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Abstract

| am trying to understand the work MacPherson.

Contents

1 Whitney strati cations of analytic spaces

x1.1 Regularity conditions . . . . . . ... ...
x1.2 Whitney strati cations: existence. . .. ... ... .. .. .....
x1.3 Whitney strati cations: local structure. . . . . .. ... .. ....

2 The Euler characteristic
3 The Euler obstruction
4 The Chern-MacPherson classes

Notations

i= IO_1.

N=Zo= n2Z; n 0.
For any set S we denote byls the identity map S! S. For any subsetA
by a the characteristic function of A.

Notes for myself and whoever else is reading this footnote.

O oNN

16
17

18

S we denote



1 Whitney strati cations of analytic spaces

x1.1 Regularity conditions The Whitney strati ed spaces are topological spaces to-
gether with a partition S= fS;; i 2 Iginto locally closed subsets calledstrata which
are (open) smooth manifolds and "interact" in a special way. The exact meaning of this
interaction is speci ed by the Whitney regularity conditions

De nition 1.1.  SupposeX;Y are disjoint smooth submanifolds in the Euclidean space and
x 2 Y\ X. The triple (Y;X;x) is said to be Whitney regular (or that Y is W -regular over
X at x) if given a sequenceXn;yn) 2 X Y such that(xn;yn) ! (X;x) and the unit radial
vector ¥, = ﬁ(yn Xn) pointing from X, to y, converges tov and Ty, Y converges to
T then

v2T:

In particular
lim] (Xnyn; Ty, Y)=0 mod

Let (Y; X;x) as in the above de nition and denote by x -the nearest point projection
onto X, and by h(y) the line y x (y). We present an equivalent characterization of the
W -regularity.

Proposition 1.2. The manifold Y is W -regular over X at x if an only if the following two
conditions hold.

A. Given a sequence of pointsy, in Y such thaty, ! x andTy,Y ! T thenTyX T.

B. If y, is a sequence inY such thaty, ! x, Ty,Y ! T and the line h(y,) ! h then
h T.

For a proof of this proposition we refer to [6]. As explained h [6] we can avoid sequences
altogether in (A) and (B). To get a feeling of the meaning of these regularity conditbns we
include below a few geometric consequences.

Proposition 1.3. SupposeX;Y are open submanifolds of the Euclidean spadé and x 2
X\ Y. Let x denote the distance-fromX function.

@) If (Y;X;x) satis es the condition A in Proposition 1.2 then there exists a neighborhood
U of x 2 E such that x jy\y is a submersion.

(i) B=) A,ie.if (Y;X;x) is B-regular then it is also A-regular.

(i) If  (Y; X;x) satis es the regularity condition W then x has a neighborhoodJ in E such
that the map

(x x)iny! X (0;1)

is a submersion.

Example 1.4. Let us give some examples of situations when the regularity anditions are
satis ed. Consider rst the example depicted in Figure 1(a). Denote by G the open grey
rectangle,By; ; B4 denote the openblack edges, andR; : R4 the red vertices. Observe
that ( G; Bj; p) is W-regular for any p 2 B;. Also (G;R;; R;) is W-regular.



@ B ®

(b)

©

G

Figure 1: A manifold with corners, a cuspy? = x2 and an Euclidean cone.

In Figure 1(b) we have depicted the real part of the cubic cusp i.e the complex plane
curve described by the equation

C:=fy?=x% (xjy) 2 C?g;

Topologically C is a cone over a circle, more precisely the trefoil knot inS3  C2. If
We denote by C° the smooth part of this curve. The origin O is a singular point of the
curve. We want to show that C% O; O) is B-regular which in this case means that ifp, is
a sequence of points o€ converging to O such that T,,C! T andOp,! “then™ T.
SetP(x;y) = x3 y?sothatr P =(3x%2y) If we write p, = (t2;t3) = t2(1;t,) then

rP(pn)=@Bth 2t3) = t3(3tn; 2):

Ast, ! 0 the line Op, converges to the lineOpgp, po = (1;0) which is the x-axis. Moreover
Tp, C converges to the line given by the equation 2y = 0 which is the axis so that * = T.

In Figure 1(c) we have an Euclidean cone over a circle. We deme by G the complement
of the vertex R. It is easy to see that G;R; R) is W-regular. There is however a major
di erence between the cone in (c) and the topological cone ir{b). Although both spaces are
homeomorphic, they are not di eomeorphict. Note that in the case (b) the tangent spaces
Tp, C converged to a unique position, thex-axis. For the Euclidean cone in (c) tangent
spaces could converge to several limiting positions. It isasy to see that in this case the set
of limiting positions can be identi ed with the circle the co ne is based on.

Example 1.5. It is perhaps instructive to give examples when some of theseegularity
conditions fail.

A In Figure 2 we have depicted the real part of theWhitney umbrella, that is the singular
complex hypersurfaceW in C® de ned by the equation

w(x;y;z) = x2 zy?=0:

lwhatever that means.



Figure 2: Whitney umbrella x? = zy?.

This surface contains the originO (marked in red on Figure 2), and two lines, they-axis
and the z-axis. W is singular along the z-axis (depicted in black). Let X denote the z-axis
and Y the complement of X in W. We claim that Y is not A-regular over X at O.

Along the y-axis we have line we have

rw=2x; 2zy; y>)=(0:0; y?):

If we choose a sequence of points, ! 0 along the y-axis then we se€Tl,, Y converges to
the plane
T=fz=0g+ ToX:

Figure 3: Whitney cusp y2+ x3 z2x2=0.
A Consider the Whitney cusp, that is the hypersurface U of C2 described by the equation

f(xy;z)= y2+x3 z2x2=0:



It is easy to construct a normalization of this surface. It is given by the map?
u:C21 U; (s;t) 7! (s? t%s%t t3s)2 U:

Using this normalization we can use the plot3d procedure in MAPLE to generate the
image of the real part of this surface depicted in Figure 3.

The vertical line visible in Figure 3 is the z-axis. Clearly the Whitnhey cusp is singular
along this line. The surface has a "saddle" at the origin. Demte by X the z-axis, and by
Y its complement. We claim that (Y; X;O) is A-regular, but not B-regular. We have to
show that

j@f (p)j P :
ir T (D) I 0 ifp=(x;y;z)! O alongU: (1.2)

Observe that
rf=0Bx% 2xz?%2y;2zx%)

Obviously (1.1) holds for all sequence$n = (Xn;¥Yn;zZn) 2 U such that z, =0, 8n 1. If
(x;y;z)! OalongU\f z60gtheny?= x%z2 x)

jr 1j2=4jx%zj2 +4jyj? + j3x?  2xz%j% = 4jx%zj> + 4jxj%jZ® X%+ jxj%j3x 223

Then

jir fj2 - 4ixj%iz%  xj®>  ixj33x  2z%°
j@fj2 4jx2zj2 4jx2zj2
_14 L 22 X 2+ jxj2j3x 222j2:1+ 1z }2+ z iz(xiz)!lo
4 xz 4jx2zj2 4 x z X 2z
To show that condition B is violated at O we need to nd a sequence
U3pn=(Xni¥n;zZn)! O
such that
T, U T, nI!i{n h(p,)= h; and h6 T: (1.2)

The line is the line spanned by the vector &,;yn;0). Thus we need to nd a sequencep,
such that mr f (pn) is convergent and

Xn@f (P} + Yn@(Pn) .
e f ()i iXnj? + iyni?
We will seek such sequences along paths 1d which end up at O. Look at the parabola

C=fy=0g\U=fx=12% y=0; y60g=f(z%0;z); z60g U:
Along C line h(z?; 0; 0) is the line generated by the vectore, = (1 ;0;0) and we have
rf=(z%02%=)jr fj=jzi%(1+ 0O(jz)))

We conclude that along this parabola the tangent planeT,U converges to the plane per-
pendicular to € which shows that the B -conditions is violated by the sequence converging

to zero alongC.
O

2We found this using the procedure normal of SINGULAR , [2].
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x1.2 Whitney strati cations: existence.

De nition 1.6 (J. Mather, [5]). A prestrati cation of a topological spaceX is a partition
P into subsets calledstrata satisfying the following three conditions.

(a) Each stratum U is a locally enclosed set, i.e. it is the intersection of an ogn set and a
closed set. (Equivalently,U is locally closed if each pointu 2 U has a neighborhoodN such
that U\ N is closed inN.

(b) P is locally nite , i.e. every point x 2 X has a neighborhood which intersects only
nitely many strata.

(c) (Frontier axiom) If U and V are strata andU\ V 6 ; thenV  U. We denote by
V <U the relation dened byV U

De nition 1.7 (J. Mather, [5]). A strati cation of X is a rule which assigns to each
x 2 X agerm$S, at x of a closed subset oK with the following property:

For each x 2 X, there exists a neighborhoodN of x and a prestrati cation P of N such
that for any y 2 N, S, is the germ ofy of the stratum of P containing y.

A prestrati cation P de nes a strati cation by associating to each x 2 X the germ at x
of the stratum of P containing x. Two prestrati cations P, P%are called equivalent if they
de ne the same strati cation. We denote this equivalence rdation by P P°

Any prestrati cation P of X de nes a function

depthp : X I N

where for eachx 2 X depthp(X) is the largest integerk 0 such that there exist strata
Uo; U1;  ; Uk with the property

X2 Ug<U;< < Ug:

Let us observe that
P P%=) depthp = depth po:

Using this fact we can associate a depth function to every stti cation S as follows. For
any x 2 X we de ne
depthg(x) := depth p(x);

where P is a prestrati cation in a neighborhood N of x as in De nition 1.7.
Any strati cation Sis associated to a natural prestrati cation of X de ned by

P=(U)k 0; Uk = fx; depthg(x) = kg:

Given two strati ed spaces (Xi; S)i=0:1 we can form in a natural way a strati cation Sy g$i
on the product Xg X and we write

Xo X139 S)=(Xo;S1) X1;9):

Given a strati ed space (X; S), any continuous mapf : Y ! X induces a natural strati -
cationf SonY de ned by

(f Sy =thegermat y of f (S (y)):
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Given two strati cations $;S; on X we denote by S\ S the pullback of §  S; via the
diagonal mapX ! X X.

For every topological spaceX we denote byly the tautological strati cation consisting
of single stratum, X ..

De nition 1.8.  SupposeX is a smooth manifold, andY  X.

(a) A prestrati cation P of Y is called Whitney (or regular) if each stratum is a smooth
submanifold and for any two strataV < U the pair (U;V) is W-regular i.e. (U;V;V) is
W -regular for everyv 2 V.

(b) A strati cation Sof Y is called Whitney if it is the strati cation associated to a W hitney
pre-strati cation.

To proceed further we need to introduce some special categes of subsets of analytic
varieties.

De nition 1.9. If X is a nonsingular complex analytic (or algebraic) variety. A subset
of X is called constructible if it can be written as the set theoretic di erence of two clogd
complex analytic (resp. algebraic) subsets. We denote 16X ) the collection of constructible
subsets.

Remark 1.10. The collection C(X) is the Boolean subalgebraC(X) 2X generated by
the closed complex algebraic subsets of . O

De nition 1.11.  SupposeU and V are two constructible subsets of the complex analytic

manifold. For 2fA;B;W g we set
n 0
S(U;V):= v2V\U; (UV;Vv) isnot -regular :

We have the following fundamental result.

Theorem 1.12 (Whitney, [7]). SupposeU and V are two constructible smooth subsets of
the complex manifoldX . AssumedimV < dimU andV U. The forevery 2fA;B;W g
the setS (U; V) is

(i) constructible

(i) of dimension < dimV.

Sketch of proof. We follow closely the approach in [6]. Setm = dim V, n =dim U,
N =dim X. Denote by B X the blowup of X X along the diagonal. We have a natural
projection :B X ! X X, and by E the exceptional divisor (). We have a
diagram




WesetT, :=(I )TX ! B X. We denote by G4(T;) ! B X the Grassmanian of
n-dimensional subspaces iff|. For eachx 2 X we denote by G,(T|)x the total space of
the restriction of G,(T)) over  1(x;x) = P(TxX). Note that

Consider the Gauss map
U vin I Gu(T); (u;v) 7! (u;v; TyU) 2 Gr(T)):

The triple (U;V;V) is W regular i the intersection of the closure of (U V n ) with
Gnh(T))y lies inside the locus

n 0]
Ry:= (GT)2P(MTyX) Gnp(TyX); =~ T :
The locus [
R = Ry
v2V

is constructible sinceV is so. The closure of (U V n) is constructible and in particular
Z:=Rn (U Vn)

is constructible. The projection G,(T|)je ! has projective bers so that the projection
of ZontoV V\ s constructible by a theorem of Lojasewicz, [3]. The \bad" locus
Sw (U; V) coincides with this projection of Z. This proves (i).

The proof of (ii) is considerably more complicated and it is kased on the following
generalization of the curve selection lemma. For a proof weefer to [6, 7].

Theorem 1.13 ( Wing Lemma, H. Whitney[7]). SupposeM is a complex submanifold
of the complex varietyV in a complex vector spaceE such thatdim¢c M < dimcV. Fix a

complex subvarietyV? V such thatdimc V%< dimcV. Then everyp 2 M nV9has an
open neighborhoodJ in M such that there exists a real analytic embedding

w:U [01)! E

such that
Wiy o= lu; WU (0;1) V(M [ V9
Moreover w is holomorphic in the U-directions.

Remark 1.14. When M is a point the Wing Lemma specializes to the well known curve
selection lemma.

O
From Theorem 1.12 one can deduce easily the following impoant result.

Theorem 1.15 (Whitney, [7]). If X is a complex subvariety of a smooth varietyyl then
M admits a Whitney strati cation such that X is a nite union of strata.



x1.3 Whitney strati cations: local structure. It is time to answer one fundamen-
tal question. What is the main point of all the above constructions? Why did we have
to go through all this trouble to construct partitions of com plex varieties into complex
manifolds satisfying Whitney regularity conditions when we could havwe achieved this by
paying a less costly technical price. What makes Whitney stati cations better than other
strati cations?

Loosely speaking, the Whitney strati cation have a much nicer structure in the direc-
tions transversal to strata: the points in a connected compaent of a Whitney stratum
\all look the same"”. To explain what we meant that two points | ook the same we consider
again the Whitney umbrella W in Example 1.5, Figure 2. This surface has one obvious
strati cation.

A 1-dimensional stratum Z consisting of the z-axis. To describe the local structure
of a Whitney strati cation we need to describe with great care the concept of tubular
neighborhood.

A (disconnected) 2-dimensional stratumW? de ned as the complement ofZ in W.

Foreveryz?2 Z,and 0<" 1 we denote byNW:-(z) the intersection of W with the
closed ball of radius" centered atz. The topological type of W-(z) depends on the position
of z on the z axis. Asz varies for 1 to 1 this topological type changes as crosses the
origin. That was precisely the point where the Whitney regularity conditions were violated.
A similar phenomenon takes place with the Whytney cusp.

In this subsection we will show that Whitney strati cations have the desired local ho-
mogeneity condition: two nearby points on the same stratum tave the same local structure.

De nition 1.16 ([4, 5)]). SupposeU is a complex submanifold of the complex manifold
X . A tubular neighborhood of U | X is a quadrupleT =( ;E;; ) whereE! Uisa
hermitian vector bundle, :U! (0;1 ) is a smooth function, and if we set

B = (v;x)2E; kvky < (X)

then is a dieomorphism B ! X onto an open subset oX such that the diagram below
is commutative.

B
; = zero section
u —X
We setjTj:= (B).
Given a tubular neighborhood T =( ;E; ; ) we get a natural projection

THTil U

Moreover the function (v;x) = kvk2 induces a smooth function 1 :jTj! U. We say that
T is projection and 7 is the tubular function associated to the tubular neighborhoodT.
We get a submersion
(1; 7):jTjnU! U R:

The restriction of a tubular neighborhood of U to an open subset of U is de ned in an
obvious fashion.



De nition 1.17.  Suppose thatT is a tubular neighborhood ofU | X andf : X ! Y is
a map. We say thatf is compatible with T if the restriction of f to jTj is constant along
the bers of 1 i.e. the diagram below is commutative

iT]
f
:
f
U Y
Theorem 1.18 (Tubular Neighborhood Theorem). Supposef : X ! Y is a smooth

map between smooth manifolds ant) ! X a smooth submanifold ofX such thatf jy is a
submersion. Suppose
WwW! v U

are open subsets such that the closure 8 in U lies inside V, and Ty is a smooth tubular
neighborhood ofV | X which is compatible withf .
Then there exists a tubular neighborhood of U ! X which is

(i) compatible with f and
(i) Tiw Tojw-

Suppose now thatX is a smooth manifold and P is a Whitney prestrati cation of a
subset in X. Assume that for every stratum U 2 P we are given a tubular neighborhood

Ty of U ! X. We denote by y (resp. y) the projection (resp. the tubular function)
associated toTy. For any stratum V < U we distinguish two commutativity relations.

v ou(X) = v(x); 8x 2jTuj\j Tvi\  *(Tvj\ U): (C)
v o u(X)= v(x); 8x 2]jTyj\j Tyj\ Ul(ijJ'\ U): (C)
. R )
4 V/‘%’ I U
\

Figure 4: Non-compatible tubular neighborhoods

Example 1.19. In Figure 4 the thick black segment isjTyj\ U while the blue area is
JTui\j Tyj\ Ul(jTVj\ U) and we see that C ) is satis ed. The condition (C ) signi es
that for any point p in the blue area the distance to the pointV is equal to the distance
from V to the projection of the point p to the half-line U. Clearly the condition (C ) is
violated. The tubular neighborhoods in Figure 5 are compatble, i.e. both commutativity
relations are satis ed.

O
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Figure 5: Compatible tubular neighborhoods

De nition 1.20 (Controlled strati cations). SupposeP is a Whitney prestrati cation
of subsetX in an Euclidean spaceE. A collection of tubular neighborhoods(Ty), one
tubular neighborhood for each stratum, is calledcontrolled if for any strata V < U the
corresponding projections and tubular functions satisfy he commutativity conditions (C )
and (C ).

A controlled Whitney prestrati cation of X is a pair (P; T) consisting of a Whitney
prestrati cation of X and a controlled system of tubular neighborhoods.

Example 1.21. Consider the quadrantQ = f(x;y;0) 2 R®; x;y 0Og depicted in Figure
6. It has a strati cation consisting of 4 strata: the interio r of the quadrant, the two half
axes

V1= f(x;0,0); x> 0g; V2= 1(0;y;0); y> Og

and the origin W. This is a Whitney strati cation and we have
W<Vi<U;, W<V,o<U

We seek smooth functions w; v;; v,; u denedin an open neighborhood of the quadrant
in R® such that
S=f =09\ Q; 85=1fW,;Vy;Vo;Ug= P:

For each stratum S we setjTsj = f g <rsg 1g. If the level sets of these functions
intersect transversally in the overlaps of these tubular négghborhoods then it is easy to
construct controlled tubular neighborhoods.

The projection  has only one possible de nition, the constant map. The overap
iTwj\j Ty,j will be a tubular neighborhood of a portion of V; and here we de ne

v, (p) := the intersection of Vi with the level set of v passing throughp.
In the triple overlap jTyj\j Tv,j\] Tw]j we de ne
u(p) = the intersection of U with the level sets of \, and  passing throught p:

We choose w = x?+ y2+ z2. Next we de ne , so that its level sets are cones of axi¥/;.

More precisely
_y+ 7
ViTs T

Finally, we de ne



W Yy

Figure 6: Constructing a controlled tubular system.

whose level sets are planar wedges containing the axig§. These three functions satisfy the
transversality conditions and will provide the desired cortrolled systems of neighborhoods.
]

The existence of a controlled system of tubular neighborhods follows from a more
general result. To state it we need to introduceThom's A; condition.

De nition 1.22 (The A; condition). Supposef : X | Y is a smooth map between two
smooth manifolds. AssumeU;V are submanifolds such thatf has constant rank alongU
and alongV. Let v2 V\ U. We say that the triple (U; V;V) satis es the A; condition if
for any sequenceu, 2 U such that

liMpr Uy = V.

limnyn  kerd jU= T
we have

kerd jy T:

We say that the pair (U; V) satis es the condition As if (U;V;V) satis es the condition A¢
forany v2 V\ U.

De nition 1.23 (Strati cations of maps). Suppose : X | X Cis a smooth map and let
A X suchthatf (A) AC A strati cation of f is a pair (P; P9 of Whitney strati cations
of A and A® satisfying the following two conditions.

f maps strata into strata (not necessarily onto).
If (U;U% 2P POare strata such thatf (U) UCthenf jy is a submersion.

A strati cation (P;P9Y is called a Thom strati cation if any two strata V. < U in P
satisfy the condition At .

We have the following important result. The proof is an iterated application of the
Tubular Neighborhood Theorem. For details we refer to [1, 4]
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Theorem 1.24 (Controlled Thom strati cations). Supposef : X | X%is a smooth
map between two smooth manifolds and X, A® X are such thatf (A) A% Suppose
(P; P9 is a Thom strati cation for f : A1 AC Suppose we are given a collection of tubular
neighborhoodsTyo of the strata in P? satisfying the commutativity conditions (C ). Then
there exists a controlled system of tubular neighborhood$y of the strata in P which is
compatible withf, i.e. the following holds.

If U2 P and U%is the stratum of P® which containsf (U) then
FATul) 1 Tuol

and the diagram below is commutative.
jTuj —— U

f

uo

iTug ue
De nition 1.25. A controlled Thom strati cation of the mapf : A! ACis a quadruple
(P; T; P% T9 with the following properties.

(P;T) is a controlled Whitney prestrati cation of A.
(P%T9 is a controlled Whitney prestrati cation of A°C
(P; PY is a Thom strati cation of f : A1 A°

(T; TY satis es the compatibility conditions (Cy. ).

By setting X% = fpointg in the above theorem we deduce the following important
consequence.

Corollary 1.26. Every complex analytic space admits a controlled Whitney m@strati ca-
tion.

To prove the local homogeneity of Whitney strati cations we need to have a way of
constructing plenty of strata preserving homeomorphisms.We require an additional feature
of these homeomorphisms, namely that their restrictions toany given stratum are smooth
maps. We will produce such homeomorphisms by integrating again vector elds on the
variety.

If M is a smooth manifold andA is a subset ofM then vector eld on A is a (possibly
discontinuous) sectionV of the restriction to A of the tangent bundle TM . Such a vector
eld is called locally integrable if the following conditions hold.

For eacha 2 A there exists" > 0 and aCl-curve
= V;a;" : ( ll; Il) ! A
such that

0= & = V(1) 8tj<™

d
dt
Such a curve is called arintegral curve of V.

13



Two integral curves with the same initial value coincide on their common domain.
For eacha 2 A there exists a neighborhoodN of ain A and an” > 0 such that the mapping

N (") A &)7 var(t)

is de ned and continuous.

The vector eld is called globally integrable if the conditi ons in the above de nition are
satised for " =1 .

Example 1.27. (a) In the plane R? with polar coordinates (r; ) the vector eld @@ extended
by 0 at the origin de nes a globally integrable yet discontinuous vector eld. The integral
curves of this vector eld are the circles centered at the orgin.
(b) In the Euclidean spaceR® consider the vector eld described in cylindrical coordinaes
(r; ;z) by 8
< &+2 if z60
V=
' & if z=0
The integral curves of this vector eld are helices around the z-axis. O

De nition 1.28.  Suppose(P;T) is a controlled Whitney (pre)strati cation of a closed
subset of a smooth manifoldX. A weakly controlled vector eld on A is a vector eld
on A such that for every stratumU 2 P it satis es the commutativity condition

jTu —— TX
u D v (Cv; )
U TX

A weakly controlled vector eld is called controlled if it is tangent to the level sets of the
tubular functions y, i.e.
D u()=0 ( Cv;)

Theorem 1.29. Supposef : X | X Cis a smooth map between two smooth manifolds, and
A X, A% XOare two locally closed subsets such thdt(A) A° Suppose(P;T;P%T9

is a controlled Thom strati cation of f : A! A% Then for every weakly controlled vector
eld Con A°there exists a controlled vector eld over A such that

Df ()= ©

Moreover, if Cis locally integrable, then we can choose to be locally integrable as well.
This vector eld s globally integrable if the restriction off to the closure of each stratum
iS proper.

By taking X °= fpointg we obtain the following important resuilt.

Corollary 1.30. Every controlled Whitney strati cation (P;T) of a closed subseA of a
smooth manifold X admits a controlled, locally integrable vector eld. Moreover, if A is
compact, there exist globally integrable controlled vectoelds.

14



Corollary 1.31 (Thom's First Isotopy Lemma). Supposef : X I X9is a smooth
map and (P; T) a controlled Whitney strati cation of a closed subsetA  X. Suppose that
the following hold.

The restriction of f to every stratum of P is submersive.
The restriction of f to the closure of any stratum ofP is proper.

Then the mapf : A! XZOCis topologically a locally trivial bration.

Corollary 1.32 (Local triviality of Whitney strati cations). SupposeP is a Whitney
strati cation of a closed subsetA of a smooth manifold X . Then P is locally trivial in the
following sense.

For every stratum U of A, there exists a sphere bundle : ! U, a closed Whitney
strati ed subset (S;S) such that

js: S! U is a topological locally trivial bration.
There exists a neighborhoodZ of U in N and a homeomorphism of the pair(Z;A \ Z)
onto the pair of mapping cylinders(Cyl ; Cyl js) which is the identity on X .
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