COMPLEXITY OF RANDOM SMOOTH FUNCTIONS ON COMPACT MANIFOLDS.

LIVIU I. NICOLAESCU

ABSTRACT. We prove a universality result relating the expected distribution of critical values of a
random linear combination of eigenfunctions of the Laplacian on an arbitrary compact Riemann m-
dimensional manifold to the expected distribution of eigenvalues of a (m + 1) X (m + 1) random
symmetric Wigner matrix. We then prove a central limit theorem describing what happens to the
expected distribution of critical values when the dimension of the manifold is very large.
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1. OVERVIEW

The goal of this paper is to describe a universal relationship between the distribution of critical
values of certain random functions on an arbitrary compact m-dimensional Riemann manifold and
the distribution of eigenvalues of certain random symmetric (m + 1) x (m + 1)-matrices. A special
case of this problem concerns the distribution of critical values of the restriction to the unit sphere
SN < RN+1 of a random polynomial of very large degree in (IV + 1)-variables.
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1.1. The setup. Suppose that ()M, g) is a smooth, compact, connected Riemann manifold of dimen-
sion m > 1. We denote by |dV| the volume density on M induced by g. We assume that the metric
is normalized so that
volg (M) = 1. ()

For any u,v € C*°(M) we denote by (u,v), their L? inner product defined by the metric g. The
L?-norm of a smooth function u is denoted by ||u||.

Let A, : C°(M) — C°°(M) denote the scalar Laplacian defined by the metric g. For L > 0 we
set

U'=U"(M,g):= @ ker(A—4,), d(L):=dimUy,.
A€[0,27]
We equip U” with the Gaussian probability measure.
a(L) HUH
dyt(w) = (2m) " F e |dul.
Fix an orthonormal Hilbert basis (U)o of L*(M) consisting of eigenfunctions of A,
Ag\lfk = )\k\Ijk‘, ko < kl = )‘ko < )\kl'
Then
Ut = span{ Uy, A < L2 }

A random (with respect to dv’) function u € U” can be viewed as a linear combination

= ) w,

A <L2

where u;, are i.i.d. Gaussian random variables with mean 0 and variance 0?> = 1. We have the
following technical result whose proof is contained in Appendix A.

Proposition 1.1. There exists Lo > 0 such that for any L > Lo, a function w € U" is almost surely
(a.s.) Morse. O

Remark 1.2. For any f € C°°(M) and any open neighborhood O of f in C°°(M) we can find
Lo > 0 such that for any L > Ly we have UY N O # (). Suppose that f is stable, i.e., f is Morse and
the critical level sets of f contain a single critical point. If O is sufficiently small, then any f' € O is
topologically equivalent to f, [17, Prop. II1.2.2]. This means that there exists a diffeomorphism ¢ of
M and a diffeomorphism ¢ of R such that ' = po f o U1, Thus, as L — oo the space U engulfs
all the possible topological types of stable Morse functions. O

For any u € C'(M) we denote by Cr(u) C M the set of critical points of u and by D(u) the set
of critical values' of w. If L is sufficiently large the random set U” > u +— Cr(u) is a.s. finite.
To a Morse function w on M we associate a Borel measure yi,, on M and a Borel measure o, on

R defined by the equalities
Z Ops Oy = Us(fly) = Z 5
pECr(u) du p) 0

Following the terminology on [3, 4] we will refer to o, as the variational complexity of u. Observe
that

Supp pi, = Cr(u), suppo, = D(u).

IThe set D (w) is sometime referred to as the discriminant set of .
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When u € U is not a Morse function we define Ly and o, arbitrarily. We set

_-m —_m

.. (am)h _ (4m)7 G
TUUrA+Z) T oer(24%) T AN+ %)

The statistical significance of these numbers is described is Subsection 2.2. We only want to mention
here that the Hormander-Weyl spectral estimates state that

dimUL = 5, L™ + O(L™ ') as L — . (1.2)

(1.1)

For L > 0, the correspondence UY > w + f1,, is a random measure on M called the empirical
distribution of critical points of the random function. Its expectation is the measure ;” on M defined

b
y /M fdut = /U ) ( /M fduu> dy (),

for any continuous function f : M — R. Note that the number
Nt = [t = [ |er)lint )
M Ut

is the expected number of critical points of a random function in U’
In [23] we showed that there exists a universal (explicit) constant C,,, that depends only on the
dimension m such that

NI~ G, dimUL ~ €52 (L)™ as L — oo, (1.3)

and the normalized measures )
=L _ L
dip” = NT du
converges weakly to the metric volume measure |dV;| as L — oo. This means that for L very large
we expect the critical set of a random u € U to be close to uniformly distributed on M.
Similarly, the random measure U > u &, has an expectation o := Er(oy) whichis a
finite measure on R defined by

Lot = [ ([ iovakon ) arta

for any continuous and bounded function f : R — R. Results of Adler-Taylor [1] (see Subection 2.1)
show that o~ exists. Note that
/ GL(dt) = NL.
R

1.2. Statements of the main results. In this paper we investigate the statistical properties of the
measure o~ as L — oo and then as m — oo. To state our results we need a bit of terminology.

For any ¢ > 0 we denote by R; : R — R the rescaling map R > = — tx € R. If u is a Borel
measure on R we denote by (R¢).u its pushforward via the rescaling map R;. We denote by ~,, the
Gaussian measure on R with mean zero and variance v > 0.

The central result of this paper states that as I, — oo the probability measures

1
L@ Yo
N VdimuUlL 7 *
converge weakly to a probability measure o, on R which can be described explicitly in terms of the

statistics of the the eigenvalues of certain random symmetric (m+1) x (m+1)-matrices. Additionally
we prove a central limit theorem stating that as m — oo, the probability measures o, converge
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weakly to a Gaussian measure «,. Before we give a more precise description of the measure o, we
need to point out a small annoyance which we will turn to our advantage.
Observe that if u : M — R is a fixed Morse function and ¢ is a constant, then

Cr(c+u) = Cr(u), fictu = ftu,

but
D(u+c)=c+ D(u), Outc=0c%* Oy,

where * denotes the convolution of two finite measures on R. More generally, if X is a scalar random
variable with probability distribution vy, then the expected variational complexity of the random
function X + w is the measure vx * o, where * denotes the operation of convolution. In particular,
if the distribution vx is a Gaussian, then the measure o, is uniquely determined by the measure
Vx * 0, since the convolution with a Gaussian is an injective operation.

It turns out that it is easier to understand the statistics of the variational complexity of the pertur-
bation of a random u € U, by an independent Gaussian variable of cleverly chosen variance.

We consider random functions of the form

Uy, =X +u=X,+ Z up Vg,
AR<L2

where the Fourier coefficients uy, are i.i.d. standard Gaussians, and X, € IN (0, w) is a scalar random
variable independent of the u;’s. In applications w will depend on m and L.

Since X, is independent of u we deduce that the expected variational complexity of X, + u is
the measure o on R given by
L
w

ol = E(ox, iu) =0 * ol (1.4)

NL:/daf;(t):/daL(t).
R R
L oLas L — oo

The first goal of this paper is to investigate the behavior of the probability measures ~-
for certain very special w’s. For reasons that we will shortly, we choose w of the form

Note that

w=w(m,L,r) =@y, L™ (1.5)

where r > 0 and the positive quantity w,, , are uniquely determined by the equality

2

Sm + @my = Th—m =57, (1.6)
m

Observe that as L — oo we have w(m, L,r) — oo so the random variable X, is more and more
diffuse. From the elementary identity

Sm = hm(m+2)(m+4), dyn=m+4)hy, (1.7)
we deduce that
m+4 _ r(m+4
S%:rm—l—?Sm’ Omr = (7(71—1—2)) —1) Sm- (1.8)

The inequality s > s;, shows that the parameter » must satisfy the m-dependent constraint

m+ 2
> m
“m+4 (Cm)
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For v € (0,00) and N a positive integer we denote by GOEY; the space Sy of real, symmetric
N x N matrices A equipped with a Gaussian measure such that the entries a;; are independent,
zero-mean, normal random variables with variances

var(a;) = 2v, var(a;) =v, V1 <i<j<N.

We denote by pn () the normalized correlation function of GOEY;. It is uniquely determined by
the equality

[ 70pa () = B, (i 1(4).

for any continuous bounded function f : R — R. The function py ,(A) also has a probabilistic
interpretation. For any Borel set B C R the expected number of eigenvalues in B of a random
A € GOEY is equal to

N / pN,v()‘)d)"
B

The celebrated Wigner semicircle theorem, [2, Thm. 2.1.1], [20, Eq.(7.2.33)], states that as N — oo
the rescaled probability measures

(R, ). (waVA)

converge weakly to the semicircle measure given by the density

()\)_LX V4U—)\27 |)\|§\/éE
Poowl ) i= 0, A > Vv,

We can now explain what we gain by working with the perturbed function w,, = X, + u. The
computation of oL uses the (conditioned) Gaussian random matrix

75 = (175" Hess(uw, p) | duw(p) = 0, uu(p) = L), (1.9)

where Hess(u,,,p) denotes the hessian of u,, at p and z is a fixed real number. The probability
distribution of this random matrix depends on the choice of w.

In Lemma 2.3 we show that if w is chosen according to the prescriptions (1.5), (1.8) where r > 1,
then the random m X m matrix (1.9) converges as . — oo to a sum between a GOEfnm -distributed
matrix and an independent normally distributed multiple of the identity; see especially (2.12). Once
this happens we can use a simple trick of Fyodorov [15] to express the limit as L — oo of the
expectation of | det Z%?| in terms of statistics of the ensemble GOEZ;’;l; see Lemmas C.1, C.2. For

example, in the extreme case r = 1, the random matrix Z%® + m"’i 7L converges as L. — oo to a

random matrix in the ensemble GOE!m.

None of the above nice accidents would take place if we did not perturb the function by the care-
fully chosen random variable X,,,. The choice of X, is essentially forced upon us by (2.12) and the
discussion in Appendix C, especially the equality (C.1).

We can now state the main technical result of this paper.

Theorem 1.3. Fix a positive real number satisfying r > 1. Let w = w(m, L,r) be defined by the
equalities (1.5) and (1.6). Then as L — oo the rescaled measures

1
L )
N Vs, L™ /%

converge weakly to a probability measure o, , on R satisfying the equality

ra2

Ty X Ye-n * (€74 pryy,—1(A)dN), (1.10)
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where x denotes the relation of proportionality of two finite measures. In particular, when r = 1 we

have
)\2
Om1 X € 1 ppmy11(A)dA.

The above result has several interesting consequences.

Corollary 1.4 (Universality.). As L — oo the rescaled measures

1
L (:R 1 ) O'L
N VdimuUlL 7 *

converge weakly to a probability measure o, on R uniquely determined by the convolution equation

Y 2 kO = (R m+4) Om,1-
m+2 m+27 *

The fact that the convolution equation

T = (R ) o
has a unique solution p can be seen easily by taking Fourier transforms. The above result shows that
the large L behavior of the average complexity o is independent of the background manifold M

and of the metric g. We do not have a more explicit and simpler description of o, and we doubt that
such a description exists.

Corollary 1.5. As m — oo, the measures o, converge weakly to the Gaussian measure ~ys.

1.3. Related results. The scaling limit of various statistical quantities associated to Gaussian random
fields in the high frequency limit has been studied in detail over the past fifteen years. In [27] S.
Zelditch investigates the volume of the zero set of such a random field and proves a related universality
result. The zero set of a random section of a large power of an ample line bundle over a Kéhler
manifold displays a similar universal scaling behavior; see [8] and the references therein.

The distribution of critical points (or energy landscape) of isotropic random functions on R was
investigated by Fyodorov [15, 16] who also relates this problem to the staistics of the eigenvalues
in the ensemble GOE,,, ;. Recently A. Auffinger [3, 4] has investigated the distributions of critical
values of certain isotropic random fields on a round sphere S™, where m — oo, and described a
connection with the distribution of eigenvalues of symmetric matrices in the ensemble GOE,,, .

The scaling limit of the distribution of critical points of random holomorphic sections of a large
power of an ample line bundle on a Kihler manifold was investigated by M. Douglas, B. Schiffman
and S. Zelditch, [11, 12, 13]. The dimensional dependence of the number of critical points of such a
random holomorphic section was described by B. Baugher, [6].

The universality result described in Theorem 1.3 is not an isolated phenomenon and fits a more
general pattern. To explain this, fix a measurable function w : [0, 00) — [0, 00) called weight. For
L > 0 we define the rescaled weight

s [0.00) -+ 0.0, wnlt) = ()

and consider the random function on M

ul =" \Jwr (Me?) Gy, (1.11)

k>0
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where C}, are independent normally distributed random variables. If w decays sufficiently fast as
t — oo, then ul is a.s. smooth.

The correlation kernel of the random function (1.11) can be identified with the Schwartz kernel of
the smoothing operator wr,(v/A). We can then ask about the behavior as L — oo of the expected
variational complexity of the random function (1.11). This is in turn conditioned by the regularity of
w: the more regular is w the more detailed is the information about this behavior. This paper covers
the "worst” situation, when w = I|q 1) is obviously discontinuous. Above and throughout this paper
we use the notation I 4 to denote the indicator function of a subset A of a given set .S.

In [24], a sequel to this paper, we investigate the random functions defined by weights w which are
smooth. We show that Theorem 1.3 has a suitable counterpart in this case. Moreover, the smoothness
of w allows us to provide additional nontrivial information that is not available in the singular case
w=1T [071} .

1.4. Organization of the paper. Let us briefly describe the principles hiding behind the above re-
sults. Theorem 1.3 follows from a Kac-Rice type formula [1, 11] aided by the refined spectral es-
timates of the spectral function of the Laplacian on a compact Riemann manifold, [7, 14, 18, 26].
Corollary 1.4 is a rather immediate consequence of Theorem 1.3 while Corollary 1.5 follows from
Corollary 1.4 via a refined version of Wigner’s semicircle theorem.

The basic facts coverning the Kac-Rice formula are presented in Subsection 2.1 while the proofs
of the above results are presented in Subsections 2.2, 2.3, 2.4. Appendix A is devoted to the proof
of Proposition 1.1. To aid the reader with a more geometric bias we have included two probabilis-
tic appendices. In Appendix B we have collected a few basic facts about Gaussian measures used
throughout the paper. In the more exotic Appendix C we discuss a family of symmetric random
matrices and some of their properties needed in the main body of the paper.

Aknowledgments. I would like to thank the anonymous referee for the many constructive sugges-
tions that helped me improve the quality of the present paper.

2. PROOEFS

2.1. A Kac-Rice type formula. As we have already mentioned, the key result behind Theorem 1.3
is a Kac-Rice type result which we intend to discuss in some detail in this section. This result gives an
explicit, yet quite complicated description of the measure o, More precisely, for any Borel subset
B C R the Kac-Rice formula provides an integral representation of o (B) of the form

oL(B) = / fr.0.5(0) [V ()],
M

for some integrable function fr ,, p : M — R. The core of the Kac-Rice formula is an explicit
probabilistic description of the density f7, ., B.
Fix a point p € M. This determines three Gaussian random variables.

(UL,’yf,) S Uy — Uy(p) €R,
(U, 7E) 2 uw — duw(p) € TEM, (RV.)
(UL ~AE) 5 uy, = Hessp(uy,) € S(TpM),

where Hessp(uy,) : TpM x TpM — R is the Hessian of u,, at p defined in terms of the Levi-Civita
connection of g and then identified with a symmetric endomorphism of 7, M using again the metric
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g. More concretely, if (:z:i)lgigm are g-normal coordinates at p, then

Hessp(ue,)0 E - IJ i -

As shown in the proof of Proposition 1.1, for L very large the map UY 5 u — du(p) € Ty M is
surjective which implies that the covariance form of the Gaussian random vector du,,(p) is positive
definite. We can identify it with a symmetric, positive definite linear operator

S(duw(p)) : TpM — TpM.

More concretely, if (2°)1<j<p are g-normal coordinates at p, then we can identify S ( du.,(p) ) with
am X m real symmetric matrix whose (4, j)-entry is given by

Sij(duw(p) ) = E(02,u0(p) - 0,iuw(p) ).
Theorem 2.1. Fix a Borel subset B C R. For any p € M define

frwB(P) = (det(?wS(uw(p) ))7% E< | det Hessp(uw)| - Ip(uw(p)) | du,(p) =0 ),

where E( var | cons ) stands for the conditional expectation of the variable var given the con-
straint cons. Then

- / fr05(D) |4V, (D). @.1)
M O

This theorem is a special case of a general result of Adler-Taylor, [1, Thm. 11.2.1]. The many
technical assumptions in Adler-Taylor Theorem are trivially satisfied in this case. In [23] we proved
this theorem in the case B = R and w = 0. The strategy used there can be modified to yield the more
general Theorem 2.1.

For the above theorem to be of any use we need to have some concrete information about the
Gaussian random variables (RV,,). All the relevant statistical invariants of these variables can be
extracted from the covariance kernel of the random function w,,. This is the function

L. M x M - R,
£5(p.q) = E(uw(p)uw(q)) = E(X +u(p)) - (X +u(q)))
=w+ Y W(p)Ti(g) = w+E"(p,q).

The function &~ is the spectral function of the Laplacian, i.e., the Schwartz kernel of Pr, the or-
thogonal projection onto U*. Fortunately, a lot is known about the behavior of £~ as L — oo,
[7, 14, 18, 26, 27].

2.2. Proof of Theorem 1.3. Fix L > (0. For any p € M we have the centered Gaussian vector
(RV,), w =0,
(UE A5 s u— (u(p), du(p), Hessp(u) ) e R® Ty M & 8(TpM).

We fix normal coordinates (x%);<;<,, at p and we can identify the above Gaussian vector with the
centered Gaussian vector

(u(p), (8xiu(p) )1§¢§m7 (a:%ixju(p) )1§i,j§m) EROGR™ S8y,

In [23, §3] we showed that the spectral estimates of Bin-Hormander [7, 18] imply the following
asymptotic estimates.
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Lemma 2.2. Forany 1 < 1,75, k,{ < m we have the uniform in p asymptotic estimates as L — oo

E(u(p)?) =s2L™(1+O0(L™")), (2.2a)

E(0,u(p)Oyu(p)) = dnLl™25;(1+0(L71)), (2.2b)

E (02 u(p)0kpow(p) ) = han L™ (6150ke + SixSj0 + 5z65]k)( +O0(L™)), (2.2¢)
E(u(p)ol ju(p) ) = —dnL™26,;(1+O(L7Y)), (2.2d)

E(u(p)dyiu(p)) = O(L™), E(0,u(p)dy, cu(p)) = O(L™F?), (2.2¢)

where the constants Sy, , dp,, hay, are defined by (1.1). O

Now let w = w(m, L, r) be defined as in (1.5), (1.6). Using the notation (1.8) we deduce from the
above that in the case of the random function u,, we have the estimates

E(uw(p)®) =smL™(1+0(L7)), (2.3a)
E(0,uw(p)dypitn(p) ) = dp L 26, (1+ O(L7)), (2.3b)
E(0%,;uw(P)0% itw(P) ) = b LT (850ke + Sikbje + 6iejk) (1 + O(L71)),  (2.30)
E(uy(p)02 uw(p) ) = —dnLl™25;(1+0O(L71)), (2.3d)
E(uw(p)ﬁziuw(p)) =0O(L™), E(@xiuw(p)ﬁijzkuw(p)) = O(Lm+2). (2.3¢)

From the estimate (2.3b) we deduce that
S(duw(p)) = dn L™ (1, +O(L7")),

so that
ﬂ m(m+2)
2

> (1+0(L™")) as L — cc. (2.4)

| det S(uw(p))| = (dm) = L

Consider the rescaled random vector
L , L L Lw, Lw,. Lw,
(s”,v", H") =(s"“P v P H™“P)

= (Lf%uw(p), L*mTHduw(p), L= Hessp uq, )

Form the above we deduce the following uniform in p estimates as L — oo.

E((s")?) =s2(1+0(L™)), (2.52)
E(vfv]) =dméi;(1+O0(L7Y)), (2.5b)
E(HEHE) = hin (815010 + 060 + 0:06) (1 + O(L71) ), (2.5¢)
E(s"HL ) = —dndij(1+0(L7")), (2.5d)
E(s"vf) =0, E(vfH]})=0(L"). (2.5¢)
The probability distribution of the variable st is
dyse(z) = %;%(L)*@_%WJU%

where its variance 5% (L) satisfies the estimate

52(L) =52 +O(L™").
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Fix a Borel set B C R. We have
(m+4)

E(|det Hess uy, (p) [T 5( uw(p) ) | duw(p) =0) = L7 E(| detHL]IL,%B(sL) | vl = 0)
12
m(m T 2ER@
=L (2+4)/ E(|detHLH5L::1:, vL:0)67|d:v\.
L %B 2753, (L)
::qL,p(L_%B)
(2.6)
Using (2.4) and (2.6) we deduce from Theorem 2.1 that
1\ 2 m
ol(B) = 1" | oL E B)oup)ldv (o)
27Tdm M
where pr, : M — R is a function that satisfies the uniform in p estimate
pr(p) =1+ 0O(L7Y) as L — 0. (2.7)
Hence m
1 ? I B 1 2 d
o (Rez) obB = (55 ) [ aa(Bor@ldv,e) 28)

To continue the computation we need to investigate the behavior of g7, ,(B) as L — oo. More
concretely, we need to elucidate the nature of the Gaussian matrix

zbe = (HL ‘ st =z, vt =0).

Lemma 2.3. Set

2r

The Gaussian random matrix Z™7 converges uniformly in p as L — oo to the random matrix A —
2khm,,
m

1., where A belongs to the Gaussian ensemble S " described in Appendix C.

")
Proof. We will use the regression formula (B.3). For simplicity we set
YE.= (o) e ReR™.
The components of Y are
YOI’:.SL, YiL:vZL, 1 <3< m.

Using (2.5a), (2.5b) and (2.5¢) we deduce that for any 1 < ¢, 5 < m we have

B(Y{V") = 8960+ O(L™Y), E(Y"Y}) = dpbyy + O(L™).
If S(Y'1) denotes the covariance operator of Y'”, then we deduce that

_ 1 _ _ 1
S(YL)O,% = 0 +O(L7Y), S(YL)ijl =4

m
We now need to compute the covariance operator Cov(H" Y*). To do so we equip S,, with the
inner product

§ij +O(L™h). (2.9)

(A,B) =tr(AB), A,B€ 8,
The space S,,, has a canonical orthonormal basis EQ 1 <17 <5 < m, where

= Eij;, i=]
By = -
K {\}iEij’ 1<)
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and E;; denotes the symmetric matrix nonzero entries only at locations (7, j) and (j,¢) and these
entries are equal to 1. Thus a matrix A € 8,,, can be written as

A=Y a;Eij =) By,
1<j 1<j

where

G = Qg t=1
“ \/5(11‘]‘, 1< 7.
The covariance operator Cov(H*, Y'*) is a linear map

Cov(HV, YY) :ROR™ = §,,

given by
Cov(H" V") (Z yaea> N EHLY yaEiy = EHEYF)y.Ei;,
1<j,o 1<j,x
where eg, ey, ..., e, denotes the canonical orthonormal basis in R & R™. Using (2.5d) and (2.5¢)

we deduce that
Cov(HL, YY) (Z yaea> = —yodml, +O(L7Y). (2.10)

We deduce that the transpose Cov(H¢®,Y¢e)V satisfies

Cov(H", Y)Y | > 4;Eij | = —dm tr(A)eg + O(L7). (2.11)

i<j
The covariance operator of the random symmetric matrix Z» = X Z% is then
S(zby = 8(HY) — Cov(HE, YH)S(YE) ™t Cov(HE, YE)V.
This means that
E(zf-2l) = (Ey, S(Z")Ew).
Using (2.9), (2.10) and (2.11) we deduce that
2

Cov(H" Y)S(YE) ™ Cov(H" YE)Y | Y ayEij | = d—ftr(A)]lm +O(L™h)
S

1<J m

d2
E((255)%) = hm+O(L™"), E(zfiz};) = hm — o O(L™), Vi< j,

E((25)?) = 3hm —CSZQJFO( D, i,

m
and

E(zz) = O(L7Y), Vi<j, k<t (i.5) # (k.0).
We can rewrite these equalities in the compact form

d2
E(zlez,fg) <hm — Sjj) 8ij0ke + P (Oik 00 + 0i00;1) + O(L™1). (2.12)

m
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The last equality is ultimately the main reason for our choices (1.5) and (1.8) in defining X,,. Note
that with r defined as in (1.6) we have

po_Gmanr-1
" 8% r
Hence

hom.

E(zE21y) = 26hin0ii0k0 + b (8050 + 036051) + O(
Using (B.4) we deduce that the expectation of Z
E(ZL) —

(2.13)
— Cov(H", Y1) S(Y")(zeg) = —————1 L. 2.14
oo(HY YIS reg) = — e Epln £ O @14)
This completes the proof of Lemma 2.3 O
We deduce that

li B =
Jim qrp(B) = ¢ (B

2
/ E g2rhm b ’det( x

e 257,
~r(m+4) Im) |)\/27Ts‘;,’1dm
oo
/E82m1 ‘det m+4) ,—h m)‘) ,TTS%
hu) % E d 1 Léd
= m) 2 5, t mYLlm )
)% [ B (Jaet(A = anyin) |)
where
o - Vsmoan 1
" rm A+ DVhm T
This proves that
lim (R
L—oo (

@
oS

sw)~3 )*qL’P(B) = (hm)2 /BEggf,l ( ‘ det(A 4 ]lm) Di;ﬂdy'

::#m(B )
Using the last equality, the normalization () and the estimate (2.7) in (2.8) we conclude

1

1 [ hym \2
- LBy=— (=2 B
L—o0 S%Lm(m(smm)*%)*a‘”( ) 27 d,, i (B)

(2.15)
(1.7) 2 2 m
D (2 ) (14
<m+4> + 2 tm(B)
In particular, this shows that

'
NE~sorm (=) T(1+5) (R

o (220) 0 (14 )
Observe that the probability density of p,, is

dibm,

2
Yy
Y e z
= By (| det(a- 7;]1,,1) )
We now distinguish two cases

(2.16)
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Case 1. » > 1 From Lemma C.2 we deduce that
E det(A— 21
53,;"1 (§ m

7))

m+3 m—+ 3 / L(}\ (T +1)L) +(7' +1)y
=227T 6 4r2 NG d)\,
< 9 > Tm Pm+1,1(

2 K r—1
T = = .
k=1 r+1

2.17)

where

Thus

N ‘

. 221192 .
dpm 5T, (m;r?)) ; iﬁe(ﬂ“ﬂy / pmH’l()\)Bfﬁ(xfﬁzﬂ)%yd)\
TV K R

m+3 m+3 L()\ (r24+1)L)2— ry?
=2 r ar2 vl 2 g,
2 < 5 > QW\F/pm+1l A

An elementary computation shows that

2
1 v\ P 1 1 r
i (20T ) _2(7“+1):_4A2_( D 2(—1>> |

Now set

1
We deduce
d,um m+3 m—+3 1 132 _B(y_ 2
ZEm 9 r(="° - (A=ry)
dy i ( 2 )zw\/ﬁ P i e dX
(CERVIDN)

—L(x—y)?
5 >27Tf/\fpm+11f)\) dA
(C.6)  m+3 m—+3 /
2 r A
2 < 92 ) \/m Rpm-i-l,l/r( )

Using the last equality in (2.15) and then invoking the estimate (1.3) we obtain the case r > 1 of
Theorem 1.3.

dv (y A)dA.

Case 2. » = 1. The proof of Theorem 1.3 in this case follows a similar pattern. Note first that in this
case k = 0 so invoking Lemma C.1 we obtain the following counterpart of (2.17)

L—&-‘l m—+ 3 y2
EGOE}W(‘det<A_y]1m> D =227 <2> €T pm11(y)-

Using this in (2.16) we deduce immediately (1.10) in the case » = 1. This completes the proof of
Theorem 1.3.
d
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2.3. Proof of Corollary 1.4. We use Theorem 1.3 in the case » = 1. Using (1.4), (1.5) and (1.8) we
deduce that when » = 1 we have

wm+2 I I

smzsmm, o, :7%*0 . (2.18)
We deduce
;L (Rﬁ)*ag - (R@)* <J\1rL <R¢JT)U£’> . (2.19)
Using (2.18) we deduce that
%(3{;) af,:fyz*<1L<ﬂz ) 0'L>. (2.20)
N Vem LT/ % m+2 N Vem L™/ %

Using the spectral estimates (1.2), the equality (2.19) and Theorem 1.3 with » = 1 we deduce

1 1
: N (Rt ), 7") = Jim g (R ) ol = (% ) o
Ll—I;gofymi-&-Z * <NL snlle *0 L1—>Ht;lo NL sﬁiLm *Uw \/ﬁ *O'm+171

We can now conclude by invoking Lévy’s continuity theorem [19, Thm. 15.23(ii)]. Here are the
details.
Denote by 1(¢) and respectively uZ (€) the Fourier transforms of the measures

1 1
(ZR 1 ) af, and respectively —(fR 1 ) ol
* N *

ﬁ V8%, L™ L Vsm L™
1 2
Observe that the Fourier transform of the Gaussian measure v_2 ise (m+2) €% Then (2.20) implies
m—+2
1 2
uh(©) = e @l g, (221)

Theorem 1.3 coupled with Levy’s theorem imply that the family of functions % (€) has a limit 2% (€)
as I — oo. Hence the family () has a limit x> (€) as L — oo satisfying

o (€) = e o ).

The limit pg () is the Fourier transform of

R ) o
+4 m+1,1-
( \/ 2-&-2 *

Invoking Levy’s theorem again, we deduce from (2.21) that the measures

1
L et
N NEXOYA
converge as L — 0o to a measure o, whose Fourier transform is u”(¢). The equality

Y_2_ *Om = (:R m+4) Om,1,
*

m—+2 mi2

is the Fourier inverse of the equality (2.21). O
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2.4. Proof of Corollary 1.5. By invoking Levy’s continuity theorem and Corollary 1.4 we see that
is suffices to show that the probability measures o, 1 converge weakly to the Gaussian measure .

Set

Rm(ﬂj) = \/TTmeJrl,l(\/T»nx) = pm—i—l,%(l‘)’
1
Roo(l’) = %I{‘ﬂSQ} V 4 — 332.

Fix ¢ € (0,2). In [23, §4.2]. we proved that
lim sup |Rm(z) — Roo(z)| = 0,

m—r0o0 ‘CE|<C

sup |Rim(z) — Roo(z)| = O(1) as m — oo.
|z|>e

A2 T - A 1 A2
m ANe T =4/ —Rp B
p +171( )6 4 m <\/ﬁ> \/Ee 4

We deduce that

and

Im::/pm+11 4d)\_\/47r/R “ 1 l’_\/47T/R
R

The estimates (2.22a), (2.22b) imply that
m \/47TROO(0)7’I’L_% as m — 0o.

To prove that the probability measures

1 A2
Tpm+171(A)€_TdA

converges weakly to 7y, it suffices to show that the finite measures
1 a2
U = M2 pmi11(A)e” T dA

2
converge weakly to the finite measure Vo := Roo (O)e_ATd/\.
Let f : R — R be a bounded continuous function. Using (2.23) we deduce that

[ 50 = [ 7R~ En)e

We deduce that
[ 100 = [ 5 0r) = [ 500 (B 40) = R 0)) ¥
= /Rf(A)I{AKc\/m} (Rm(m_%x) - ROO(O)) e d
Am
+/Rf(/\)f{|x|>c\/m} (Rm(mf%fc) - Roo(0)> e dx.
B

(2.22a)

(2.22b)

(2.23)

x)dy2 ().

m

The estimate (2.22a) coupled with the dominated convergence theorem imply that A,,, — 0 as m —
0o. The estimate (2.22b) and the dominated convergence theorem imply that B,, — oo as m — oc.

O
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APPENDIX A. PROOF OF PROPOSITION 1.1

We will prove that there exists Ly > 0 such that for any L > L the space U* is ample, i.e., for
any p € M and any { € T; M there exists u € U’ such that du(p) = £. We can then invoke [22,

Cor. 1.26] to conclude that the functions in U are a.s. Morse.
Choose smooth functions fi, ..., fxy : M — R such that the map

M>p— (Ap),...,fn(p)) €RY

is a smooth embedding. Denote by F' the subspace of C°° (M) spanned by the functions f1,..., fn
and by Py, : L?(M) — U the L?-orthogonal projection onto U”.

Lemma A.1.
. |f = Prfllce
im sup ————=

=0.
Lsoopepvo 1 flle2

Proof. Fix abasis ¢1,...,p, of F, v = dim F' so that any f € F' has a unique decomposition
14
=Y (e, =(f) R
i=1

Since dim F' < oo the C?-norm on F' is equivalent with the norm

v

A1 =D l2a(f)-

i=1
We have

124
|f = Prflle2 < z; lzi(f)Illes — Preillcz < |1 FIIF [nax i — Proil|c2
1=

) P
< € (max llos = Pugilen )1 fllee.

for some constant C' > 0. Now observe that

o i — Pryillcz — 0 as L — oc.

O
To prove the ampleness of U for L large we argue by contradiction. Thus, we assume that for
any positive integer n we can find p,, € M and a tangent vector X,, € T}, M such that
| Xnlg =1, du(X,)=0, VuecU".

Upon extracting a subsequence we can assume that p,, — p., and X;,, — X € Tp M asn — oo.
Since the space F' is obviously ample we can find f5, € F such that dfso(Xs) = 1. Set u,, :=
P, f~- Then du,(X,,) = 0 for any n and

|df oo (Xn)| = }d( foo(Xin) — un(Xn))} <foo = Pafoller < enllfoollozs

where €, — 0 as n — oo according to Lemma A.1. On the other hand
Afoo(Xpn) = dfo(Xoo) = 1.

This contradiction completes the proof of Proposition 1.1. O
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APPENDIX B. GAUSSIAN MEASURES AND GAUSSIAN VECTORS

For the reader’s convenience we survey here a few basic facts about Gaussian measures. For more
details we refer to [9]. A Gaussian measure on R is a Borel measure g U= 0, m € R, of the form
2

1 (z—p)?
dx) = e dx.
Fylu,v ( ) \/%
The scalar (4 is called the mean, while v is called the variance. We allow v to be zero in which case

Y ,,0 = 0y = the Dirac measure on R concentrated at p.
For a real valued random variable X we write
X € N(p,v) (B.1)

if the probability measure of X is 7y, ,,.

Suppose that V is a finite dimensional vector space with dual V. A Gaussian measure on 'V is a
Borel measure v on V' such that, for any ¢ € V'V, the pushforward &, (7y) is a Gaussian measure on
R,

&) = Y@ o)
One can show that the map V'V > ¢ + u(¢) € R is linear, and thus can be identified with a vector
w., € V called the barycenter or expectation of v that can be alternatively defined by the equality

n, = /V vdy(v).

Moreover, there exists a nonnegative definite, symmetric bilinear map
:VVxVY SR suchthat 0(€)? = X(¢,€), VEe VY.

The form X is called the covariance form and can be identified with a linear operator S : V¥V — V
such that

(& n) = (& 8n), VE&,neVY,

where (—, —) : V¥ x V' — R denotes the natural bilinear pairing between a vector space and its
dual. The operator S is called the covariance operator and it is explicitly described by the integral
formula

(& 8n) =A(&n) = /V<§,v — ) (n,v — p)dy(v).

The Gaussian measure is said to be nondegenerate if X is nondegenerate, and it is called centered if
1 = 0. A nondegenerate Gaussian measure on V' is uniquely determined by its covariance form and
its barycenter.

Example B.1. Suppose that U is an n-dimensional Euclidean space with inner product (—, —). We
use the inner product to identify U with its dual UY. If A : U — U is a symmetric, positive definite

operator, then
1

1 —1
d x) = n—e_i(A W) | dy (B.2)
) = VA A e
is a centered Gaussian measure on U with covariance form described by the operator A. O

If V is a finite dimensional vector space equipped with a Gaussian measure vy and L : V' — U is
a linear map, then the pushforward L.~ is a Gaussian measure on U with barycenter

lJ‘L*W = L(l"’w)
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and covariance form
Y., : U xUY =R, Bg.4(n,n) =2,(Ln, L), VneU",

where LY : UY — V'V is the dual (transpose) of the linear map L. Observe that if 7 is nondegenerate
and L is surjective, then L, is also nondegenerate.

Suppose (8, 1) is a probability space. A Gaussian random vector on (8, 1) is a (Borel) measurable
map

X : 8 =V, V finite dimensional vector space

such that X, p is a Gaussian measure on V. We will refer to this measure as the associated Gauss-
ian measure, we denote it by yx and we denote by Xy (respectively S(X)) its covariance form
(respectively operator),

Note that the expectation of yx is precisely the expectation of X. The random vector is called
nondegenerate, respectively centered, if the Gaussian measure yx is such.
Let us point out that if X : § — U is a Gaussian random vector and L : U — V is a linear map,
then the random vector LX : 8 — V is also Gaussian. Moreover
E(LX)=LE(X), Zrx(£¢) =2x(LYE LYE), Yee VY,

where LY : V¥ — UV is the linear map dual to L. Equivalently, S(LX) = LS(X)L".

Suppose that X; : § — V1, j = 1,2, are two centered Gaussian random vectors such that the
direct sum X7 ® X9 : 8§ — V1 & V4 is also a centered Gaussian random vector with associated
Gaussian measure

VX18Xs = DX 06X, (T1, T2)|dx1dTs|.
‘We obtain a bilinear form
COU(Xl,XQ) : V\l/ X Vg/ — ]R, cov(Xl,Xg)(§1,§2) = 2(51,52),

called the covariance form. The random vectors X; and X5 are independent if and only if they are
uncorrelated, i.e.,
cov(X1,X2) =0.
We can then identify cov(X7, X3) with a linear operator Cov (X1, X2) : Vo — V1, via the equality
E( (&1, X1) (&2, X2) ) = cov(X1, X2)(&1,&2)
= (&,Cov(X1, X)E}), V& € VY, &LeVy,
where f; € Vo denotes the vector metric dual to . The operator Cov(X;, X32) is called the

covariance operator of X1, Xo.
The conditional random variable (X1|X2 = z2) has probability density

_ le@X2($1,$2)
Jv, pxiax, (1, 22)|dz1 |

For a measurable function f : V; — R the conditional expectation E(f(X1)| X2 = x2) is the
(deterministic) scalar

B(f (X)X = @) = /V @)D Xy (1)1 |

p(Xl\XQ:mz)(xl)

If X5 is nondegenerate, the regression formula, [5], implies that the random vector (X1| Xy = z2) is
a Gaussian vector with covariance operator

S(X1|X2 = .1‘2) = S(Xl) — COU(Xl,XQ)S(XQ)_l COU(XQ,Xl), (B3)
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and expectation
E(X1|X2 = .232) = 01‘2, (B4)
where C is given by
C = Cov(X1,X2)S(X3)™ (B.5)

APPENDIX C. A CLASS OF RANDOM SYMMETRIC MATRICES

We denote by 8, the space of real symmetric m x m matrices. This is an Euclidean space with
respect to the inner product (A, B) := tr(AB). This inner product is invariant with respect to the
action of SO(m) on 8,,. We set

~ Ej, i=j
E;; = { K J

%Eﬁ, i<j.

The collection (EZ])ZS j is a basis of §,,, orthonormal with respect to the above inner product. We set

PO S 1=
E \/iaij, 1< J.

The collection (d;;);<; the orthonormal basis of 8/, dual to (E;;). The volume density induced by

this metric is

i<j 1<j
Throughout the paper we encountered a 2-parameter family of Gaussian probability measures on S,,.
More precisely for any real numbers u, v such that

v > 0,mu+ 2v > 0,

we denote by 85" the space S, equipped with the centered Gaussian measure dI',, ,(A4) uniquely
determined by the covariance equalities

E(aijakg) = udijékg + ’U((;ikéjg + 5i25jk)7 Vl S i,j, .k, £ S m.
In particular we have

E(af) = u+2v, Elagaj;) =u, E(a)=v, V1<i#j<m,

i iJ

while all other covariances are trivial. The ensemble 8701;“ is a rescaled version of the Gaussian Or-
thogonal Ensemble (GOE) and we will refer to it as GOE?, .

For v > 0 the ensemble §,;" can be given an alternate description. More precisely a random
A € 8, can be described as a sum

A=B+ X1,, BcGOE!

m)

X € N(0,u), B and X independent.
We write this
8§V = GOEY, + N (0, u)1,y,, (C.1)
where + indicates a sum of independent variables.
The Gaussian measure dI', ,, coincides with the Gaussian measure dI';, 42, 4., defined in [23, App.

B]. We recall a few facts from [23, App. B].
The probability density dI',, ,, has the explicit description

1

m(m+1)

(2m)— 1 /D(u,v)

dru,v(A) — efﬁ trA27“7/(trA)2‘dA”
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where
D(u,v) = (20)m=D+(% )(mu +20),

and

| 1 1 u
- <mu+2v B 21}) ~ 20(mu + 20)
In the special case GOE}, we have u = v/ = 0 and
Lo, (A) = %e—ﬁ A 4. (C.2)
(2mv) 7
We have a Weyl integration formula [2] which states that if f : 8§,, — R is a measurable function

which is invariant under conjugation, then the value f(A) at A € §,,, depends only on the eigenvalues
A(A) < - < Ay (A) of A and we have

m

1 >\12
Ecory (f(X)) = FO, - Am) H X — | He*ﬂ Ay -+ - dAm,

Zm(v) Jpm 1<i<j<m i=1

/

= Qumw(N)
(C.3)

where the normalization constant Z,,(v) is defined by

m )\2
/ IT =Nl e #ldr - dAnl
i=1

1<i<j<m

mm m ,\12
— (20)™ +”/ IT = MIT]e % ldn - drnl.
i=1

1<i<j<m

=:Zm
The precise value of Z,, can be computed via Selberg integrals, [2, Eq. (2.5.11)], and we have

'HF< ) (C4)

For any positive integer n we define the normalzzed 1-point corelation function p,, ,(z) of GOE;, to
be

m
2

Zm

1
pn,v(x) = m _— Qn,v(xv A2, .in,y )\n)d)\l <o dAp.
For any Borel measurable function f : R — R we have [10, §4.4]
*EGOE“ 131“ f / f pn v (C.5)

The equality (C.5) characterizes p,, ,,. Let us observe that for any constant ¢ > 0, if

A € GOEY <=cA € GOES" .

Hence for any Borel set B C R we have

/ pn,c2v(x)dx_/ pn,v(y)dy'
cB B

CIOTL,CQ’U(C:U) = Pnw (y)7 Vn,c, Y. (C.6)

‘We conclude that
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The behavior of the 1-point correlation function p, ,,(x) for n large is described by Wigner semicircle
law which states that for any v > 0 the sequence of measures on R

Pnon—1 (l‘)dx = n%pm} (’I’L%l’)dl‘

converges weakly as n — oo to the semicircle distribution

Poc,w(@)|dx] = I{|z|<2f}2 Vv — 2?|dz.

The expected value of the absolute value of the determinant of of a random A € GOE], can be
expressed neatly in terms of the correlation function p;,41,,. More precisely, we have the following
result first observed by Y.V. Fyodorov [15] in a context related to ours.

Lemma C.1. Suppose v > 0. Then for any ¢ € R we have

3 2
l'jGOE}j1 ( ‘ det(A - C]lm)| ) - 22 (2’1)) 2 F (Tn;_> €Epm+1’v(0)-

Proof. Using the Weyl integration formula we deduce

Ecogpy (|det(A—cly,)|) = / He 4u\c_)\ ,H,)\ — AjldAL - dA
1<j
C2 m 2
e _e o M
:Zm(v)/me vlle 4“|C—Aili[[j|A¢—AjldA1---dAm

2
e Zpy(v) 1
= T (0) Za () Ja Grte(@ AL An)dA - dAn

C2 62
ewZ v t1e40 72
mt1 2 m+1 3 m+3\ 2
= (m+ )V T () ) = 280" (M) (o)
g
The above result admits the following generalization, [3, Lemma 3.2.3].
Lemma C.2. Let v > 0. Then
m 3 (c—2)? 42
Eguo(|det(A—cly)|) = 22(20) A <m; > \/2—/ pmt1p(c—z)e A 2udr.
U
In particular, if u = 2kv, k < 1 we have
s o mo (m+3 (CN LR Sl
Esgrzfv,v(|det(A—c]lm)|) =22(20)2T < 5 ) Nz / Pm+1,0(C— x) 2 dz,
(Ai=c—x)
s, om (m+3\ 1 - (@ e S
=22(2v)2T | —— Pmtip(N)e d,
2 27k Jr
where
tk = = —
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Proof. Recall the equality (C.1) 85" = GOEY, +N (0, u)1,,. We deduce that

Eguo(|det(A—cly,)|) = E(det(B+ (X —¢)1)])
1
V2ru

1 o2
= E v (|det(B — (c—x)1,,)| )e 2vdx
—— | Beom, (1det(B ~ (¢~ a)1,)])

3 mi1_ (m+3 1 (c=a)® 22
= 22 (21}) 2 F (2> \/ﬁ /Rpm+17U(C —_ :L‘)e 4v 2u d;v

22
/ Ecory, (|det(B — (¢ — X)1p)| | X =2)e 2edx
R

Now observe that if © = 2kv then

(c—x)? 22 72 1, 9
ST T L 29
4v 2u 4kv * 4v (@ cx +¢)
1 L o 22\, CA+1) 1 22, CL+1)
= — (—=a? - 2cx — S t ST
4’0( t%x e k>+ 4v 4Uti(aj+ kel 4v
O
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