 phase:  a

B (1250, 35): 
2 phases: L +a



Å  Rule 2: If we know T and Co, then

we know: the composition of each phase

Å  Examples:

wt% Ni
20

1200

1300

T
(°

C
)

L

a

30 40 5 0

TC C

ATA

TB B

Tie line

433532

CoCL Ca

Cu-Ni system

Åat TC=1350 C, only one, Liquid 

phase exists with composition:

35 wt % Ni ï65 % Cu

CO== 35wt%Ni

Åat TA=1175 C, again only one, 

solid phase exists with composition:

35 wt % Ni ï65 % Cu

Åat TB=1250 C, two phase

(L and a) exist with compositions:

L ï32 wt% Ni - 68%Cu

a- 43 wt% Ni - 57%Cu

Tie line is an isothermin the two-phase region.

Intersects of this line with phase boundary lines (e.g.

liquidus and solidus) give the compositions of the 

corresponding phases(e.g. liquid and solid solutions)



Å Sum of weight fractions:

Å  Conservation of mass (Ni):

Å  Combine above equations:

  
WL +Wa=1

  
Co =WLCL +WaCa

Å  A geometric interpretation:
moment equilibrium:

  1-Wa

solving gives Lever Rule

  
WLR=WaS



wt% Ni
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L: 35wt%Ni

a:46wt%Ni
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E
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a: 43wt%Ni

L: 32wt%Ni

L: 24wt%Ni

a: 36wt%Ni

a
a

a

a

a: 35wt%Ni

Example: Cu-Ni system

-slow coolingalong the 

line with Co = 35wt%Ni.

ÅSolidification in the solid + liquid

phase occurs gradually upon cooling 

from the liquidus line. 

ÅThe composition of the solid and 

the liquid change gradually during 

cooling (B­C­D, as can be 

determined by the tie-line method.) 

ÅNuclei of the solid phase form and 

they grow to consume all the liquid

at the solidus line. 



Example: Cu-Ni system; 

Rapid coolingalong the line 

with Co = 35wt%Ni.

ÅSolidification in the solid + liquid phase still 

occurs gradually. 

ÅThe composition of the liquid phase evolves 

by relatively fast diffusion, following the 

equilibrium values that can be derived from 

the tie-line method. 

ÅHowever, diffusion in the solid state is slow. 

Hence, the new layers that solidify on top of 

the grains have the equilibrium composition 

at that temperature but once they are solid 

their composition essentially does not change. 

This lead to the formation of layered (cored) 

grains and to the invalidity of the tie-line 

method to determine the composition of the 

solid phase.  



Å  Cachanges as we solidify.

Å  Cu-Ni case:

Å Fast rate of cooling:

Cored structure

Å Slow rate of cooling:

Equilibrium structure

First ato solidify has Ca= 46wt%Ni.

Last  ato solidify has Ca= 35wt%Ni.


