HOMOTOPY NILPOTENT GROUPS

GEORG BIEDERMANN AND WILLIAM G. DWYER

Abstract. We study the connection between the Goodwillie tower of the
identity and the lower central series of the loop group on con nected spaces.
We de ne the simplicial theory of homotopy  n-nilpotent groups. This notion
interpolates between in nite loop spaces and loop spaces. W e prove that the
set-valued algebraic theory obtained by applying o is the theory of ordinary
n-nilpotent groups and that the Goodwillie tower of a connect ed space is de-
termined by a certain homotopy left Kan extension. We prove t hat n-excisive
functors of the form  F have values in homotopy n-nilpotent groups.

1. Introduction

The aim of this article is to explore the connection between the Goodwillie
tower of the identity functor and the lower central series of Kan's loop group of a
connected space. We express it with the aid of simplicial algebraic theories. We
expect the reader to be familiar with the basic notions of homotopical algebra ad
Goodwillie's calculus of homotopy functors. We de ne the notion of homotopy n-
nilpotent groups. The main theorems explain their relation to loop spaces 4.8to
in nite loop spaces[4.13, to ordinary nilpotent groups 6.8, to the Goodwillie tower
of the identity and tell us that n-excisive functors of the form F take values
in the category of homotopy n-nilpotent groups 8.2.

Let us introduce some notation valid for the rest of the article. Let S be the
category of pointed simplicial sets. LetSy be the category of reduced simplicial
sets, i.e. simplicial sets with exactly one O-simplex. LetX be an object in Sp.
Further let F denote the S -category of S -functors from nite pointed simplicial
sets to S . A homotopy functor in F is a functor that preserves weak equivalences.

For a homotopy functor )é in F Goodwillie [14] constructs a tower of functors

XUl PoX b Py (XDl PiX D PoX = X();
e e e e e e

where the n-th stage is the universaln-excisive homotopy functor under X . Here,
n-excision is a higher version of excision; a 1-excisive functor is a homotSpy funato
with a Mayer-Vietoris sequence. ForX = id the Goodwillie tower converges on
simply connected spaces to the identify [13], but on connected spaces it converges
to the Bous eld-Kan completion [1]:

holim Py (d)(X) " 1 X
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We have Py(id) ' ' !, the stable homotopy functor. So the Goodwillie tower
interpolates between stable and unstable homotopy. The mapX ! P, (id)( X) is
roughly (n + 1) c-connected, if X is c-connected.

Let sGr denote the category of simplicial groups. Kan's loop group functorG is
part of a Quillen equivalence

G: Sy sGr:W:

The homotopy category of Sg and of connected spaces are equivalent, see [12, V].
The lower central series ltration of GX was studied by Curtis [8] who proved that
for simply connected spaces the connectivity of the map

GX ! GX= ;1 GX

increases logarithmically with n. The tower f GX= .41 GX g, 1 associated to the
Itration converges to the identity on simply connected spaces. As noted by Kan:

s 1(GX=[GX;GX ]) = HsX foralls 1

Since the n-th stage of the lower central series tower isn-excisive there is a map
from the looped versionf P, (id)( X)g, 1 of the Goodwillie tower of the identity
at X to the lower central series tower ofGX .

Algebraic theories were introduced by Lawvere [21] to obtain categorical de-
scriptions of algebraic structures like groups, rings, Lie algebras, etc. Anlgebraic
theory is a category T having the natural numbers k 0 as objects such thatk is
the product in T of k copies of 1. The maps fromk to 1 are to be thought of as
the k-ary operations of T. They can be canonically identi ed with the free objects
on k generators. Algebras overT are product preserving functors fromT to sets.

For purposes in homotopy theory we need to consider simplicial algebraic theories
where T-algebras have values in simplicial sets. These were rst considered by
Reedy [24] and more recently by|[25] and [3]. It is convenient to study pointed
versions where algebras are functors fronT to pointed simplicial sets and the
category T itself will be enriched over S . If the theory has only one constant {
as in our case { there is no loss in generality. We also need a weaker notion of
algebra: homotopy T -algebras were introduced by Badzioch [3]. They are functors
from T to S that commute with products up to homotopy. The free objects on k
generators of these simplicial theories are given by

k k
(~ sh: T s%and Pi(Gd)(~ shr t T s
i=1 k i=1 k
We deneforl n< 1 new theoriesP, with free objects given by
k
Pa(id)( ™ SY):
i=1
Homotopy n-nilpotent groups are de ned as homotopyP,-algebras. Forn = 1 we
get back loop spaces 4/8 and fon = 1 in nite loop spaces 4.13. Our next result
says that by applying o we get back the ordinary theory of n-nilpotent groups 6.8.
We obtain morphisms of theories

P, ! P L'P 4 1!
induced by the maps in the Goodwillie tower and pullback functors
'hiSPhrs Pug
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with left adjoints
ni SPr1s Po
For a connected spaceX we have X ' X(1*) where X: P; !'S s a
homotopy 1 -algebra. Our second resulf 7.4 e%hibits the Goddwillie tower of the
identity P, (id)( X) as the homotopy left Kan extension along' ,:

Pa(d)(X) " (L nX)(17):

Finally we prove in 8.2 that functors of the form F where F is n-excisive,
naturally take vakues in the category of homotopyn-nilpotent groups. This justi es
a closer study of the notion.

Acknowledgments:  We would like to thank Ande Joyal and Gerald Gaudens
for several stimulating discussions and Bernard Badzioch for explaining us theorem
[2.8. The research for this paper was started while both authors were guestd ¢he
Thematic Program on Geometric Applications of Homotopy Theory at the Fields
Institute for Mathematics, Toronto. The rst author was a post-doctoral f ellow at
the University of Western Ontario, London, Ontario. The paper was nished while
the rst author was guest at the Max-Planck-Institut far Mathematik in Bonn.

2. Simplicial algebraic theories

We will consider theories enriched over the categons of pointed simplicial sets
and algebras with values inS . As it turns out in our case[4.6, the resulting notions
are equivalent. Let us recast the de nitions in the pointed version. For a simplicil
category C we will refer to its simplicial set of morphisms by C( _; _).

Denition 2.1.  Let be the opposite of the category of nite pointed sets. The
category has all products and every object is isomorphic to an object of the form

k" =f1,:5kg[f +g
Forevery 1 s k we have mapsik: k* ! 1* given by the inclusion of the
pointed set 1I' to k* where the non basepoint of I maps tos 2 k*. These maps
induce an isomorphism

A A
ik:kt= 1%
s=1 s=1
We can view as a discrete simplicial category.

De nition 2.2. A simplicial pointed algebraic theoryis a categoryT enriched over
pointed simplicial setsS having the same discrete set of objects as together with
afunctor ! T, which is the identity on objects and preserves products. We will
abbreviate this as simplicial theory. Morphisms of simplicial theories are product
preserving S -functors under .

The category T is usually given as a full subcategory of some other category. So
the morphisms in T are often left understood, and we will often confuse the objects
k* of T with their images under this full inclusion. If we want to emphasize a
particular theory T, we will denote the objects by T (k*).

De nition 2.3. A strict T-algebrais a simplicial functor X : T!S that preserves
products strictly. This means that the map ©

X(is): X(K) 1 X(@h)*
s=1



4 GEORG BIEDERMANN AND WILLIAM G. DWYER

is an isomorphism. Ahomotopy T -algebrais a simplicial functor from T to S that
preserves products up to weak equivalence. This means that the above map is a
weak equivalence.

The category of strict T-algebras is a re exive subcategory of the category of
S -functors ST from T to S and carries a model structure where brations and
weak equivalences are detected by the forgetful functor t&7 . This is explained in
the unpointed case in[[3]. We will examine, how to relate these situations.

De nition 2.4.  The constants of a simplicial theory are the 0-ary operations, i.e.
the simplicial set

Ap=T(0";1%):
A simplicial theory with one constantis a simplicial theory such that Ag =

An example of an ordinary algebraic theory that has more than one constant, is
the theory of rings with Ag = . However, the theory of groups andn-nilpotent
groups forn 1 has only one constant.

Remark 2.5. Let T be a simplicial algebraic theory. Then the forgetful functor
u: S 'S induces a functor
u:stts T:
This restricts to a functor
u: Algr. ! Alg
from the category Alg;. of pointed T-algebras toT-algebras Alg; .

Lemma 2.6. If T is a simplicial theory with one constant, the functor
u: Algr. ! Algr
is an isomorphism of model categories.

Proof. Given an unpointed T-algebra X , we can always supply it with a canonical
basepoint

= X(0")! X@%);
induced by the unique constant 0 ! 1% in T. We obtain an inverse functor foru .
Because weak equivalences and brations are given in both model categories by the
ones on underlying simplicial sets, we have an isomorphism of model categories.

Now we want to consider homotopyT -algebras. The categoryS™ can be equipped
with a model structure where the objectwise brant homotopy T-algebras are ex-
actly the brant objects. This model structure is a localization of the projectiv e
model structure on ST.

De nition 2.7.  We will call the category ST together with this localized model

structure the homotopy algebra model structure ST halg °

It is shown in [3] that there is a Quillen equivalence between strictT -algebras
and homotopy T-algebras. This striking result tells us that { independently of the
theory T { any homotopy T-algebra can be rigidi ed.

Theorem 2.8 (Badzioch). Let F: S! T be a morphism of simplicial theories.
If F is a weak equivalence of simplicial categories then pullingack alongF is

the right adjoint of a Quillen eugivalence between the assated homotopy algebra
model categories.
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Proof. In theorem 2.1 of [11] it is shown thatF : ST I'S S is the right adjoint
of a Quillen equivalence between the projective model structures. The homotopy
algebra model structures are left Bous eld localizations. This process preserves
Quillen equivalences by theorem 3.3.20 from [16].

3. The n-excisive model structure

De nition 3.1.  We denote by F the category of S -enriched functors from nite
pointed simplicial setsS" to pointed simplicial sets S .

The category F is enriched, tensored and cotensored oves where both tensor
and cotensor are given objectwise. It carries a projective model structure where
weak equivalences and brations are given objectwise.

For an introduction to Goodwillie's calculus of homotopy functors and in par-
ticular for the notion of n-excisive homotopy functor we refer to([14] and [20].

In [5] and [10] the projective model structure on F was localized to obtain
the n-excisive model structure where the brant objects are exactly then-excisive
homotopy functors. A map X ! Y is an n-excisive weak equivalence if and only if
it induces an objectwise weék eqliivalence

Pn>§ ' PhY:

e
Here P, X denotes then-th stage in the Goodwillie tower of the functor X " which
is the fufictor X pre- and postcomposed with an objectwise brant reflacement
functor in S . However it is more convenient for us to consider the injective model
structure on F constructed by Joyal [19] and Jardine [17] where co brations are
given by all inclusions. This model structure is also proper and simplicial wit the
advantage that all objects are co brant. The same techniques as in [5] apply to
arrive at an n-excisive model structure onF where a mapX ! Y is an n-excisive
equivalence as above and an an-excisive bration if and ohly if it is an injective
bration such that the square

T

Y — /b,y
e e

is an objectwise homotopy pullback square. We have:

Theorem 3.2. The injective n-excisive model structure onF is a co brantly gen-
erated proper simplicial model structure.

Corollary 3.3. Let Y be an injectively brant n-excisive homotopy functor. Then
for every X in F we‘have a natural weak equivalence
e

F(PaX5Y)"F (X5Y):
e e e e
4. Homotopy n-nilpotent groups

We will now describe the simplicial theory of homotopy n-nilpotent groups.

De nition 4.1.  In the category F let (_)™ be a brant replacement functor with
respect to the injective model structure.
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De nition 4.2.  We de ne a full subcategory P,, of the category F, which has for
each natural numberk 0 exactly one object given by

Ay -
Pn(k™) = ( Pn(id))™:

i=1

We also de ne forn = 1 the category P; with objects given by

Y .
P (k") = (id) "™:
i=1

We employ the convention that the empty product is the nal object , and so we
have foralll n 1 and0 k< 1:

Y
Pn(k") = Pn(17):
i=1

We let I,: Py I'F be the inclusion functor.

We also de ne a functor ,: ! P , on objects simply by k* 7! P, (k*). For
a morphismf°: ** I k* in which is represented by a map f: k* | °* of
pointed sets we de ne ,(f °°) on the i-th factor of P,("*) as

Pa(k') = 2y ( Palic) ™ —rr N Paid) ™

the projection on the f (i)-th factor.
The natural transformation id ! P, (id) induces a morphism of theories

pn: P1 P 4
Obviously we have the equationp, 1 = .

Remark 4.3. As a full subcategory ofF the categoryP, forl n 1 isenriched

over S . The category P, constitutes a simplicial theory as discussed in section
[2. Therefore we can consideP,-algebras and homotopyP,-algebras. Objectwise
brant homotopy Pn-algebras are the brant objects in (SP" )payg -

De nition 4.4. A homotopy n-nilpotent group is a space weakly equivalent to
X (1), for some homotopy P, -algebra X .
e e

Lemma 4.5. Foralln 1andk;” 0 we have canonical weak equivalences

R
‘ !

Pa(k*;" )" Pn(id)(~ SY)
i=1
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Proof. Recall that F from[3.1 is endowed with the injective n-excisive model struc-
ture where all objects are co braQt. We compute:Y
Pa(k*;7*)=F(  (Pald)™; ( Pa(id)™)
‘ .
'F(Gd) *; (Pa(id)™)
F(maps (T S% -); ( Pa(id) ™)
k

(Paid)™ (" SH
k
I

' Pa(id)(™ SY)
k

The weak equivalence in step 2 comes from 3.3. We also use the enriched Yoneda
lemma.

Remark 4.6. By [4.5 the theory P, has only one constant. So by lemma 2.6 we
can work in the pointed setting without losing information.

Corollary 4.7.  The free homotopyn-nilpotent group on k generators is given by
k
Pn(id)(~ SY):
i=1
Proof. The free algebraAyx on k generators in any simplicial theory T can be
obtained by the following formula:
Ag = T(k";1%):
Now the statement follows from[4.5.

If Fi is the free group onk generators then we have the following canonical weak
equivalences:
(4.1) Py (k"517)"

St BF' Fy
k

It follows that the theory P; is weakly equivalent as a simplicial category to the
discrete theory of groups.

Theorem 4.8. The category(SP* )nayg is Quillen equivalent to the theory of simpli-
cial groups. In particular, the homotopy category of homotpy 1 -nilpotent groups
is equivalent to the homotopy category of loop spaces.

Proof. Follows readily from the equivalences((4.1) and theorem 2]8.

In [4] the authors de ne a theory T, such that its homotopy algebras are exactly
n-fold loop spaces.

W
De nition 4.9.  SetT,(k*)= ', S" and take as morphisms the derived mapping
space
To(k* ;") =map (" s";” S"):
: k
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So T, is the opposite of the full subcategory ofS given by the nite wedges of
n-spheres. The suspension functor induces a morphistq : T, ! T 41 of simplicial
theories:
-I-n(k+ ;\+) :( n— Sn)‘ 1 ( n+l — Sn+1)‘ - Tn+1 (k+ ;\+):
k k

Theorem 4.10 (Thm 1.1, [4]). A pointed spaceX is an n-fold loop space if and
only if there exists a homotopyT,-algebraX with X (1*)"' X.
e e

De nition 4.11. We obtain a morphism of theories#,: T, ! P ; induced by the
maps
To(k*;>*)=( "7 S") I (colim "ST S"*S)y 'p o (k*:H)
k S k
together with the equation #,41 tn = #4.

Remark 4.12. The theory P; is canonically weakly equivalent to the colimit of
the sequence

/fl_n th /frn+1 th+ /lZZ

in the category of simplicial categories (with xed set of objects ) and hence in
the category of simplicial theories.

Theorem 4.13. A pointed spaceX is an in nite loop space if and only if there
exists a homotopyP;-algebra X with X (1*) ' X. The homotopy category of
homotopy 1-nilpotent groups is &quivalefit to the homotopy category ohinite loop

spaces.

Proof. Recall theorem[4.10. By 2.8 and remark 4.12 a spack is an in nite loop
space if and only if the associated functor

X: 1S kbt 71Xk

e
extends via the mapst, to a product-perserving functor from T, forall n 0. The

existence of the morphism#, shows that X is a homotopy P;-algebra if and only
X restricts to a homotopy T,-algebra for eachn 0. The equivalence of homotopy
Gategories now also follows.

5. The lower central series of the loop group

De nition 5.1.  Let G be a group. For subgroupsH and K of G let [H; K ] denote
the normal subgroup generated by elements of the fornh 'k hk whereh 2 H
and k 2 K. The lower central Itration for G is de ned in the following inductive
way: Let

1G=Gand ,+1G= [G, nG]:
We obtain a ltration of G by normal subgroups with an associated tower:

G= ZGLG:GSLG:dSL:::

G:[G;G] ,G= 3G 3G= 4G

This is the lower central seriesof G. A group G is calledn-nilpotent if ., G=0.
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De nition 5.2.  For an abelian groupAI\}let
Lie A = Liep A

n 1
be the free graded Lie algebra orA.
Remark 5.3. The Poincae-Birkho -Witt theorem [26, 1.4.3] says that there is a
natural isomorphism of abelian groups
for every free groupG. In fact, this group is free abelian on generators given by a
Hall basis of basic commutators of weightn over the generators ofG [15].

Remember that Sy denotes the category of reduced simplicial sets andGr the
category of simplicial groups. LetG: Sy ! sGr be Kan's loop group functor. We
can apply the functors from the lower central series degreewise.

Denition 5.4. Let ": Sy!S be the functor given by
"X = B (GX= p41 GX):
The functor " : So!'S will be given by
"X = B( nGX= 141 GX):

Remark 5.5. The loop group is a free smeIiciaI group. It follows from a theorem
by Dold [9] that both functors " and = preserve weak equivalences. Moreover
with 5.3 we have a formula: .

X = Liep(€X)
Here €X = X= s the reduced free simplicial abelian group orX .

Remark 5.6. It is proved by Curtis [8] that for a simply connected spaceX the
map

GX ! GX= ,GX = " X
is flog, ng-connected wheref ag is the least integer a. If X is merely connected,
the tower f "(X)gn2 converges to the Bous eld-Kan completion ; (X). Com-
pare[6.1 about the Goodwillie tower of the identity.

For n =1 we have "X = B€X. This functor is linear, because we have for all
s O
BeX = 19.X

Herel® X is the reduced singular homology of the reduced spacé. More generally,
there is the following lemma.
Lemma 5.7. The functor " is n-excisive.
Proof. Consider for free abelian groupsAy; :::;AHT\}l the cubical diagram

P(n+1)! FAb;S7! Ai;

i2n+l S

where the maps are induced by collapsing summands. Then(+ 1)-st cross e ect of
the functor Lie, : FrAb ! Abl\i/IS given byl\lxo of the associated complex

k 7! Lien ( Ai) = Lg:

jSi=k i2n+1 S
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But the map Lo ! L; is clearly injective. It follows that the composition

"X = BLien(&X)
iS n-excisive.
Remark 5.8. It is not true though that the functor s n-homogeneous. By
Curtis' result 5.6 the tower f "g, o converges to the identity on simply connected
spaces. This shows that the layers of the tower have to contribute something to

the linear part given by reduced homologyl§ in order to make it up to the rst
derivative of the identity given by stable homotopy St.

Corollary 5.9. The functor " is n-excisive.
Proof. There is a ber sequence
n | n l! Bin

of functors. By induction the statement follows from [5.7.

6. Relation to ordinary nilpotent groups

Before we talk about ordinary nilpotent groups, we need to gather some remark
on the Goodwillie tower of the identity.

Remark 6.1. The identity functor is 1-analytic [13], which shows that its Good-
willie tower converges on simply connected spaces to the identity. However, on
connected spaceX it converges to the Bous eld-Kan completion of X :

(6.1) horLim P (id)(X)" 1 X
This is proved on the last page of/[1].
De nition 6.2.  Let D, (id)( , S*) be the homotopy ber of the map
Po(id)(— SY)! Py a(id)(” SY)
k W k
in the Goodwillie tower. Then D, (id)( Sl)I = 1 E, for the following spectrum

@(id) ~ (— sH)'" = En;
k h o
where @ (id) is the n-th derivative of the identity.
Lemma 6.3. The rational homology of E, is concentrated in degreel.

Proof. There is a Serre spectral sequence
Hi( nsH j(@Gd) ~ (T SH"")=) H i+j(En)
k

The homology of |, with coe cients in a rational vector space vanishes fori > 0
and gives the formula:

H En=H (@@d) [, H (( sH"):
W k
The homology of (', S!)"" is concentrated in degreen. By the work of Johnson
[18] and ArongvMahowald [2] we know that the spectrum@ (id) is non-equivariantly
equivalentto , 4 St M and so has homology concentrated in degree 1 n. So
1 n+ n=1, and the statement follows.



HOMOTOPY NILPOTENT GROUPS 11

W
Lemma 6.4. The group 1P, (id)( , S*) is nilpotent of degreen.
Proof. We can settle the casen = 1 right away:
o Pud)(” SNH= (' PT Sh= K=FRe= R
k k

In particular, this group is nilpotent of degree 1. We proceed by induction onn.
From the Gooduwillie tower we have for eachn 1 the following exact sequence of
groups:

1Da(d)(T SH! 1Pa(d)(T SY) ! 1Py a(id)(T SY)
k k k
I oDa(id)(” SY) =0
k

(6.2)

The Iangroup vanishes because df 6.3. By Goodwillie's results [14] the spaces
Dn(id)(  S) are in nite loop spaces and the map in the Goodwillie tower is a
principal bration, i.e. there is a homotopy pullback square

N TR P

Po (i), SY) —/BD (i), SY)

w w
where BD , (id)( , S*) is a delooping of D, (id)( ', S!) and therefore simply con-

nected. Let " #
Kn=im  1Da(id)(” SY)! 1Pa(id)(~ SY)
k k
Then the short exact sequence
6.3) 0! Knp! 4Pu(id)(~ SH! 4P, 1Gd)(~ SH! 0
k k

w
is a central extension. It follows inductively that the group 1P, (id)( , S?) is
nilpotent of degreen.

w
Lemma 6.5. The groups <P (id)( |, S!) are nite for s 2.

Proof. Thw;e groups are nitely generated. So it is enough to prove that the groups
sPn(id)( ", S') are torsion above degrees = 1. We will prove this by induction

along the Goodwillie tower where the casen = 0 is obvious, because thg, space is
contractible. Next we know by 6.3 tha\/\t,he rational homology of Dy (id)( , S*) is
concentrated in degree 1. Sinc®, (id)( , S)is an in nite loop space, aforr‘w)f the
Hurewicz theorem [27, thm. 9.6.20] tells us that also the groups sD (id)( , S*)
are torsion fors > 1. The result now follows from the long exact homotopy sequence
of the Goodwillie tower.

Corollary 6.6. There is an isomorphism of groups:

L holim Py (id)(” S*) = lim 1Py (id)(" S*)
k k
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Proof. There is the Milnor exact sequence:

0! fim® ,P(id)(" SY) ! pholim Py(id)(T SH)! lim 1Py (id)(T SY)! O
k k k

By 6.5/ the lim*-term vanishes.
w
The following conjecture is related to the vanishing of limt ,Pp, (id)( « Sh.

Conjecture 6.7 (Arone-Mahowald-Kuhn). For each prime p the map

sPpr (id)(SY)(py ! sPpn 1(id)(SY)(p)
is null fors 2.

Now we can describe the relation ofP, to the set-valued theory of ordinary
n-nilpotent groups Nil,, whosek-ary operations are given by the freen-nilpotent
group on k generators:

N"n(k+ ;l+) = Fx= n+1 Fx
Here Fy is the free group onk generators. We can exhibit this theory by applying
o to the theory of homotopy n-nilpotent groups. First observe that for the case
n= 1 the statement
oP1 (k";17)= (" S%) = Fc= Nily (k";17)
k
follows from the Seifert-Van Kampen theorem. This isomorphism has an analogue
for nite n. There is a map
Fo= 1(C SH! aPa(id)(” ST = oPn(k";17)
k k
induced by the natural transformation id ! Py (id), which factors like
n: Fk= naaFe ! 1Pa(d)(” SY);
k
because the target isn-nilpotent by 6.4

Theorem 6.8. We have an isomorphism of groupS'
N (K 1%) = Fi= pen P —=1 4Poa)( SY = oPa(k*:1°)
This induces an isomorphism of categorieNil, = oPp.

Proof. We show rstthat | isinjective by constructing a leftinverse . According
to 5.9 the functor " is n-excisive. So there is a natural tramsfowmtlonPn (id) !
" under the identity functor. If we evaluate this diagram on , S' and apply
1= oG, we obtain a map b, making the following diagram commutative:

n+1

Fi /#k— n+1 Fi

ti""'

o - %

oG( | SY) o G("y SH)= ns1 G ksl)
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Let = f, . Itfollowsthat , n n+1 = n+1. Since n41 is the universal map
into an n-nilpotent group, we have , , =id.

But the map  is also surjective. LetQ, be the quotient of ,, i.e. the pointed
set of left cosets. We obtain a short exact sequence of towers:

n+1 N
0—/F= — P SY 'Qn iy

n+1 Fk

n W
O‘llzk: an — 1Pn 1( k Sl) 4/Qn 4/6

From (6.2) it follows that the vertical maps are surjective for n 1. So all lim*-
terms vanish. In the limit we obtain a short exact sequence:

0! IImF= nsa B! lim (Pa(Gd)(” SYH)! limQ,! O
n n n
k

We can combine the weak equivalencel (6.1) with the isomorphism from 6.6 to
conclude that lim, Q, = . Inturn we have Q, = forall n 1, since all tower
maps are surjective. So each , is an isomorphism.

7. The Goodwillie tower of the identity
The natural coaugmentation id ! P, (id) induces a functor
pn : P]_ ! P n
of simplicial theories.
Denition 7.1.  We will denote the functor obtained by pulling back along the
functor p, by
"hiSPrIs P
This is just the forgetful functor. It has an S -left adjoint ,: SP* IS Pn,

Remark 7.2. One can easily prove that the pair ( ,; ) forms a Quillen pair for
the homotopy algebra model structures on both sides.

De nition 7.3. We let
L ,:SPr 1S Po
be the enriched homotopy left Kan extension, which is obtained by precomposing
n With a projective co brant replacement functor on SP: .

Theorem 7.4. Let X be a local homotopyP; -algebra with X (17) X for some

reduced simplicial s€tX . Then there is a natural weak equiValence
(L n>§)(1+) " Pa(id)(X):
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W
Proof. Inthe caseX = |, S! the associated homotopyP; -algebraX is given by
e

X[1= (7 8hH '"P 1 (K"
€ k
while
Po(k*;17) " Po(id)(~ SY):
k
Enriched left Kan extension preserves representable functors, so we have an iso-
morphism:
LonP1 (k"5 2) = Pa(k™; 2)
This proves the caseX = | S'. Now we observe that every reduced nite sim-
plicial set X is weakly equivalent to the realization of a bisimplicial set X , which
consists degreewise of a nite wedge of copies of the circ'. The statement now
follows from the next theorem[7.5 applied withF = P, (id) and r = k = 1.

The condition E, (k) in the next theorem is de ned in [13, Def. 4.1]. The
theorem itself is taken from the unpublished version [22] of Mauer-Oats' thesis.
The published version is [23].

Theorem 7.5. Let F be a reduced nitary analytic functor from spaces to spaces
satisfying condition E,(rn  ¢) for all n 1. If X is a simplicial k-connected
space withk  max(r; c) then

FiX j'j FX j:
A sketch of the proof goes as follows: First one observes that homogeneous
functors with connective coe cient spectrum commute with realizations. Then the
theorem follows by induction up the Goodwillie tower. All along one checks that

the connectivity estimates allow one to apply theorem [6, B.4] that gives su cient
conditions for the realization functor to commute with pullbacks.

8. Values of n-excisive functors

Finally we will prove that functors of the form F with F n-excisive naturally
take values in the category of homotopyn-nilpotent groups. We take this as a
justi cation of the usefulness of the notion of homotopy n-nilpotent groups.

We need to compose functors. But two functorsF and G in F cannot be com-
posed directly. However, we can extend the functorF: S"™ ! S  to a functor
S I'S by enriched left Kan extension. By abuse of language we will denote this
functor again by F. Then the composition F G is well-de ned.

Observe that the functor _ G: F!F commutes with nite limits. And there
is a functor

P.(_ G): FIF ;FT7!'P,(F G);
which also commutes with nite limits.

For two functors F and G in F the mapsF ! P,F and G! P,G induce a
commuting diagram

Pn(F G) ——/P,((PsF) G)
(8.1)
Pn(F  (PnG)) —Pn((PnF) (PnG))



HOMOTOPY NILPOTENT GROUPS 15

under F  G.
Lemma 8.1. The diagramI8.1 consists of objectwise weak equivalences.

The proof is taken from Michael Ching in [7], who formulates the statement fa
functors from spectra to spectra. But the proof goes through for functors from
spaces to spaces. We will reproduce it here. We use Goodwillie's notatioR, [14].

Proof. We will prove that c: P,(F G)! Pn((P,F) G) is an objectwise weak
equivalence. The proof thatP,(F G) ! P,(F (P,G)) is an objectwise weak
equivalence, is similar.

In fact we will prove that the map P,(F G)! P,((T,F) G)is aweak equiva-
lence. This implies that cis a weak equivalence, because the functér 7! P,(_ G)
commutes with Itered homotopy colimits. We have the following commutativ e
solid arrow diagram

= 64/1‘(7(; G);ler%éF G)Q‘_é@

(ToF) G —I\(TaF) &) —h2(TaF) &) — 1=

whose homotopy colimit overn is exactly the map c. It is enough to construct the
dotted maps making everything commutative to prove that c is a weak equivalence.
SinceG is S -enriched, we have natural maps

U G(X)! GU X)
for every pointed spaceX and every nite set U where is the pointed join of a
nite set and a pointed space. This map induces a natural transformation

(ThF)(G(X)) = Uggm+l)F(U G(X) ! Uzhg)l(inmi)F(G(U X)) = Ta(F G)(X);

which is the left most dotted map in the diagram above. The other maps are
obtained by applying T, repeatedly to it. It is easy to see that this diagram
commutes.

Theorem 8.2. Let F be a functor of the formF = G with an n-excisive functor
G in F. Then for any X in S" the spaceF (X ) is a homotopy n-nilpotent group.

Proof. Recall the full inclusion functor I,: P, ! F , which obviously commutes
with products. The same applies to the functorP,(_ G): F!F . Observe also
that both functors commute up to homotopy with . We arrive at the conclusion
that for any FY: G the functor\l{Dn 'S given by

Pa(id) 7! Pa(( Pa(id)) G)
k v k v
' Pn(Pa(id) G)' Pn(G)' FX
k k

preserves products up to weak equivalence by 8.1. For any spaéé the evaluation
functor Evyx : F !'S  also preserves products. Hencé& (X) is a homotopy n-
nilpotent group.

The following theorem is formal.
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Theorem 8.3. Let G be a functor of the formG = H with an n-excisive functor
H in F. Let F be an arbitrary functor in F. Then F(F;G) is a homotopy n-
nilpotent group naturally in F and G.
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