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Abstra ct. Many examples of obstruction theory can be formulated as the
study of when a lift exists in a commutativ e square. Typically , one of the
maps is a co¯bration of some sort and the opposite map is a ¯bration, and there
is a functorial obstruction class that determines whether a lift exists. Work-
ing in an arbitrary pointed prop er model category, we classify the co¯brations
that have such an obstruction theory with respect to all ¯brations. Up to weak
equivalence, retract, and cobase change, they are the co¯brations with weakly
contractible target. Equiv alently , they are the retracts of principal co¯brations.
Without prop erness, the same classi¯cation holds for co¯brations with co¯bran t
source. Our results dualize to give a classi¯cation of ¯brations that have an
obstruction theory .

1. Intr oduction

The following extension-lifting problem is ubiquitous in modern homotopy theory.
Consider a commutativ e square

A //

i
²²

X

p

²²
B //Y

in which i is a co¯bration (or less technically, somekind of monomorphism) while
p is a ¯bration (or some kind of epimorphism). When does a map B ! X exist
making both triangles commute?

Classicalobstruction theory [14] [15] givesa detection principle for existence(and
uniqueness)of lifts in the category of spacesin terms of homotopy theory.

In this paper, we show how someaspects of classicalobstruction theory are en-
tirely abstract, working the samefor any model category. In addition to providing
tools for lifting in non-topological contexts, this approach enlightens classical ob-
struction theory by showing that much of it does not depend on speci¯c properties
of topological spaces.

We start with a pointed model category C. Examples include pointed topological
spaces,pointed simplicial sets,spectra, and chain complexesof modules over a ring.
Fix a co¯bration i . We say that i has an obstruction theory if there exists some
object W in C such that for every commutativ e square as above, there is a well-
de¯ned weak homotopy classfrom W to the ¯bre of p (called the obstruction), such
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that a lift exists in the squareif and only if the map from W to the ¯bre is weakly null-
homotopic. We also require that the obstruction classbe functorial in the ¯bration
p (seeDe¯nition 4.1).

Starting from this very generalframework, weprovea theorempreciselyclassifying
the co¯brations that haveobstruction theories. Assumingthat Cis both left and right
proper, the classof co¯brations having obstruction theories is the smallest classof
co¯brations containing all co¯brations with weakly contractible target and closed
under retract, weak equivalence,and cobasechange. In other words, they are the
retracts of principal co¯brations. Although W is not uniquely determined by the
de¯nitions, when i is a principal co¯bration, W can be taken to be a desuspension
of the co¯bre (seeRemark 7.3). Moreover, the category of obstruction theories is
contractible (seeSection 4.2).

Our theoremexplainswhy somekind of hypothesesareneededin classicalobstruc-
tion theory. It is not possible to give an obstruction theory for topological spaces
without somekind of restriction to principal co¯brations or ¯brations.

We obtain slightly weaker results when C is not proper. Without left properness,
we must assumethat the sourceof the co¯bration is co¯brant. Without right proper-
ness,we must assumethat the targets of the ¯brations are ¯bran t. Here the notion
of a ¯bran t obstruction theory becomesuseful. The essential reason that ¯brancy
and co¯brancy assumptionstake the place of propernessis that basechangesalong
¯brations preserve weak equivalencesbetween ¯bran t objects and cobasechanges
along co¯brations preserve weak equivalencesbetweenco¯brant objects. The point
is that someresult about basechangesand cobasechangesof weak equivalencesis
necessary;this result either comesby assumption from propernessor from having
enoughco¯brancy and ¯brancy.

Obstruction theories in the senseof this paper have beenused for simplicial sets
with its usual model structure in [6] and [10]. The obstruction for lifting a standard
generatingco¯bration with respect to a ¯bration is an element of a homotopy group
of a ¯bre. SeeSection 8.1 for more details. This paper grew out of understanding
precisely how this special caseworks.

In a stable model category (seeSection 8.3) we show that every co¯bration has
an obstruction theory. In the special caseof the model category of unboundedchain
complexesof objects in an abelian category, the results of the present paper provide
a conceptualexplanation for results such as[3, Lemma 2.3]. For spectra, obstruction
theory for the standard generating co¯brations is used in [12]. SeeSection 8.3 for
more details. In addition, in the stable model category of pro-spectra, the results of
this paper produce new tools for handling lifting problems, tools which were usedin
early versionsof [4].

We work exclusively on the question of when co¯brations have obstruction the-
ories, but everything dualizes to the study of ¯brations that have co-obstruction
theories. A ¯bration p hasa co-obstruction theory if there exists someobject W in C
such that for every commutativ e squareasabove, there is a well-de¯ned weak homo-
topy classfrom the co¯bre of i to W (called the obstruction), such that a lift exists
in the squareif and only if the map from the co¯bre to W is weakly null-homotopic.
We also require that the obstruction class be functorial in the co¯bration i . Co-
obstruction theory is a key technique of [11]. Also, this notion of co-obstruction
theory is preciselywhat appearsin [14, x 8.2] for the special caseof a principal ¯bra-
tion of topological spaceswhose¯bre is an Eilenberg-Mac Lane spaceK (¼; n ¡ 1).
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In this case, W is the delooping K (¼; n) of the ¯bre, and the obstruction lies in
[B =A; K (¼; n)] = H n (B ; A; ¼), where the co¯bration is A ! B . We do not discuss
the iterativ e procedurethat occurs when lifting against a tower of ¯brations.

We are curious how many other examplesof obstruction theory can be viewed as
special casesof our theory, but have not yet investigated this in detail.

A summary of the contents of the paper follows. We begin in Section 2 by intro-
ducing the category of arrows Ar C of a pointed model category C and describing two
usefulmodel structures on Ar C. Then in Section3 we establishsometechnical lifting
results. In Section4 we give the de¯nitions of obstruction theory, ¯bran t obstruction
theory, and co¯brant ¯bran t obstruction theory and describe their elementary prop-
erties. Subsections4.1 and 4.2 discussa rigidi¯cation of the notion of obstruction
theory and the uniquenessof obstruction theories for a given co¯bration.

In Sections5 and 6 we exhibit several ways of producing co¯brations that have
obstruction theories. First, co¯brations with weakly contractible target haveobstruc-
tion theories. Second,retracts and cobasechangespreserve co¯brations that have
obstruction theories. Third, and most di±cult, weak equivalencespreserve co¯bra-
tions that have obstruction theories. This allows us to prove the main classi¯cation
theorem in Section 7.

Section 8 contains some applications. We explain how to apply our notions of
obstruction theory to the unpointed category of simplicial sets or of topological
spaces. We also show that every co¯bration in a stable model category has an
obstruction theory.

Weassumethat the readeris familiar with model categories.The original reference
is [13], but see[7], [8], or [5] for more modern treatments. We follow the notation
and conventions of [7] as closely as possible.

2. The Categor y of Morphisms

Throughout the entire paper, C denotesa pointed model category with functorial
factorizations. Let Ar C be the category of morphisms in C. It is a diagram category,
where the index category has two objects and a unique map between them. Thus
objects of Ar C are morphisms in C, and morphisms in Ar C are commuting squares
in C. When the meaning is clear, we write X for the identit y object X ! X of Ar C.

The category Ar C supports two model structures: the injective structure and the
projective structure [2, p. 314]. In both structures, the weak equivalencesare level-
wiseweak equivalences.Therefore, the associated homotopy categoriesare identical.

De¯nition 2.1. A weak equiv alence (or more preciselya lev elwise weak equiv-
alence ) (resp., injectiv e co¯bration , pro jectiv e ¯bration ) from a map f : X !
X 0 to another map g : Y ! Y 0 in the category Ar C is a commutativ e square

X //

f
²²

Y

g

²²
X 0 //Y 0

in which the horizontal maps are weak equivalences(resp., co¯brations, ¯brations).
The map f ! g is a pro jectiv e co¯bration if both X ! Y and X 0 q X Y ! Y 0

are co¯brations. The map f ! g is an injectiv e ¯bration if both X 0 ! Y 0 and
X ! X 0£ Y 0 Y are ¯brations.
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Both model structures are examplesof Reedy model structures [7, Ch. 17]. One
way of obtaining the injective structure is by consideringthe opposite of the projec-
tiv e model structure on Ar( Cop ).

Note that all projective co¯brations are injective co¯brations. Similarly, all injec-
tiv e ¯brations are projective ¯brations. A co¯bration in C is an injective co¯brant
object if and only if it is a projective co¯brant object if and only if it has co¯brant
source. Similarly, a ¯bration in C is projective ¯bran t if and only if it is injective
¯bran t if and only if it has ¯bran t target.

Werestateherethe following useful lemmaabout basechangesand cobasechanges
of weak equivalencesin model categories.

Lemma 2.2. Base changesalong ¯br ations preserveweak equivalences between ¯-
brant objects. Dually, cobase changesalong co¯brations preserveweak equivalences
between co¯brant objects.

Proof. See[7, Prop. 11.1.2]. ¤

The following lemma is used many times throughout the paper. It allows us to
unify arguments that either assume¯brancy or right properness.

Lemma 2.3. Let p ! p0 be a weak equivalence between ¯br ations p : X ! Y and
p0 : X 0 ! Y 0 with ¯br es F and F 0 respectively. If Y and Y 0 are ¯br ant, or C is right
proper, then the induced map F ! F 0 is a weak equivalence.

Proof. Let P be the ¯bre product X 0£ Y 0 Y. Consider the diagram

X //

p

²²

P //

²²

X 0

p0

²²
Y //Y //Y 0:

The map P ! X 0 is a weakequivalence: in the right proper case,this is by de¯nition,
and in the casewhere Y and Y 0 are ¯bran t, this follows from Lemma 2.2. Therefore
the map X ! P is alsoa weak equivalenceby the two-out-of-three axiom. The ¯bre
of P ! Y is isomorphic to F 0. Henceit su±ces to assumethat Y equalsY 0.

Consider the model category C # Y of objects over Y . Let R : C # Y ! C be the
functor taking a map A ! Y to ¤£ Y A. It is straightforward to check that R is right
adjoint to the functor L : C ! C # Y taking an object A to the trivial map A ! Y .

The functor L preservesco¯brations and acyclic co¯brations, so L and R form a
Quillen pair. This meansthat R preservesweakequivalencesbetween¯bran t objects.
The ¯bran t objects of C # Y are the ¯brations with target Y , so p and p0 are both
¯bran t in this category. Therefore, Rp ! Rp0 is a weak equivalence.

The right proper casealso follows from [7, Prop. 11.2.9]. ¤

Frequently in abstract homotopy theory, one has a square

A //

i
²²

X

p

²²
B //Y

commuting in C and wants to know whether a map B ! X exists making both
resulting triangles commute. We rewrite this problem in terms of the category Ar C.
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Lemma 2.4. Suppose given a square as above in the category C. A lift exists for
this square if and only if a lift exists in the square

¤ //

²²

X

²²
i //p

in Ar C if and only if a lift exists in the square

i //

²²

p

²²
B // ¤ :

Proof. The proof is a straightforward diagram chase. ¤

We shall frequently switch between these three equivalent forms of the lifting
problem.

3. Lifting Resul ts

We now study how lifts for a given co¯bration carry over to another weakly equiv-
alent co¯bration.

Prop osition 3.1. Let i : A ! B and i 0 : A0 ! B 0 be co¯brations, and let i ! i 0 be
a weak equivalence in Ar C. Also assumethat A and A0 are co¯brant or that C is left
proper. Let p : X ! Y be any ¯br ation. Then a lift exists in the square

(3.1) A0 //
²²

i 0

²²

X

p
²²²²

B 0 //Y

if and only if a lift exists in the square

(3.2) A
» //

²²
i

²²

A0 //X

p
²²²²

B
» //B 0 //Y:

Proof. The proof is very similar to the proof of [7, Prop. 11.1.16]. If a lift B 0 ! X
exists in the square3.1, then the composition B ! B 0 ! X is a lift for the square3.2.
The other implication is harder.

Suppose that a lift B ! X exists for the square 3.2. Let P be the pushout
A q B A0. Becauseof left propernessor becauseof Lemma 2.2, the map B ! P is a
weak equivalence,so P ! B 0 is a weak equivalenceby the two-out-of-three axiom.
Sincej : A0 ! P is a cobasechangeof i , there is a lift P ! X in the square

A0

²²
j

²²

//X

p
²²²²

P //Y:

Now consider the model category A0 # C # Y of objects under A0 and over Y .
Then P and B 0 (equipped with the obvious structure maps from A0 and to Y) are
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co¯brant objects of this category, while X is a ¯bran t object. Moreover, there are
morphisms P ! B 0 and P ! X in A0 # C # Y. The ¯rst map is a weak equivalence,
so there is also a map B 0 ! X in A0 # C # Y by [7, Cor. 7.6.5]. ¤

The point of this result is that ¯nding lifts for i 0 reducesto ¯nding lifts for i .
Given any lifting problem for i 0 (in other words, a square3.1), we can consider the
square3.2 instead. However, ¯nding lifts for i doesnot reduceto ¯nding lifts for i 0:
in general,not every square

A //
²²

i
²²

X

p
²²²²

B //Y
can be rewritten in the form 3.2, even if A is co¯brant.

For future reference,we record the dual result here.

Prop osition 3.2. Let p : X ! Y and p0 : X 0 ! Y 0 be ¯br ations, and let p ! p0 be
a weak equivalence in Ar C. Also assumethat Y and Y 0 are ¯br ant or that C is right
proper. Let i : A ! B be any co¯bration. Then a lift exists in the square

(3.3) A //
²²

i
²²

X

p
²²²²

B //Y

if and only if a lift exists in the square

(3.4) A //
²²

i
²²

X
» //X 0

p0

²²²²
B //Y

» //Y 0:

Proof. The proof is dual to the proof of Proposition 3.1. ¤

4. Obstr uction Theor y

De¯nition 4.1. A co¯bration i has an obstruction theory if there exists an
object W such that for every ¯bration p with ¯bre F and every map i ! p in Ar C
there exists a well-de¯ned obstruction ®, which is a weak homotopy classfrom W
to F (i.e., an element of [W; F ]), with the following two properties. First, a lift exists
in the square

A //
²²

i
²²

X

p
²²²²

B //Y
if and only if ® is the trivial homotopy class. Second,® is functorial in the following
sense. Given two ¯brations p and p0 with ¯bres F and F 0 respectively and a map
p ! p0, the obstruction ®0 of the composition i ! p ! p0 is the composition of the
obstruction ® of the map i ! p with the map F ! F 0.

Remark 4.2. The functorialit y of obstructions can be reexpressedin terms of the
Grothendieck construction of the functor

C ! Sets: X 7! [W; X ]:
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De¯nition 4.3. A co¯bration has a ¯bran t obstruction theory if the conditions
of De¯nition 4.1 (including functorialit y) aresatis¯ed for all mapsi ! p for which p is
a ¯bration with ¯bran t target. A co¯bration has a co¯bran t ¯bran t obstruction
theory if the conditions of De¯nition 4.1 (including functorialit y) are satis¯ed for
all injective co¯brations i ! p for which p is a ¯bration with ¯bran t target.

As in Remark 4.2, the functorialit y of ¯bran t obstruction theories and co¯brant
¯bran t obstruction theoriescan be expressedin terms of Grothendieck constructions.

Thesethree notions of obstruction theories have someobvious relationships. If a
co¯bration has an obstruction theory, then it necessarilyhas a ¯bran t obstruction
theory. Also, if it has a ¯bran t obstruction theory, then it has a co¯brant ¯bran t
obstruction theory. Next we state somelessobvious connections.

Prop osition 4.4. If C is right proper, then a co¯bration has a ¯br ant obstruction
theory if and only if it has an obstruction theory.

Proof. The axioms for an obstruction theory are stronger than the axioms for a
¯bran t obstruction theory, so one implication follows from the de¯nitions.

Suppose that a co¯bration i has a ¯bran t obstruction theory. Now consider a
map i ! p in which p is a ¯bration between not necessarily¯bran t objects. Let p̂
be an injective ¯bran t replacement for p, so p̂ is a ¯bration between¯bran t objects
and there is a weak equivalencep ! p̂ in Ar C. Let F and F̂ be the ¯bres of p and
p̂ respectively, and let ®̂ be the obstruction for the composition i ! p ! p̂. By
Lemma 2.3, the map F ! F̂ is a weak equivalence. De¯ne the obstruction ® for
i ! p to be composition of ®̂ with the homotopy inverseof the map F ! F̂ . This
de¯nition of ® is functorial becauseinjective ¯bran t replacements are functorial.

By Proposition 3.2, a lift exists in the square i ! p if and only if a lift exists in
the squarei ! p ! p̂; here we usethat C is right proper. A lift exists in the square
i ! p ! p̂ if and only if ®̂ is trivial. SinceF ! F̂ is a weak equivalence,®̂ is trivial
if and only if ® is trivial. ¤

The next proposition tells us that ¯bran t obstruction theoriesand co¯brant ¯bran t
obstruction theories are actually equivalent.

Prop osition 4.5. A co¯bration has a ¯br ant obstruction theory if and only if it has
a co¯brant ¯br ant obstruction theory.

Proof. The axioms for a ¯bran t obstruction theory are stronger than the axioms for
a co¯brant ¯bran t obstruction theory, sooneimplication follows from the de¯nitions.

Supposethat a co¯bration i has a co¯brant ¯bran t obstruction theory. For every
map i ! p for which p is a ¯bration with ¯bran t target, takea functorial factorization

i ! p0 ! p

where the ¯rst map is an injective co¯bration and the secondmap is an acyclic
injective ¯bration. Then p0 is a ¯bration with ¯bran t target, so there exists an
obstruction ®0 for i ! p0.

Let F 0 and F be the ¯bres of p0 and p respectively. By Lemma 2.3, the map
F 0 ! F is a weak equivalence;herewe usethat p0 and p have ¯bran t targets. De¯ne
the obstruction ® for i ! p to be the composition of ®0 with the map F 0 ! F . This
de¯nition is functorial since factorizations in the injective model structure on Ar C
are functorial.
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By Proposition 3.2, a lift exists for i ! p if and only if a lift exists for i ! p0. By
assumption,a lift exists for i ! p0 if and only if ®0 is trivial. SinceF 0 ! F is a weak
equivalence,®0 is trivial if and only if ® is trivial. ¤

The following proposition establishesa certain homotopy invariance property of
obstructions. The result is not neededlater, but we include it for completeness.

Prop osition 4.6. Let i be a co¯bration that hasa ¯br ant obstruction theory, and let
p be a ¯br ation with ¯br ant target. Supposegiven two mapsf and g (i.e., commuting
squares) from i to p that are right homotopic in the injective or projective model
structure. Then the obstructions for f and for g are equal.

Proof. Let pI be a good path object for p in the injective model structure. This is
also a good path object for p in the projective model structure. So in either case
there exists a good right homotopy i ! pI betweenf and g [5, x 4.12]. This means
that there is a commutativ e diagram

p

i //

f
@@¡¡¡¡¡¡¡¡

g
ÁÁ>

>>
>>

>>
> pI

²²

OO

p:

Note that pI is a ¯bration with ¯bran t target becausepI ! p £ p is an injective
¯bration. There is an obstruction ® for the map i ! pI , which is a homotopy class
into the ¯bre F I of pI .

Let F be the ¯bre of p. By Lemma 2.3, the map F ! F I is a weak equivalence
sincep ! pI is a weak equivalence. Therefore, both maps F I ! F are equal in the
homotopy category sincethey have the sameright inverse.

Sincethe ¯bran t obstruction theory for i is functorial, the obstructions for f and
g are the compositions of ® with the two mapsF I ! F . Therefore, the obstructions
for f and g are equal. ¤

4.1. Rigid Obstruction Theories. For any map f : X ! Y , we can choose a
functorial factorization of f into an acyclic co¯bration X ! X 0 followedby a ¯bration
f 0 : X 0 ! Y . Write ho¯b for the functor Ar C ! C sendingf to the ¯bre of f 0. When
f is a ¯bration, there is a natural weak equivalence¯b( f ) ! ho¯b( f ), where ¯b( f )
denotesthe ¯bre of f (seethe proof of Lemma 2.3).

Now consider a co¯bration i that has an obstruction theory. Then we have an
obstruction ® in [W; ho¯b (i )] for the square i ! i 0. Any other square i ! p, where
p is a ¯bration, factors through the squarei ! i 0. Therefore, the class® determines
by functorialit y the entire obstruction theory for i .

This implies that any obstruction theory can be rigidi¯ed in the following way.
Assume without loss of generality that W is co¯brant, and ¯x a representativ e a :
W ! ho¯b (i ) for the class ®. To each ¯bration p and square i ! p, assign the
map W ! ho¯b( p) which is the composite of a with the map ho¯b( i ) ! ho¯b( p).
This is functorial at the model category level, and via the natural weak equivalences
¯b( p) ! ho¯b (p) specializesto the obstruction theory we started with.
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These ideas lead to the following de¯nition. A rigid obstruction theory for a
co¯bration i is a co¯brant object W and a map a : W ! ho¯b (i ) such that for each
square i ! p with p a ¯bration, the square has a lift if and only if the composite
W ! ho¯b( i ) ! ho¯b( p) is null-homotopic. A map of strict obstruction theories
for i from a : W ! ho¯b( i ) to a0 : W 0 ! ho¯b (i ) is simply a map W ! W 0 over
ho¯b( i ).

4.2. Uniqueness. Our de¯nition of obstruction theory doesnot uniquely determine
W nor the assignment of obstruction classesto each square.

Given a co¯bration i , we can form a category O(i ) of obstruction theories for i
in the following way. The objects are obstruction theories for i (i.e., pairs (W; ®),
where W is an object of C and ® is a function that assignsan obstruction classto
each square). A morphism (W; ®) ! (W 0; ®0) is a weak homotopy classin C from W
to W 0 such that ® is given by composition of ®0 with this weak homotopy class.

The category O(i ) is contractible if it is non-empty. This is seenin the follow-
ing way. First, note that if (W; ®) and (W 0; ®0) are obstruction theories for i , then
(W

`
W 0; ®

`
®0) is also an obstruction theory for i . Now, ¯x an obstruction the-

ory a = (W; ®) and consider the functor a
`

¡ : O(i ) ! O(i ). There are natural
transformations idO(i ) ! a

`
¡ Ã ca , whereca : O(i ) ! O(i ) is the constant functor

sending everything to a. This shows that the identit y map on the nerve of O(i ) is
null-homotopic.

In this sense,obstruction theories for i are unique up to a contractible family
of choices. Similarly, one can de¯ne a category of rigid obstruction theories (see
Section4.1), and oneagain ¯nds that this category is contractible if it is non-empty.

We will show in Remark 7.3 how to construct obstruction theories in practice.

5. Maps tha t Have Obstr uction Theories

Having establishedthe basicnotions of obstruction theories,westudy the existence
of obstruction theories for certain kinds of co¯brations.

Prop osition 5.1. Let i : A ! B be a co¯bration such that A is co¯brant and B is
weakly contractible and ¯br ant. Then i has a ¯br ant obstruction theory.

Corollary 6.4 will show that the assumption that B is ¯bran t is unnecessary.

Proof. Let p : X ! Y be a ¯bration with ¯bre F such that Y is ¯bran t. Suppose
given a squarei ! p. Let p0 : X 0 ! B be the pullback ¯bration X £ Y B ! B . The
¯bre of p0 is also F . Lemma 2.3 applied to the square

X 0 = //

p0

²²²²

X 0

²²²²
B »

//¤

implies that the map F ! X 0 is a weak equivalence;here we usethat B is ¯bran t.
De¯ne the obstruction for i ! p to be the homotopy classof the map A ! X 0

composedwith the homotopy inverseof F ! X 0. This de¯nition is functorial.
If a lift exists for i ! p, then the map A ! X 0 factors through the contractible

object B . It follows that the obstruction is null-homotopic.
Now supposethat the obstruction is null-homotopic. We needonly show that the

square i ! p0 has a lift. BecauseA is co¯brant and X 0 is ¯bran t, we have a left
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null-homotopy of the map A ! X 0. Thus, A ! X 0 factors through a contractible
object C. Here C is the co¯bre of a co¯bration A ! Cyl(A), where Cyl(A) is a
cylinder object for A. By factoring C ! X 0 into an acyclic co¯bration followed by a
¯bration, we may assumethat C ! X 0 is a ¯bration. This givesus a commutativ e
square

A
²²

i
²²

//C

»
²²²²

B =
//B

in which the right vertical arrow is an acyclic ¯bration becauseboth C and B are
weakly contractible. Hencea lift exists, and the composition B ! C ! X 0 is the
desired lift. ¤

Prop osition 5.2. The class of co¯brations that have an obstruction theory (resp.,
¯br ant obstruction theory, co¯brant ¯br ant obstruction theory) is closed under cobase
change.

Proof. We prove the proposition for obstruction theories. The other casesare iden-
tical.

Let
A //
²²

i
²²

A0

²²
i 0

²²
B //B 0

be a pushout square in which i (and hencei 0 also) is a co¯bration. Supposethat i
has an obstruction theory.

Given a map i 0 ! p in which p : X ! Y is a ¯bration, de¯ne the obstruction ®
to be the obstruction for the composition i ! i 0 ! p. This de¯nition is functorial.

If B 0 ! X is a lift for the square i 0 ! p, then the composition B ! B 0 ! X
is a lift for the square i ! i 0 ! p. On the other hand, if B ! X is a lift for the
square i ! i 0 ! p, then the maps B ! X and A0 ! X induce a lift B 0 ! X for
the squarei 0 ! p. Thus, a lift exists for the squarei 0 ! p if and only if a lift exists
for the squarei ! i 0 ! p. A lift exists for the squarei ! i 0 ! p if and only if ® is
trivial. ¤

Prop osition 5.3. The class of co¯brations that have an obstruction theory (resp.,
¯br ant obstruction theory, co¯brant ¯br ant obstruction theory) is closed under retract.

Proof. We prove the proposition for obstruction theories. The other casesare iden-
tical.

Supposethat i : A ! B is a co¯bration and that it hasan obstruction theory. Let
i 0 : A0 ! B 0 be a retract of i . Then i 0 is a co¯bration since co¯brations are closed
under retract.

Given a map i 0 ! p in which p : X ! Y is a ¯bration, de¯ne the obstruction ®
to be the obstruction for the composition i ! i 0 ! p. This de¯nition is functorial.

If B 0 ! X is a lift for the squarei 0 ! p, then the composition B ! B 0 ! X is a
lift for the squarei ! i 0 ! p. On the other hand, if B ! X is a lift for the square
i ! i 0 ! p, then the composition B 0 ! B ! X is a lift for the squarei 0 ! p. Thus,
a lift exists for the squarei 0 ! p if and only if a lift exists for the squarei ! i 0 ! p.
A lift exists for the squarei ! i 0 ! p if and only if ® is trivial. ¤
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6. Weakl y Equiv alent Cofibra tions

The goal of this section is to show that a co¯bration has an obstruction theory
if and only if a weakly equivalent co¯bration has an obstruction theory. Together
with the results of the previous section, this establishesthe characteristic properties
of the classof co¯brations that have obstruction theories.

Prop osition 6.1. Let i : A ! B and i 0 : A0 ! B 0 be co¯brations, and let i ! i 0 be
a weak equivalence. Also assumethat A and A0 are co¯brant or that C is left proper.
Then i has a ¯br ant obstruction theory if and only if i 0 has a ¯br ant obstruction
theory.

Proof. First suppose that i has a ¯bran t obstruction theory. Given a map i 0 ! p
in which p : X ! Y is a ¯bration with ¯bran t target, de¯ne the obstruction ® to
be the obstruction for the composition i ! i 0 ! p. This de¯nition is functorial. By
Proposition 3.1, a lift exists in the square i 0 ! p if and only if a lift exists in the
squarei ! i 0 ! p. A lift exists for the squarei ! i 0 ! p if and only if ® is trivial.
This ¯nishes one implication.

Now supposethat i 0 hasa ¯bran t obstruction theory. By Proposition 4.5, it su±ces
to show that i has a co¯brant ¯bran t obstruction theory. Let i ! p be an injective
co¯bration such that p : X ! Y is a ¯bration with ¯bran t target. Let p0 be the
pushout pq i i 0 : X q A A0 ! Y q B B 0. The map p ! p0 is a weak equivalencebecause
the map i ! p is an injective co¯bration. Here we usethat the injective structure on
Ar C is left proper or that i and i 0 are injective co¯brant so that Lemma 2.2 applies
to the injective model structure on Ar C.

The map p0 is not in generala ¯bration, so let p00be an injective ¯bran t replace-
ment for p0. Then we have a commutativ e diagram

i //

»

²²

p

»
²²

i 0 //p0 » //p00:

De¯ne the obstruction for i ! p to be the obstruction for i 0 ! p00. This de¯nition is
functorial becausethe construction of p00is functorial.

The obstruction vanishesif and only if i 0 ! p00 has a lift. By Proposition 3.1,
i 0 ! p00has a lift if and only if i ! p00has a lift; here we use that C is left proper
or that A and A0 are co¯brant. By Proposition 3.2, i ! p00has a lift if and only if
i ! p has a lift; here we usethat p and p00have ¯bran t targets. ¤

Recall that a projective co¯brant replacement ~f : ~X ! ~Y of any map f : X ! Y
is a co¯bration betweenco¯brant objects together with a commuting square

~X
» ////

²²
~f

²²

X

f

²²
~Y

» ////Y

in which the horizontal arrows are acyclic ¯brations.

Corollary 6.2. Let i be a co¯bration, and supposethat i hasco¯brant source or that
C is left proper. Let ~i be any projective co¯brant replacement for i . Then i has a
¯br ant obstruction theory if and only if ~i does.
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Proof. There is a weak equivalence~i ! i , so the result follows from Proposition 6.1.
¤

Prop osition 6.3. Let i and i 0 be weakly equivalent co¯brations. Supposethat i and
i 0 have co¯brant sources or that C is left proper. Then i has a ¯br ant obstruction
theory if and only if i 0 has a ¯br ant obstruction theory.

The proof doesnot simply reduceto a repeatedapplication of Proposition 6.1 to a
zig-zagof weak equivalencesbecausewe needto know that the intermediate objects
in the zig-zagin Ar C are co¯brations in order to apply that result.

Proof. Factor i 0 ! ¤ as

i 0 //» //j ////¤

where the ¯rst map is an acyclic projective co¯bration and the secondis a projective
¯bration. Note that j is a co¯bration with co¯brant source. Then j is a projective
¯bran t replacement for i 0, so there is an actual map ~i ! j representing the weak
equivalencebetweeni and i 0, where~i is a projective co¯brant replacement for i .

By Corollary 6.2, i has a ¯bran t obstruction theory if and only if ~i has a ¯bran t
obstruction theory. By Proposition 6.1, ~i has a ¯bran t obstruction theory if and
only if j has a ¯bran t obstruction theory. By Proposition 6.1 again, j has a ¯bran t
obstruction theory if and only if i 0 has a ¯bran t obstruction theory. ¤

Corollary 6.4. Let i : A ! B be a co¯bration such that B is weakly contractible.
Supposealso that A is co¯brant or that C is left proper. Then i hasa ¯br ant obstruc-
tion theory.

The di®erencebetween this result and Proposition 5.1 is that we don't assume
that B is ¯bran t here.

Proof. Let ~i : ~A ! ~B be a projective co¯brant replacement for i . Let ~B ! B̂ be
an acyclic co¯bration from ~B to a ¯bran t object. Then the composite co¯bration
~A ! B̂ is weakly equivalent to i , and it has co¯brant sourceand ¯bran t and weakly
contractible target. Proposition 6.1 and Proposition 5.1 ¯nish the argument. ¤

7. Classifica tion of Cofibra tions with Obstr uction Theories

Theorem 7.1. Consider the smallest classof co¯brations with co¯brant source that
contains all co¯brations with co¯brant source and weakly contractible target and is
closed under retract, weak equivalence, and cobasechange. This classcoincides with
the classof co¯brations with co¯brant source that have a ¯br ant obstruction theory.
If C is right proper, then this class also coincides with the class of co¯brations with
co¯brant source that havean obstruction theory.

Proof. The second claim follows from the ¯rst by Proposition 4.4. By Proposi-
tions 5.2, 5.3, and 6.3 and Corollary 6.4, we needonly show that if i is a co¯bration
with co¯brant source that has a ¯bran t obstruction theory, then i is related to a
co¯bration with co¯brant sourceand weakly contractible target by a seriesof weak
equivalences,retracts, and cobasechanges.
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Let i : A ! B be a co¯bration with a ¯bran t obstruction theory such that A is
co¯brant. We will construct the following commutativ e diagram:

~F // //

»
²²²²

DDDDÀ%

C ~F

²²
F // //

²²

DDDDÁ&

D

²²

//G

²²
A

= //
²²

i

²²

A // » //
²²

~i
²²

A0 // //

i 0

²²²²

C // » //

²²

C0

p
²²²²

B //
»

//B f
=

//B f
=

//B f
=

//B f :

Let B ! B f be a ¯bran t replacement for B , and let ~i : A ! B f be the composite,
which is also a co¯bration. Let A ! A0 ! B f be a factorization of ~i into an acyclic
co¯bration followed by a ¯bration i 0. Let F be the ¯bre of i 0, and let ~F ! F be a
co¯brant replacement for F . Let ~F ! C ~F be a co¯bration with weakly contractible
target, and let D and C be the pushouts as indicated above. The map i 0 : A0 ! B f

and the constant map D ! B f agreeon F and therefore induce a map C ! B f .
Factor the map C ! B f into an acyclic co¯bration C ! C0 followed by a ¯bration
p : C0 ! B f , and let G be the ¯bre of C0 ! B f . The composite D ! B f is constant,
so there is an induced map D ! G. This completesthe construction of the above
diagram.

The map ~i has a ¯bran t obstruction theory by Proposition 6.3 becausei does.
Becauseobstructions are functorial, the obstruction for lifting the square~i ! p is
the composite of the obstruction for lifting the square~i ! i 0 with the map F ! G.
Sinceafter inverting weak equivalencesthe map F ! G factors through the weakly
contractible object C ~F , it is null in the homotopy category. Thereforethe obstruction
vanishesand a lift exists in the square~i ! p. The co¯bration i is weakly equivalent
to the co¯bration ~i , which is a retract of the co¯bration A ! C0 (becauseof the
lift), which is weakly equivalent to A0 ! C, which is a pushout of the co¯bration
~F ! C ~F , which has co¯brant sourceand weakly contractible target. ¤

Theorem 7.2. Let C be left proper. Consider the smallest classof co¯brations that
contains all co¯brations with weakly contractible target and is closed under retract,
weak equivalence, and cobase change. This class coincides with the class of co¯bra-
tions that havea ¯br ant obstruction theory. If C is also right proper, then this class
also coincides with the classof co¯brations that havean obstruction theory.

Proof. The ¯rst claim follows from Theorem 7.1, since Corollary 6.2 allows us to
assumethat i has co¯brant source. Use Proposition 4.4 for the secondclaim. ¤

Remark 7.3. The smallest classof co¯brations containing co¯brations with weakly
contractible target and closedunder weak equivalencesand cobasechangesare the
principal co¯brations . That is, up to weak homotopy, they are the maps that
occur as a quotient map of some co¯bre sequence. Therefore, the previous two
theorems tell us that the retracts of principal co¯brations are the co¯brations that
have obstruction theories.
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In the caseof principal co¯brations, onecan inspect the proofsof Propositions 5.1,
5.2 and 6.1 and easily choosean object W . If i is principal, then there is a co¯bre
sequence

A //B //C
in which the secondmap is weakly homotopic to i . Then A is one possiblechoice of
the object W .

Corollary 7.4. Let B be a co¯brant object of C. If the co¯bration ¤ ! B has a
¯br ant obstruction theory, then B is weakly equivalent to a retract of §­ B , where
§ and ­ refer to the suspension and loop functors on the homotopy category (see
Section 8.2).

Proof. This follows from the proof of Theorem 7.1. In the notation of that proof, ~F
is ­ B and C is §­ B . ¤

We shall seebelow that the converseis also true; retracts of suspensionsalways
have obstruction theories.

Corollary 7.5. Let 2 · n · 1 . In the category of pointed simplicial sets, the map
¤ ! RPn does not havean obstruction theory.

Proof. The cohomologyof RP n hasnon-trivial cup products, but the cohomologyof
a retract of a suspensionhas trivial cup products. ¤

Similar considerations show that the map from a point to any spacewith non-
trivial cup products (such as tori) do not have obstruction theories.

It is possibleto prove Corollary 7.5 directly, providing an independent veri¯cation
of Theorem 7.1.

One consequenceof this corollary is that co¯brations that have obstruction theo-
ries are not closedunder composition. The map ¤ ! RP 2 is the composition of two
maps that both have obstruction theories.

8. Applica tions

8.1. Unp oin ted Spaces. Our ¯rst application concernsthe category of simplicial
sets. When n ¸ 1, the generating co¯bration @¢ n ! ¢ n has an obstruction theory
becausethe standard model structure on simplicial sets is right proper, because
¢ n is weakly contractible, and because@¢ n is co¯brant. Strictly speaking, this
obstruction theory applies to the category of pointed simplicial sets. However, one
can take any unpointed lifting problem and turn it into a pointed lifting problem by
choosing compatible basepoints (as long as n ¸ 1 so that @¢ n is non-empty).

We concludethat when n ¸ 1, obstructions to lifting squaresof the form

@¢ n

²²

//X

p

²²
¢ n //Y

are elements of ¼n ¡ 1(F; ¤) for some¤, where F is a ¯bre of the ¯bration p. When
n = 0, there is no obstruction theory for the co¯bration ; ! ¢ 0.

Theorem 8.1. Let n ¸ 1. A ¯br ation p : X ! Y of unbased simplicial setshas the
right lifting property with respect to @¢ n ! ¢ n if and only if ¼n ¡ 1(F; ¤) is zero for
every ¯br e F of p and every basepoint ¤ of F .
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Proof. First supposethat every homotopy group vanishes. Then lifts exist because
the obstructions must be trivial.

Now suppose that p has the right lifting property. Consider a ¯bre F over an
element y of Y , and let ¤ be any basepoint of this ¯bre. Since F is ¯bran t, every
element of ¼n ¡ 1(F; ¤) is represented by an actual map f : @¢ n ! F . Take the square

@¢ n //

²²

X

p

²²
¢ n //Y

in which the bottom horizontal arrow is the constant map with value y and the top
horizontal arrow is the composition of f with the inclusion F ! X of the ¯bre. A
lift exists in the square,and this shows that f is null-homotopic. ¤

8.2. Suspensions of Co¯brations. In any pointed model category, the suspen-
sion § A of any object A is the co¯bre of a co¯bration

i A : A ! CA;

whereCA is a cone on A (i.e., a weakly contractible object together with a co¯bra-
tion from A). If C is left proper or A is co¯brant, a lifting argument combined with
the dual of the proof of Lemma 2.3 shows that if C0A is a ¯br ant cone on A, and
§ 0A is the corresponding suspension, then there is a weak equivalence§ A ! § 0A.
Thus the choice of cone object does not a®ect the weak homotopy type of § A. If
f : A ! B is a map, and the conesare chosensothat f extendsto a map CA ! CB
(e.g. if CB is ¯bran t, or the conesare chosenfunctorially), then we get an induced
map § f : § A ! § B . In fact, § f is the suspension of f in the projective model
structure on Ar C, and therefore the above argument shows that any two construc-
tions of § f yield weakly equivalent maps provided that f is a co¯bration between
co¯brant objects or that C is left proper.

By choosing a cone functorially , one makes § into a functor, and, by the dual
of Lemma 2.3, § takes weak equivalencesbetweenco¯brant objects to weak equiv-
alences. Thus the left derived functor of §, de¯ned by applying § to a co¯brant
replacement, gives a well-de¯ned functor on the homotopy category. If the model
category is left proper, then the dual of Lemma 2.3 tells us that § is homotopy
invariant on all objects.

Dually, the lo op functor ­ takesan object X to the ¯bre of a ¯bration

PX ! X ;

wherePX is a path ob ject on X (i.e.,, a weakly contractible object with a ¯bration
to X ). The other statements above dualize as well.

Theorem 8.2. Let C be a pointed model category, and let i : A ! B be any co¯-
bration. Suppose that A is co¯brant or that C is left proper. Choosea model for § i
such that it is a co¯bration. Then § i has a ¯br ant obstruction theory. If C is right
proper, then § i has an obstruction theory.

Proof. The secondclaim follows from the ¯rst claim becauseof Proposition 4.4. The
left proper casefollows from the other caseby Corollary 6.2. Hencewe may suppose
that A is co¯brant.

By two applications of the dual to [13, Prop. I.3.3], § B is the homotopy co¯bre
of the map Ci ! § A, where Ci is the mapping cone CA q A B . We may use
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C(Ci ) q C i § A to compute § B , where Ci ! C(Ci ) is a co¯bration with weakly
contractible target. Thus§ i is weakly equivalent to a cobasechangeof the co¯bration
Ci ! C(Ci ). Now C(Ci ) is weakly contractible and Ci is co¯brant since A is, so
Theorem 7.1 ¯nishes the proof. ¤

Remark 8.3. From the proofs of Propositions 5.1 and 5.2, it follows that the obstruc-
tions for lifting § i are homotopy classesfrom the mapping coneCi . This object can
be thought of as the desuspensionof the co¯bre of § i .

8.3. Stable Mo del Categories. Now we proceedto stable model categories.
A stable mo del category is a pointed model category in which the left derived

suspension(seeSection8.2) inducesan automorphism of the homotopy category; its
inverseis then the right derived loop functor.

Corollary 8.4. Let C be a stable model category. Every co¯bration in C with co¯-
brant source hasa ¯br ant obstruction theory. If C is left proper, then everyco¯bration
in C has a ¯br ant obstruction theory. If C is left and right proper, then every co¯-
bration has an obstruction theory.

Proof. This follows from Theorem 8.2 and the fact that in a stable model category,
every co¯bration is weakly equivalent to the suspensionof a co¯bration. ¤

Example 8.5. Let \sp ectra" refer to Bous¯eld-Friedlander spectra [1] or symmetric
spectra [9]. Both model categoriesare right proper. Consider the generatingco¯bra-
tion Fm @¢ n

+ ! Fm ¢ n
+ of spectra. The meaning of Fm depends on which category

of spectra we are considering. The spectrum Fm @¢ n
+ is co¯brant, but this fact is

not essential becausethe stable model structures under consideration are left and
right proper. The desuspensionof the co¯bre of this generatingco¯bration is weakly
equivalent to the (n ¡ m ¡ 1)st spherespectrum Sn ¡ m ¡ 1. Therefore, obstructions
for lifting generating co¯brations of spectra are elements of (n ¡ m ¡ 1)st stable
homotopy groups.

Theorem 8.6. Let n ¸ 1 and m ¸ 0. A ¯br ation p : X ! Y of spectra with
¯br e Z has the right lifting property with respect to Fm @¢ n

+ ! Fm ¢ n
+ if and only if

¼n ¡ m ¡ 1Z is zero.

Proof. First supposethat every homotopy group vanishes. Then lifts exist because
the obstructions must be trivial.

Now supposethat p has the right lifting property. If @¢ n and ¢ n are basedat
the 0th vertex, there is a pushout square

Fm @¢ n
+

//

²²

Fm @¢ n

²²
Fm ¢ n

+
//Fm ¢ n ;

so p has the right lifting property also with respect to the co¯bration Fm @¢ n !
Fm ¢ n .

Let ® be any element of ¼n ¡ m ¡ 1Z . Since Fm @¢ n is a co¯brant model for the
spherespectrum Sn ¡ m ¡ 1, we can represent ® by an actual map f : Fm @¢ n ! Z .
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Thus, we have a square

Fm @¢ n //

²²

X

p

²²
Fm ¢ n //Y

in which the top horizontal map is the composition of f with the map Z ! X and
the bottom horizontal map is constant. This squarehasa lift l by assumption. Since
the bottom map is constant, l factors through the ¯bre Z . Sincethe inclusion Z ! X
is monic, this shows that f : Fm @¢ n ! Z factors through the weakly contractible
object Fm ¢ n . Hence f is weakly null-homotopic, and ® = 0. This shows that
¼n ¡ m ¡ 1Z = 0. ¤

Remark 8.7. The proof of Theorem 8.6 is more complicated than the proof of The-
orem 8.1. The di®erencearises from the fact that the simplicial set ¢ n is weakly
contractible, while the spectrum Fm ¢ n

+ is not.

Remark 8.8. Just as in Theorem 8.1, we must assumein Theorem 8.6 that n ¸ 1.
A ¯bration p : X ! Y with ¯b er Z has the right lifting property with respect to
Fm @¢ 0

+ ! Fm ¢ 0
+ if and only if the map X m ! Ym of simplicial sets is surjective.

This doesnot guarantee that ¼¡ m ¡ 1Z is zero.
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