CONTACT GEOMETRY AND LENS SPACES

R. HIND AND M. SCHWARZ

1. INTRODUCTION

There exists a canonical symplectic structure on the cotangent bundle of a differentiable
manifold and similarly a canonical contact structure on the positive projectivization of the
cotangent bundle under the scaliRgaction. Given a Riemannian (or Finsler) metric on
the original manifold, this contact structure is contactomorphic to the contact structure
determined by the metric on the unit tangent bundle.

In symplectic topology it is a general question to ask to what extent the symplectic or con-
tact geometry of these structures determines the smooth structure of the smooth underlying
manifold. For example one might expect symplectic invariants to give interesting new
smooth invariants.

In this paper we study the canonical contact structures associagediteensional Lens
spacesL(r, s). These are the first examples of manifolds which may be homotopic but
not diffeomorphic. We will see that the contact structures on their unit tangent bundles do
indeed distinguish the smooth structures on the Lens spaces.

We note that homotopic but non diffeomorphic Lens spaces still have diffeomorphic tan-
gent bundles. Therefore we do need contact methods to distinguish these structures and in
particular we discover examples of differéntlimensional contact structures on the same
manifold (with the same Chern class). Such examples are still quite rare (but see [6]).

One natural approach to this problem is to compute the contact homology of our manifolds
(see [3]). This was the approach of Ustilovsky. However the calculations in sebtams

3 show that this fails to separate the contact structures. Contact homology is a homology
theory with chain groups generated by certain periodic orbits of a Reeb vector field on our
contact manifold and with the differential defined by counting holomorphic curves. We
will see that nondegenerate Reeb vector fields on our contact manifolds have isomorphic
periodic orbits. Moreover these orbits are such that the necessary differentials vanish in all
cases.

Motivated by work of Bourgeois [1] we study holomorphic curves corresponding to natural
Morse-Bott contact forms in sectich Relative to these contact forms we can describe
fairly explicitly various moduli spaces of holomorphic curves. They do not appear in the
differential defining contact homology although would certainly influence the more subtle
invariants coming from Symplectic Field Theory (see [2]). In any case, in settiva

show directly that properties of these moduli spaces of holomorphic curves are enough to
distinguish our contact manifolds.

2. FINSLER PERTURBATION OF THE ROUND METRIC

Consider a Riemannian manifold/, g) and the induced Hamiltonian on the cotangent
bundle with the canonical Liouville structuse= dp A dg,

() Hy: T"M — R, Hy(€) = [€]l; fa. € € T*M,

where|| - |¢; is the norm of the dual metric.
Note that for any diffeomorphism: M — M we have therolongation

¢= (D) T*M — T*M

coveringy which is symplectic and also preserves the Liouvil®arm A = p dg.
1
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Suppose we have &parameter group of isometries : M =M generated by the
Killing field V on M, then the prolongation gt is a Hamiltonian diffeomorphism with
Hamiltonian

(2) Hy: T"M — R, Hi(q,€) =&(V(9)).
Sincey! is an isometry, we have
3 O, © 1, = O, 0 by, fa s teR,
or equivalently

{H,,H}=0.

Since H, preserves the level sef§; ' (c) as well as the Liouvillel-form, the symplec-
tic flow ¢%;, preserves the contact for,, -1, and thus also the contact structyre=
ker A....

The Finsler perturbation of the round metric geodesic flow is given by the Hamiltonian

4) H,:=H,+aH;, a €R.

Lemma 2.1. If the isometric action is periodic of period (p‘{,“ = ¢!, anda € R\Q, then

the only closed periodic orbits of the Hamiltonian equatior= X 5 (x), corresponding

1-1 to the closed geodesic of the Finsler metric, are the geodesics of the Riemannian metric,
which are invariant under the isometric actigr, .

From now on let us denote hy R — M a closed geodesic of the Finsler metric corre-
sponding toH ,, with minimal periodl” > 0, and by

z:R/TZ — H;' (1), & = Xg, (2),

the corresponding orbit of the Hamiltonian system.

The primary aim is to compute the Conley-Zehnder index af a closed Reeb orbit for
the contact form\, ;-1 ;y. This has to be carried out with respect to a suitably chosen
symplectic trivialization of the contact structufe

Note that, due to the fact that the Hamiltoniaiis and H, are homogeneous of degréee

the Hamiltonian flow forH,, satisfies

(5) qﬁ’}{a()\p) = )\qﬁtHa (p)fa A>0,peT"M.

Differentiating with respect ta. implies that the real lin®x(t) C «*T?T*M, where we
identify the pointz(¢) in the cotangent bundle with the vertical tangent vector at this point,
is invariant under the flow. Hence, the vect¢rst), ©(t)) € z*TT*M span an invariant
symplectic subbundle.

We call a trivialization ofx*TT* M standardif it is derived from any trivialization of the
vertical bundle along:. By means of the invariant symplectic subbundle framz) this
induces a symplectic trivialization of the contact structure.

In order to compute such a standard trivialization in concrete terms, one can proceed as
follows. Given any periodic isometric action: S' — M, such that the geodesicin
guestion appears as a closed orbitfthe prolongationy of ¢ preserves the contact
structure along: and its linearization provides a standard trivialization. Thus it remains to
find computable isometric actions in view of the geodesic under consideration.

2.1. Standard Trivialization in the concrete case ofS® c C2. Consider(M,g) =
(83, go) the standard unit sphere embedded 88, z2) € C?||z1]? + |22]?> = 1} with
theinduced round metric.

For the Finsler perturbation we consider the isomestieaction

(6) o (21, 22) = (€21, 25), t ER/Z.
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It follows that the only 4 remaining closed geodesic ffy lie in the thez;- andz,-plane,

. 27
+ — (p(1E2a)ti T =

1 (t) (6 70)a 1+ 204,
(7) 9

() = (0,0, 7= T

In order to determine the contact structure almﬁg note that the entire vertical subbundle
is contained in the kernel of the Liouvilleform pdq, and also the complementary complex
plane along:; ». It follows that in the coordinates of the ambient vector spa¢e< C? O
«*TT*S3, the contact structure*¢ is given by

(@F)"¢ = {0} xCx {0} x C

(8) (z3)*¢ = C x {0} x C x {0}

which is obviously trivialized by the constant trivializatidh, ) in the corresponding fac-
tor.
In the case of a lens spagé,/T" we have to choose suitably rotating trivialization<e?,
see below, such that they become compatible with the discrete group action of
Consider the following isometric group actionsZfr on the round sphere,

[,s: Z)r x §* — S,

0,(21722) — (eZTri/rZh6271'1’3/7"2,2)7

(9)

which is free if(r, s) are relatively prime] < s < r — 1. This gives rise to the lens space
L(r,s) = S*/T,,.

In order to determine the suitable trivializations(mfg)*g, we first note that
(10)

whereT is the respective period. For the trivializati®i alonge; this meansDo® (t) =
@ (t+T/r), etc. Since the contact structuyr@longz is obtained from the plane comple-
mentary to the one in which the geodesid&es, we haveDo = ¢275/" @ 275/ glong
¢t andDo = €2™/" @ e2™/" alongcy . (10) leads to the following compatibility condition
for the trivializationsdy,,

Dodi(t) E(t+£T/r),

= (I)1
(1) Do®F(t) = F(t+ sT/r),

where the latter can be transformed into

(12) (Do)*ey(t) =y (¢ £T/r),

with
ks=1 (modr).

We obtain for the trivialization component in the respective complex plane,
(1) = e¥2muIT,

(13) Cbg:(t) _ ei27rkt/T )
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3. INDEX COMPUTATION

3.1. AFormula for the Conley-Zehnder Index. Conside¥(t))o<¢<1 € Sp(2, R) given
by ¥, ,(t) = A(t)B(t) where

cosa(t) —sina(t) 0 0
| sina(t) cosaf(t) 0 0
(14) A(t) - 0 0 cos a(t) —sin a(t)
0 0 sina(t) cosa(t)
cos b(t) 0 sin b(t) 0
B 0 sb(t) 0 sin b(t)
(15) Bt)=|_ sin b(t) COb() cos b(t) i 0 ’

0 sinb(t) 0 cosb(t)
with a,b € C°([0, 1], R). Compute
det(1 — W¥(t)) = det (A~ () — B(t))
= |(cosa(t) — cosb(t) + (sina(t) — sinb(t))’]
[ (cosa(t) = cosb(t)* + (sina(t) +sinb(1))*]
Hence, the patl¥ satisfiesl(1) € Sp*(2,R) if and only if
(16) a(1) £ b(1) (mod 27) and a(1)# —b(1) (mod 2r).

Note that we also have alwayst ¥'(1) > 0, that is,¥(1) € Sp™ (2, R) if regular.
In order to determine the Conley-Zehnder ingé¥) of the given path we define

(17) a:=a(l) - F(l;:ﬂ o7 € (=, 7,
(18) bim b(1) — [b“;; ﬂ o € (—m 7).

Which extension of the pathgt), b(t) has to be chosen such thif2) = —1 depends on
the following case distinctionsiz| < |b] andb < 0. Due to the Lagrangian-orthogonal
form of A(t), the value of the index in each different case then depends orilylon\We
obtain following table for the index of the path¥:

b>0 b<0
(19) @l < (B | 2 [H0] | 2|40
jal > (B | 2|2 ] | 2[20)]

3.2. Computation for the contractible orbits. Note first that a closed Finsler geodesic on
the lens spacé(r, s) is contractible if and only if it lifts to a contractible geodesic gh
Hence, for the index computation we can work without the consideration fthection.
When computing the linearization of the Hamiltonian fl¢§¢ya along the Finsler geodesics
a7, We observe that

DYy, = Do, - Doy,

Since we can use the constant trivializatidni) for the contact structure from (8), the
corresponding path of symplectic matrice& ), reparametrized fdd < ¢ < 1 has exactly
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the shapel (¢t) = A(t)B(t) as in (14) witha(t), b(t) depending orzq—f2 as follows,

3a

aq:oalt)=-— T 20 2rt,

3
o oalt)= -2t

(20) %

T a(t)=— 2t
G 1+3a "

2
Gioalt)=—1 _Oé)a ont,

27t
1+ 2a’
2mt
1—2a’
27t
1+ 3a’
27t
- 1-3a’

where the negative sign in(t) stems from the definition af(¢) and the fact that the flow

of H; is the isometric action by rotation, in the
From this, we obtain

- 3o 9
c a=—
a 1+2a° "
3
cl &:—1 O; 2T,
— — 2«
(21) %
. a=-— 2T
=2 1+3a "
2
_ o 9
Q2 AT T3

complementary plane to the geodesic.

!

2
-2
1+2a° "
2
a 2T,
1 -2«
3am

2
1+3a" "
3

am o,

1 -3«

S

S

b

and, taking into account that we can choasg 0 arbitrarily small, the following indices

for the primitive orbits:

et =2[ ()| =4 ey =2| D] =2
(22) _ b(1) _ b(1)
uer) =2 | = uie) 2] =6,

which is consistent with the fact that the Finsler perturbation is equivalent with the Morse-

Bott approach to the round metric which gives
the type of a Grassmanni&ir(4, 2).

a critical family of contractible geodesics of

3.3. Computation for the non-contractible orbits. Taking care of the trivializations ad-

justed to thd,. ;-action we have,

U(t/T) = (BF,) ' Do, Doy .

Hence we obtain with (13) fat-fold multiple covers of the primitive orbits

3ac \n 2t n
T t) = (s — —27t, b(t) = -
e alt) (s 1+2a)r7r’ *) 1+2ar’
_ 3a \n 2nt n
23) neioa(t) = (=8 = g50)5m MO = 7500
2 n 2t n
e t)=(k— —2nt, b(t) = -
N a() ( 1+3a)7“ ™ (> 14+3ar’
_ 2c n 2t n
neyalt) = (=k—g—g) 2wt () = 5o

Moreover, note that the multiplicities have to be chosen according to the homotopy class

of ¢, that is we have 4 representatives of the

(24) cf, (r—1)ecq, scg,

same homotopy class, namely

(r—s)cy .
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3.4. The cases = 1. In this case, formula (23) provides for the 4 representatives of the
class ofncy,

3a 2nm 2nm
Fooa(l)=(1- k)= ——
ney o(1) ( 1—|—2a) r’ (1) r(1+2a)’
_ 2 _
(r—mn)eyq : a(l):(—lfl&y2 )r n27r, b(l)zl 7; ! n’
(25) ~— = —2a’ r —2a 7
20 | 2nm 2nm
A 1)=(1- ()= 2
neg o al) ( 1+3a) r’ (1) r(1+3a)’
_ 200 \r—n 2 r—n
(r—m)cy : a(l):(_l_l—i’)a) - 2m, b(1)=1_3a r

From this we compute in the case< n < Z,

net: G- l1—a 2nm i _ 1 2nm
—L- S 142a T (142a) 7]
(r — n)er &:17(3r71)a2n7r’ 8:7172ra2n7r’
net G- 14+ o 2nm i I 2nm
—=2 143 v 143a 7]
_ . 1-@r+Da2nt - 1—3ra2nm
(r—m)eg: a=——7"—"——  b=-— —_—,
_—= 1 -3« r 1-3a r

Sincer > 2 we obtain the indices

tnet) =2 [ 2| =2 ey =2 "] o,

e - 57 =2 s =2[Z2] =4

which is consistent with the non-Finsler Morse-Bott point of view that the corresponding
critical manifold consists of a disjoint union &F’s.
Inthe case thaf < n < r we obtain instead of (26) the conditions

(28)
. r—n+(n+2r)a2r - r—n+2ra2n
nel: a=-— = b=
— 1+ 2a r (1+2a) r
n(r — 1)e: d:_rfn+((3nf2)rfn)a277r7 B:rfn+2(n71)roz277r’
EE—— 1 -2« r 1 -2« T
L. r—n+@r—-n)a2r - r—n+3ra2r
ney: a=-— = b=
— 1+ 3a T 1+3a 7
~ . r=n+@2m+n-3r)ja2r > r—n+3r(n—1)a2r
711(7‘ Dey i a= 1 -3« r’ b=+ 1-3a r’
We obtain
b(1 b(1
ptnet) =2 | "]~ ety —2| "] 2
7r i
29
(29) _ b(1) _ b(1)
u((r —njey) =2 — | =0 u((r —njey) = — | =%

3.5. The Cases # +1 (mod r). Here, we can assume wlog that= 0, since already for
the round metric, the noncontractible solutions §a +1 are non-degenerate as can be
also seen from (23).

It turns out that for all cases df-, s) we always find(0,2,2,4) as index tuples for all
homotopy classes.
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We have
nef: a(l) = Zor, b(1) = “om,
r
r—mn)c; - a(l)= 2 1) = 2
(r—mer: a(l) = =2 Mor p1) = T2
(30)
nscy . a(l) = @2 , b)) = E27r,
T — SNn)c, a(l) = — — 2, 1 " or
( Jes (1) k:(rrsn) b(1) Trsn

4. HOLOMORPHIC CURVES

The computations of the previous section show that the contact homology groups of the unit
contangent bundleg L(r, s) are independent of, whether we look only at contractible
orbits or at the contact homology generated by periodic orbits in any other homotopy class.
The contact homology is generated by the periodic orbits themselves since they all have
even index and so the boundary map is trivial. Nevertheless there are finite energy curves
in ST*L(r,s) = T*L(r, s) \ O and we will use these to distinguish the contact structures.
We work with homogeneous coordinates : 21 : 2 : 23 : 24) in CP*. LetQ be the
quadric{3!_, 22 = 22}. ThenQ \ {z = 0} can be identified with the affine quadric

Q' = {321, w? = 1} by settingw; = z;/z. The real points = (., xy, x3, x4) of Q’

we identify with S3. Let

cosf) —sinf 0 0
sinf  cosf 0 0
(31) A= 0 0 coss —sinsf |’
0 0 sinsf  cossf
wheref = 22,
The mapr : T — AT gives a freeZ,. action onS? and the quotiens® /o is the Lens space
L(r, s).

We observe that extends to a freg,. action onQ’ and to aZ, action with fixed points on
Q.

The surfaceS = QN{zo = 0} = {2} +25+23+23 = 0} can be identified witlC P! x CP!.
To do this, choose homogeneous coordindtss : s1), (to : t1)) on CP* x CP! and
identify this point with the point

(Soto + 817517 72‘(80t0 — Sltl), Sotl — Slto, 71‘(80751 -+ Slto)) S S
In these coordinates the action®obn S becomes
o((s0:81), (to : t1)) = (€ CT50 1 51), (7% 2 1)).

The Fubini-Study form orf£ P* restricts to a symplectic form on S which is the standard
split form in our coordinates. The normal bundi@f S in @ has first Chern class. We
can identifyST*S3 with v\ S.

Let L be the unit normal bundle of with respect to an Hermitian metric. For a suitable
choice of connectiona on L the Reeb vector fiel® corresponding to the contact form
will be tangent to the fibers df. This is an example of a Morse-Bott contact form, see [1].
Thinking of L as a fixed length level set ifi* S, such a contact form can also be induced
from the round metric o1$3. We choose an almost-complex structureton ker o which

is invariant under the periodic Reeb flow and extend this to an almost-complex structure
Jonv\S = (L x (0,00),d(ta)) which is scale invariant and satisfid$%) = R.
SinceJ is R invariant it projects to give an almost-complex structureSoand in fact it
extends to give an almost-complex structre.omith holomorphic fibers. Restricted to the
bundle over a holomorphic curve B the complex structurd is automatically integrable
and defines a holomorphic line bundle over the curve. Thus finite energy curvess$h
correspond to curve€' in S together with meromorphic sections of a holomorphic line
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bundle. Zeros correspond to posivite asympotoic limits and poles to negative asymptotic
limits. Finite energy curves i8T*L(r, s) correspond tar invariant sections ovef’. In
order for the finite energy curve to have noncontractible asymptotic limits the €urveS
must be connected and the holomorphic curve inS become multiply covered.

To study such sections we calculate the action oh the fibers of over the fixed points

of the action. We recall that these fixed points correspond to geodesisvirhich are
invariant undew.

In our coordinates, the poif{0 : 1),(0 : 1)) € S corresponds te] and the action

on the corresponding fiber is multiplication k§f. The point((1 : 0),(1 : 0)) € S
corresponds te; and the action on the corresponding fiber is multiplicatior by . The
point (0 : 1), (1 : 0)) € S corresponds ta] and the action on the corresponding fiber is
multiplication bye??. The point((1: 0), (0 : 1)) € S corresponds te, and the action on
the corresponding fiber is multiplication ly *?.

The only isolated invariant curves irf arety = 0, t; = 0, so = 0 ands; = 0. We study
these separately.

to = 0 Suppose thaf is ac invariant section. Then it has either zeros or poles at the fixed
pointssy = 0 ands; = 0. In local coordinates lef(z) = Y a,z" nearsy = 0. Then
f(etD02) = ¢ f(2). Soifa, # 0we haven(s 4+ 1) = 1(r) orn = (s + 1)~ (r). We
note that ifs = —1(r) then such a section must be identically zero.

Nears; = 0let f(z) = 3 b,2", thenb,, # 0 implies thatn = s(s + 1)~ 1(r).
Since(s+1)"t+s(s+1)"! = 1(r) andc; (v)|¢,—0 = 1 there exist meromorphic sections
with (s+1)71(r) zeros atsy = 0 ands(s+1)~1(r) zeros at; = 0 and a number of poles
distributedo equivariantly at the other points.

Since a meromorphic section is determined up to scale by its zeros and poles, if these zeros
and poles are equivariant then so is the section itself.

Therefore such sections will project #7'* L(r, s) to finite energy holomorphic curves
with positive asymptotic limitg, c;” andgsc, and contractible negative asymptotic limits,
whereg; = (s+1)7!(r) andg: = s(s+1)"!(r). We check that indeeg ;" is homotopic

t0 —gac, .

t; = 0 Again we must have zeros or polessgt= 0 ands; = 0. Nearsy = 0 if f(z) =

>~ a,z" thena,, # 0 implies thatn = s(s + 1)7!(r). Nears; = 0 the zero or pole must
have order(s + 1)~!(r). Sinces(s + 1)~! + (s + 1)~ = 1(r) there exist sections with
zeros atsp = 0 ands; = 0 and poles elsewhere.

In ST'L(r,s) the sections correspond to finite energy curves with positive asymptotic
limits ¢ c5 andgzc;” and contractible negative asymptotic limits where= s(s+1)71(r)
andg; = (s +1)71(r).

We observe that the positive asymptotic limits here are homotopic to those in the case of
to = 0.

sop = 0 Now sections will have poles & = 0 andt; = 0.

A similar analysis to those above shows that we find finite energy holomorphic curves in
ST L(r, s) with positive asymptotic limitg; c; andg.c3 and contractible negative limits
whereq; = —(s — 1)7!(r) andgy = s(s — 1)~ 1(r).

s1 = 0 Sections here project to finite energy holomorphic curveSTiH L(r, s) with pos-

itive asymptotic limitsg;c; andgac; and contractible negative limits whege = s(s —
1)~Y(r)andgy = —(s — 1)~ ().

The positive asymptotic limits are homotopic to those in the casg ef 0.

Now suppose that there exists an orientation preserving contactomorpfism 7 L(r, s)

to T*L(r,s’). For convenience we suppose that’ # +1(r). Then¢ will push for-
ward our Morse-Bott contact form, on T'L(r, s) to a form 3 on T L(r, s’) generat-

ing the same contact structure as the Morse-Bott fagmon T L(r, s’). Suppose that
b«[cy] = n[cd]. Theng will map periodic orbits in the class[c; ] in T L(r, s) to peri-
odic orbits in the classn[cy ] in T L(r,s") forall0 < m < r.
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Lemma 4.1. With respect to a translation invariant almost-complex structure compatible
with the contact form, there exist finite energy spheresSfi™ L(r, s') with two positive
punctures asymptotic to orbits homotopictas(s + 1)~![cJ] and a negative puncture
asymptotic to a contractible orbit. Also, there exist finite energy spheres with two positive
punctures asymptotic to orbits homotopictms(s — 1)~![c5 ] and a negative puncture
asymptotic to a contractible orbit. Heres(s + 1)~! andns(s — 1) ~* denote the smallest
positive integers which take the given value modulo

Proof We show the existence of the first class of spheres. With respect to the contact form
[ we have curves T L(r, s’) with the same asymptotic limits as those described in
the lemma. It is required to show that such curves also exist given a complex structure
compatible witha,/. To this end, we look at the moduli space of finite energy curves from
CP*\ {0, 1, 00} with two positive punctures dt and 1 having the required asymptotics

and one negative punctureat asymptotic to a contractible orbit. This moduli space has
dimension4. With respect to the complex structure compatible witit consists of the
images under projection adof meromorphic sections in\ S overt, = 0 ort; = 0. By

fixing the positive asymptotic limits we will restrict to the image of meromorphic sections
overt, = 0. We restrict to a-dimensional moduli space as follows. Let: CP! \
{0,1,00} — R be the vertical (radial) component of our curveS# L(r, s') andv the
horizontalT! L(r, s") component. Let, be a fixed point on the noncontractible periodic
orbit giving the asymptotic behaviour@t Then we will require thada = (0)Na=1(0) # 0;

for x real, lim,_,q+ v(z) = xo; and the contractible negative limit lies in a chosen
dimensional subset of the orbit space. With respect to the complex structure compatible
with g3, if the surface is transverse tg = 0 the final condition fixes the position of our
pole (so determining the curve up to scale), and the two remaining conditions determine
the modulus and argument of the scale respectively. Therefore with respect to this complex
structure the moduli space contains a single curve.

Now we begin to deform the complex structure 0 L(r, s') to structures/y such that

we can holomorphically embed copies[efN, N] x T L(r, s") with its almost-complex
structure compatible with,. We do this such that0} x T L(r, ) maps to itself. For all
values ofN there still exist finite energy planes with the same asymptotic properties (in fact
an odd number). For this we need to check that the moduli space of such curves is compact.
Indeed, the symplectic form o$i'* L(r, s') is exact and so there is no bubbling of spheres.
Bubbling of finite energy planes would result in a finite energy plan§ii L(r, s’) with
respect to the almost-complex structure compatible WithThe remaining component
would then have at least two negative asymptotic limits. But such curves generically appear
in moduli spaces of dimension at most two and there are generically no such curves also
satisfying our conditions oa and the phase.

Following [4] we now take a limit a®v — oo. According to [2] the result is a nodal curve
whose components map to manifolds,, where—m < k < n for somem, n. Here

Wy = STL(r,s") with a complex structure compatible withfor —m < k < —my;

W_,,, = ST L(r, s") with a complex structure compatible withfor large negative and

a for large positivet; Wy, = ST'L(r, s') with a complex structure compatible with,

for —my < k < ny; W, = ST'L(r,s") with a complex structure compatible with,

for large negative and3 for large positivet; Wy, = ST* L(r, s") with a complex structure
compatible with3 for n; < k < n. We identify our[— N, N] x T*L(r, s) with increasing
subsets ofV.

We can form a tree from the limiting components. The components correspond to vertices
and branches join componentsTivi; and W, ; such that the positive asymptotic limits

of the component if¥; and the negative limits of the componentlifi,; have a Reeb

orbit in common. This common asymptotic limit results from a degenerating circle in
CP*\ {0,1, c0}.

Since ourJy-holomorphic curves are all of genQsvith two positive punctures, the com-
ponents of the limit abstractly fit together to form a connected génasrve with two
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positive punctures. All components must have at least one positive puncture (by the maxi-
mum principle) and so we observe that exactly one curve can have two positive punctures
and none can have more than two. The two positive punctures must be asymptotic to the
same required noncontractible orbits (at least up to homotopy). Now, some component of
our limit in W, has a horizontal tangency. Suppose that this curve is not of the type we
require, that is, it does not have two positive asymptotic limits. Then the union of the com-
ponents of our limit in othe;, must be nontrivial, not consisting solely of cylinders. The
most delicate case turns out to be when the componéhyiwith a horizontal tangency is
a planeP. We will discuss this case, if the component has negative asymptotic limits then
one can argue similarly.
The remaining components can be thought of abstractly as fitting together to form &curve
with two noncontractible positive limits and two noncontractible negative limits. Ignoring
for now the condition on having a horizontal tangency at heightippose that the plane in
Wy appears in a moduli space of unparameterized curves of dimedisidren since total
Chern classes are preserved in the compactness theorem described above, the moduli space
of components which have matching asymptotic limits which fit together to form a curve
of the typeC in our homology class must have dimensiosa: 8 — d (sinceP andC must
have a common orbit in &dimensional orbit space and together lie in a moduli space of
dimensiord).
Including the restraints, the dimension of possible plaRésd’ = d — 1 and the dimen-
sion of possible matching components constitutingvith the asymptotic conditions on
a positive limit and one of the negative limits has dimensibr= ¢ — 3 = 5 — d. But
the planes ilV; satisfying the condition on the horizontal tangent are invariant under the
circle action oni¥, preserving the fibers of the corresponding line bundle. Therefore such
planes can only haved — 1 = d — 2 dimensional family of possible asymptotic limits.
For such an arrangement to occur in our limit, this asymptotic limit must meet one of the
negative limits of the curvé€'. Therefore for generic choices of almost-complex structures
we have(d — 2) + (5 — d) > 4, giving a contradiction as required.

(Il
Now, since we know which homotopy classesTihL(r, s) can be asymptotic limits for
such curves the above lemma implies that either

s(s+ 1)t =4nt (s + 1) (r)ands(s — 1)t = +n "t (s — 1) 7H(r)

or
s(s+ 1) t=4n"ts(s' — 1) (r)ands(s — 1) = £t (s + 1) ().
Therefore ) .
s+1 _ s +1 44
ponnt s Gray G

Checking the possibilities this implies that= s'*!(r) and so the Lens spaces are diffeo-
morphic.
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