
o

tructure
of a fixed

ions

opoles
Differential Geometry and its Applications 22 (2005) 355–378
www.elsevier.com/locate/difge

Geometric connections and geometric Dirac operators
on contact manifolds✩

Liviu I. Nicolaescu

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556, USA

Received 18 July 2003; received in revised form 3 June 2004

Communicated by R.L. Bryant

Abstract
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on contact 3-manifolds. The main character of this story is a metric contact manifold(M,g,η, J ), where
g is a Riemann metric, andη is a contact form andJ is an almost complex structure onV := kerη such
that
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✩ This work was partially supported by NSF grant DMS-0303601.

E-mail address:nicolaescu.1@nd.edu.

0926-2245/$ – see front matter 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2005.03.008

http://www.elsevier.com/locate/difgeo
mailto:nicolaescu.1@nd.edu


356 L.I. Nicolaescu / Differential Geometry and its Applications 22 (2005) 355–378

atural”

e of
erential
d

ence

ator

al
)

ection

results
e will

the first

rn
-
the

d before.

CR

one CR
adapted
We are interested in the local differential geometry of such a manifold and in particular, we seek “n
connection in the tangent bundleT M .

Gauge theory suggests that a “natural” connection ought to be compatible withg and J . We will
refer to these asmetric contact connections. These requirements alone still leave open a wide rang
choices. On the other hand such manifolds are also equipped with some natural elliptic partial diff
operators. For the simplicity of the exposition assumeM is equipped with aspinstructure with associate
complex spinor bundleS. Every metric connection∇ onM induces a Dirac type operator

D(∇) :C∞(S) → C∞(S).

A metric connection∇ is calledbalancedif D(∇) is symmetric. Two connections∇ i , i = 0,1, will be
calledDirac equivalentif D(∇0) = D(∇1). The first question we address in this paper is the exist
of a metric contact connection Dirac equivalent with the Levi-Civita connection.

On the other hand, a metric contact manifold is equipped with a natural elliptic, first order operH
resembling very much the Hodge–Dolbeault operator on a complex manifold (see Section3.3 for more
details). This operator acts on the sections of the complex spinor bundleSc associated to the canonic
spinc structure determined by the contact structure. A metric contact connection∇ induces a (geometric
Dirac operatorDc(∇) onC∞(Sc).

The second question we address in this paper concerns the existence of a metric contact conn∇
such thatDc(∇) = H. We say that such a connection isadapted toH.

To address these questions we rely on the work P. Gauduchon (see[4] or Section2.1), concerning
hermitian connections on almost-hermitian manifolds. More precisely, to implement Gauduchon’s
we will regardM as boundary of certain (possible non-complete) almost hermitian manifolds. W
concentrate only on two cases frequently arising in gauge theory.

• The symplectizationM̃ = R+ × M with symplectic formω = d̂(tη), metric g̃ = dt2 + η⊗2 + tg|V ,
and almost complex structurẽJ .

• The cylinderM̂ = R × M with metric ĝ = dt2 + g and almost complex structurêJ defined by
Ĵ ∂t = ξ , Ĵ |V = J .

To answer the second question we use the cylinder case and a certain natural perturbation of
canonical connection on(T M̂, ĝ, Ĵ ). This new connection onT M̂ preserves the splittingT M̂ = R∂t ⊕
T M and induces a connection onT M with the required properties (see Section3.1). Moreover, whenM
is a CR manifold this connection coincides with the Tanaka–Webster connection,[10,13].

To answer the first question we use the symplectizationM̃ and a natural perturbation of the Che
connection onT M̃ . We obtain a new connection oñM whose restriction to{1} × M is a contact connec
tion (see Section3.4). WhenM is CR this contact connection is also CR, but it never coincides with
Tanaka–Webster connection. We are not aware whether this contact connection has been studie

Theorem. (a) On any metric contact manifold there exists abalanced contact connectionadapted toH
and abalanced contact connectionDirac equivalent to the Levi-Civita connection. If the manifold is
these connections are also CR.

(b) On a CR manifold each Dirac equivalence class of balanced connections contains at most
connection. Moreover, the Tanaka–Webster connection is the unique balanced CR connection
to H.
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Finally, we present several Weitzenböck formulæ involving the operatorH (see Section3.3). We
expect these facts will allows us to extend the computations in[9] to more general links of isolate
surface singularities.

1. General properties geometric Dirac operators

1.1. Dirac operators compatible with a metric connection

Suppose(M,g) is an oriented,n-dimensional Riemannian manifold. We will denote a generic lo
oriented, orthonormal synchronous frame ofT M by (ei). Its dual coframe is denoted by(ei). We will
denote the natural duality between a vector space and its dual by〈•,•〉.

A metric connectionon T M is a connection∇ on T M such that∇g = 0. The torsion of a metric
connection∇ is theT M-valued 2-formT = T (∇) defined by

T (X,Y ) = ∇XY − ∇Y X − [X,Y ].
The Levi-Civita connection, denoted byD in the sequel, is the metric connection uniquely determi
by the conditionT (D) = 0. Any metric connection∇ can be uniquely written asD + A, whereA ∈
Ω1(End−(T M)), where End− denotes the space of skew-symmetric endomorphisms.A is called thethe
potential of∇. There are naturalisomorphisms

Ω2(T M) → Ω2(T ∗M), T �→ T †, Ω1
(
End−(T M)

) → Ω2(T ∗M), A �→ A†

defined by

Ω2(T M) � T �→ T †,
〈
X,T †(Y,Z)

〉 = g
(
X,T (Y,Z)

)
and

Ω1
(
End−(T M)

) � A �→ A†,
〈
X,A†(Y,Z)

〉 = g(AXY,Z) =: A†(X;Y,Z),

∀X,Y,Z ∈ Vect(M). In local coordinates, if

T (ej , ek) =
∑

i

T i
jkei, Aei

ej =
∑

k

Ak
ij ek

then

T †(ej , ek) =
∑

i

T i
jke

i, A†(ej , ek) =
∑

i

Ak
ij e

i,

or equivalently,T †
ijk = T i

jk , A
†
ijk = Ak

ij . To simplify the exposition, when no confusion is possible,

will drop the † from notations and when working in local coordinates, we will writeAijk instead ofA†
ijk

etc. Define

tr :Ω2(T ∗M) → Ω1(M), Ω2(T ∗M) � (Bijk) �→ (trB) =
∑
i,k

Biike
k

and theBianchi projector

b :Ω2(T ∗M) → Ω3(M),
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its
Ω2(T ∗M) � (Bijk) �→ bB =
∑

i<j<k

(Bijk + Bkij + Bjki)e
i ∧ ej ∧ ek.

Note that ifB ∈ Ω3(M) ⊂ Ω2(T ∗M) thenB = 1
3bB.

For anyA ∈ End(T M) andα ∈ Ω1(M) we defineA ∧ α ∈ Ω2(T ∗M) by the equality

(A ∧ α)(X;Y,Z) = (
(AX)� ∧ α

)
(Y,Z)

= g(AX,Y )α(Z) − g(AX,Z)α(Y ), ∀X,Y,Z ∈ Vect(M),

where•� (resp.•�) denotes theg-dual of a vector (resp. covector)•. The proof of the following result is
left to the reader.

Lemma 1.1. LetA ∈ End(T M), α ∈ Ω1(M) and set

A+ = 1

2
(A + A∗), A− = 1

2
(A − A∗).

Thentr(A ∧ α) = (trA)α − Atα, b(A ∧ α) = 2ωA− ∧ α, where

ωA−(X,Y ) = g(A−X,Y ), ∀X,Y ∈ Vect(M).

Using the above operations we can orthogonally decomposeΩ2(T ∗M) as

Ω2(T ∗M) = Ω1(M) ⊕ Ω3(M) ⊕ Ω2
0(T ∗M),

where

Ω2
0(T ∗M) := {

A ∈ Ω2(T ∗M); bA = trA = 0
}
,

andΩ1(M) embeds inΩ2(T ∗M) via the map

Ω1(M) → Ω2(T ∗M), α �→ α̃ := 1

n − 1
(1T M ∧ α).

Using this orthogonal splitting we can decompose anyA ∈ Ω2(T ∗M) as

A = t̃rA + 1

3
bA + P0A, P0A := A − ˜trA − 1

3
bA ∈ Ω2

0(T ∗M).

The next result, whose proof can be found in[4], states that a metric connection is determined by
torsion in a very explicit way.

Proposition 1.2. Suppose that∇ is a metric connection with potentialA and torsionT . Then

(1.1)T † = −A† + bA†,

(1.2)A† = −T † + 1

2
bT †.

In particular bA† = 1bT †, trA† = − trT †.
2
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Since all the computations we are about to perform are local we can assume thatM is equipped
with a spin structure and we denote byS the associated complex spinor bundle.1 We have aClifford
multiplication map

c :Ω∗(M) → End(S).

A hermitian connectioñ∇ on S is said to becompatible with the Clifford multiplication and the metr
connection∇ onT M if

∇̃X

(
c(α)ψ

) = c(∇Xα)ψ + c(α)∇̃Xψ, ∀X ∈ Vect(M), α ∈ Ω1(M), ψ ∈ C∞(S).

We denote byA∇ = A∇(S) the space of hermitian connections onS compatible with the Clifford multi-
plication and∇.

Proposition 1.3. The spaceA∇(S) is an affine space modelled by the spaceiΩ1(M) of imaginary1-forms
onM .

Proof. Suppose∇̃0, ∇̃1 ∈ A∇ . SetC := ∇̃1 − ∇̃0 ∈ Ω1(End(S)). Since both∇̃ i , i = 0,1, are compat
ible with the Clifford multiplication and∇ we deduce that for everyX ∈ Vect(M) the endomorphism
C(X) := X C commutes with the Clifford multiplication. Since the fibers ofS are irreducible Clifford
modules we deduce from Schur’s Lemma thatC(X) is a constant in each fiber, i.e.,C ∈ Ω1(M) ⊗ C.
Since both∇̃ i are hermitian connections we conclude thatC must be purely imaginary 1-form.�
Definition 1.4. A geometric Dirac operatoronS is a first order partial differential operatorD of the form

D = D(∇̃) :C∞(S)
∇̃−→ C∞(T ∗M ⊗ S)

c→ C∞(S),

where∇̃ ∈ A∇(S) for some metric connection∇ onT M .

Locally, a geometric Dirac operator has the formD(∇̃) = ∑
i c(ei)∇̃ei

. Every metric connection∇
canonically determines a connection∇̂ ∈ A∇(S) locally described as follows. If theso(n)-valued 1-form
ω associated by the frame(ei) to the connection∇ is defined by

∇ej =
∑
i,k

ek ⊗ ωi
kj ei, ωi

kj + ω
j

ki = 0,

then the induced connection onS is given by the End−(S)-valued 1-form (see[8])

(1.3)ω̂ = −1

4

∑
i,j,k

ek ⊗ ωi
kj c(ei)c(ej ).

We setD(∇) := D(∇̂) andD0 := D(D̂). D0 is the usualspinDirac operator. We see that every geome
operator has the form

D = D(∇) + c(ia),

1 S is Z -graded ifn = dimM is even and it is ungraded ifn is odd.
2
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where∇ is a metric connection onM anda ∈ Ω1(M). We have the following elementary identity

(1.4)D(D + A) = D(D) − 1

2
c(trA) + 1

2
c
(
b(A)

)
.

Definition 1.5. The connection∇ is calledbalancedif D(∇) is symmetric. We denote byAbal(M) the
space of balanced connections onM .

The identity(1.4) implies immediately the following result.

Proposition 1.6. (a)The connection∇ with torsionT is balanced if and only iftrT = 0.
(b) Suppose that∇ = D + A is a balanced connection onT M . Then

D(∇) = D0 + 1

2
c(bA) = D0 + 1

4
c(bT ).

Corollary 1.7. SupposeD = D0 + c(	), 	 ∈ Ω3(M). ThenD = D(∇), where

∇ = D + A, A† = 2

3
	.

The above result can also be rephrased in the language of superconnections described, e.[1].
Suppose	 ∈ Ω3(M). The operatord + c(	) is a superconnection on the trivial line bundleC. Taking
the tensor product it with the connection̂D on S we obtain a superconnection onS = C ⊗ S

A	 := 	 ⊗ 1 + 1 ⊗ D̂ : C∞(S) → Ω∗(S).

The Dirac operator determined by this superconnection is

c ◦ A	 = D0 + c(ω).

Definition 1.8. Two connections∇0,∇1 ∈ Abal(M) will be calledDirac equivalentif

D(∇̂0) = D(∇̂1).

The above results show that two balanced connections∇0 and∇1 are Dirac equivalent if and only if

(1.5)c
(
bT (∇0)

) = c
(
bT (∇1)

) ⇐⇒ bT (∇1) = bT (∇0).

Two metric connections onT M , not necessarily balanced, are will be calledquasi-equivalentif they
satisfy the condition(1.5).

1.2. Weitzenböck formulæ

Suppose(E,h) is a hermitian vector bundle overM . A generalized Laplacianis a formally self-
adjoint, second order partial differential operatorL :C∞(E) → C∞(E) whose principal symbol satisfie

σL(ξ) = −|ξ |2g1E.

The next classical result shows that the class of generalized Laplacians is quite narrow.
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Proposition 1.9 [1, Section 2.1], [5, Section 4.1.2]. SupposeL is a generalized Laplacian onE. Then
there exists aunique hermitianconnection∇̃ onE and a unique selfadjoint endomorphismR of E such
that

(1.6)L = ∇̃∗∇̃ +R.

We will refer to this presentation of a generalized Laplacian as the Weitzenböck presentation ofL.

If D is a geometric Dirac operator onS then bothD∗D andDD∗ are generalized Laplacians. Suppo
now that∇ is a balanced connection on our spin manifold(M,g). It determines a symmetric Dira
operatorD(∇). We denote by∇w and respectivelyR∇ the Weitzenböck connection and respectiv
remainder of the generalized LaplacianD(∇)2. A classical result of Lichnerowicz states that if∇ is
the Levi-Civita connection then∇w = ∇̂ andR = s/4, wheres is the scalar curvature of the Riema
metricg. When∇ is not symmetric the situation is more complicated but we can still produce ex
descriptions of∇w andR.

More precisely we know fromProposition 1.6that

D(∇) = D0 + 1

4
c(bT †).

We set	 := 1
4bT †. As explained at the end of Section1.1, D(∇) is the Dirac operator associated to t

superconnection̂D + 	 . Using[2, Theorem 1.3]we deduce the following result.

Theorem 1.10. Denote byDspin the spin-Dirac operator induced by the Levi-Civita connectionD,
Dspin = D(D̂). Any geometric Dirac operatorD can be written as

D = Dspin+ c(	) + c(ia), a ∈ Ω1(M), 	 ∈ Ω3(M).

Additionally, if∇ = D + 2
3	 + U , whereU ∈ Ω2(T ∗M) is such thattrU = 0= bU = 0 then

D = D(∇̂) + c(ia), D(∇̂)2 = (∇w)∗∇w +R∇ + c(ida),

where

(1.7)∇w = ∇̂ + 1

4

∑
i,j,k

ei ⊗ Tijkc(ej )c(ek), R∇ = 1

4
s(g) + (

c(d	) − 2‖	‖2
)
.

The last theorem has an obvious extension where we replaceS by the complex spinor bundleSσ

determined by aspinc-structureσ on M . This case requires the choice of a hermitian connection on
line bundle detSσ . In the spin case detS ∼= C and the additional hermitian connection on the trivial l
bundle is encoded by the imaginary 1-fromia appearing in the statement ofTheorem 1.10.



362 L.I. Nicolaescu / Differential Geometry and its Applications 22 (2005) 355–378

s.
2. Dirac operators on almost-hermitian manifolds

2.1. Basic differential geometric objects on an almost-hermitian manifolds

In this subsection we survey a few differential geometric2 facts concerning almost complex manifold
For more details we refer to[4,6,7].

Consider an almost-hermitian manifold(M2n, g, J ). Recall that this means that(M,g) is a Riemann
manifold andJ is a skew-symmetric endomorphism ofT M such thatJ 2 = −1. Fix x0 ∈ M and consider
a local, oriented orthonormal frame ofT M, (e1, f1, . . . , en, fn). We also assume it is adapted toJ that
is,

fj = Jej , ∀j = 1, . . . , n.

We denote by(e1, f 1, . . . , en, f n) the dual coframe. Leti := √−1. We splitT M ⊗ C into ±i-eigen-
subbundles ofJ , T M1,0 andT 0,1. These are naturally equipped with hermitian metrics induced byg and
have natural local unitary frames nearx0

T M1,0: εk := 1√
2
(ek − ifk), k = 1, . . . , n,

T M0,1: ε̄k := 1√
2
(ek + ifk), k = 1, . . . , n.

Form by dualityT ∗M1,0 andT ∗M0,1 with local unitary frames given by

εk := 1√
2
(ek + if k) and respectively, ε̄k := 1√

2
(ek − if k), k = 1, . . . , n.

Form = 0, . . . ,2n we have unitary decompositions

ΛmT ∗M ⊗ C =
⊕

p+q=m

Λp,qT ∗M, Λp,qT ∗M := ΛpT ∗M1,0 ⊗ ΛqT ∗M0,1.

SetKM := Λn,0T ∗M . We denote byP p,q the unitary projection ontoΛp,q and define

∂̄ :Ωp,q(M) → Ωp,q+1(M), ∂̄ := P p,q+1 ◦ d

and

∂ :Ωp,q(M) → Ωp+1,q(M), ∂ := P p+1,q ◦ d.

The spaceΩ3(M) ⊗ C splits unitarily as

Ω3 ⊗ C = Ω+ ⊕ Ω−, Ω+ := Ω2,1 ⊕ Ω1,2, Ω− := Ω3,0 ⊕ Ω0,3.

Finally, introduce the involutionM onΩ2(T ∗M) defined by

MB(X;Y,Z) = B(X;JY,JZ).

2 Our conventions for the wedge product and exterior derivative differ from those used in[3] or [6, I.§3]. They agree with
those in[4,8]. This explains some discrepancies between formulæ in[3,6] and the present paper.
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Observe that

ψ+ = bMψ+, ∀ψ+ ∈ Ω+.

We denote byΩ1,1(T ∗M) the 1-eigenspace ofM and byΩ1,1
s (T ∗M) the intersection of kerb with

Ω1,1(T ∗M). Thus

A ∈ Ω1,1
s (T ∗M) ⇐⇒ A = MA, bA = 0.

The Nijenhuis tensorN ∈ Ω2(T M) is defined by

N(X,Y ) := 1

4

([JX,JY ] − [X,Y ] − J [X,JY ] − J [JX,Y ]), ∀X,Y ∈ Vect(M).

Notice thatN(JX,Y ) = N(X,JY ) = −JN(X,Y ). This implies immediately that trN† = 0.
We denote byD the Levi-Civita connection determined by the metricg and byω the fundamenta

2-form defined by

ω(X,Y ) = g(JX,Y ), ∀X,Y ∈ Vect(M).

Locally we haveω = i
∑

j εj ∧ ε̄j . Definedcω ∈ Ω3(M) by

dcω(X,Y,Z) = −dω(JX,JY,JZ).

TheLee formθ determined by(g, J ) is defined by

θ = Λ(dω) = −JΛ
(
(dcω)+)

,

whereΛ denotes the contraction byω, Λ = (ω∧ )∗, andJ acts on the 1-formα by

Jα(X) = −α(JX), ∀X ∈ Vect(M).

We have the following identity (see[6, §IX.4] where the authors use slightly different conventions)

(2.1)g
(
(DXJ )Y,Z

) = −1

2
dω(X,JY,JZ) + 1

2
dω(X,Y,Z) + 2g

(
N(Y,Z), JX

)
.

The formω determines the skew-symmetric part ofN† via the identity

bN† = (dcω)−.

The almost complex structure defines a Cauchy–Riemann operator

∂̄J :C∞(T M1,0) → Ω0,1(T M1,0)

defined byX ∂̄J Y = [X,Y ]1,0, ∀X ∈ C∞(T M0,1), Y ∈ C∞(T M1,0).
A hermitian connectionon T M is a metric connection∇ such that∇J = 0. A hermitian connection

∇ is completely determined byψ+ := 1
3(bT )+ andB := (T †)1,1

s via the equality (see[4, Section 2.3])

T (∇)† = N† + 1

8
(dcω)+ − 3

8
M(dcω+) + 9

8
ψ+ − 3

8
Mψ+ + B.

We will denote the above connection by∇(ψ+,B). WhenB = 0 we write∇(ψ+) instead of∇(ψ+,B).
Observe that ifT is the torsion of∇(ψ+,B) then

bT † = bN† + 3ψ+ = (dcω)− + 3ψ+.
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oincide.
Using the formulæ[4, (1.3.5), (1.4.9)]and the equalityψ+ = bMψ+, ∀ψ+ ∈ Ω+ we deduce that

trMψ+ = −2JΛψ+, ∀ψ+ ∈ Ω+(M).

Since trN† = 0 we deduce that the trace of the torsion of∇(ψ+,B)

trT
(∇(ψ+,B)

) = trB + 3

4
JΛ

(
(dcω)+ + ψ+) = trB − 3

4
θ + 3

4
JΛψ+.

Example 2.1. Thefirst canonical connection(see[4, Section 2.5]or [7]) is the hermitian connection∇0

defined byB = 0 andbT
†
0 = (dcω)− − (dcω+) so thatψ+ = −1

3(d
cω)+. Its torsion is

T
†
0 = N† − 1

4

(
(dcω)+ + M(dcω)+)

.

In general, it is not a balanced connection since trT
†
0 = −1

2θ .

Example 2.2. TheChern connectionor thesecond fundamental connection, [4,7], is theuniquehermitian
connection∇ on T M such that∇0,1 = ∂̄J . We will denote it by∇c. Alternatively (see[4, Section 2.5]),
it is the hermitian connection defined byB = 0 andbT † = (dcω)− + (dcω)+, i.e., it is determined by
ψ+ = 1

3(d
cω)+. Its torsion is given by

T †
c = N† + 1

2

(
(dcω)+ − M(dcω)+)

.

In general, it is not a balanced connection since trT †
c = −θ .

Theorem 2.3. For everyB ∈ Ω1,1
s (T ∗M) such thattrB = 1

2θ there exists ahermitianconnection∇b =
∇b(B) uniquely determined by the following conditions.

(i) ∇b is balanced.
(ii) (T †)1,1

s = B.
(iii) ∇b is quasi-equivalent to∇0 (see(1.5)).

Proof. We seek∇b of the form∇b = ∇(ψ+,B). The condition (iii) implies that its torsion satisfiesbTb =
(dcω)−−(dcω)+. Thus we need to chooseψ+ = −1

3(d
cω)+. Now observe that 0= trT †

b = trB− 1
2θ . �

Definition 2.4. We will refer to any of the connections∇b constructed inTheorem 2.3as abasic connec-
tion determined by an almost hermitian structure.

The torsion of a basic connection∇b(B) is

(2.2)T
†
b = N† − 1

4

(
(dcω)+ + M(dcω)+) + B.

Observe also that on an almost Kähler manifold the first and second fundamental connection c
The resulting connection is basic withB ≡ 0. They are precisely the connections used by Taubes[12], to
analyze the Seiberg–Witten monopoles on a symplectic manifold.
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For any basic connection∇b we have the following identities ([4, Section 3.5])

(2.3a)(∂̄φ)(Z0,Z1, . . . ,Zp) =
p∑

j=0

(−1)j∇b
Zj

φ(Z0, . . . , Ẑj , . . . ,Zp),

∂̄∗φ(Z1, . . . ,Zp−1) = −
n∑

i=1

(
ei ∇b

ei
φ + fj ∇b

fi
φ
)
(Z1, . . . ,Zp−1),

(2.3b)∀Z0, . . . ,Zp ∈ C∞(T 0,1M), φ ∈ Ω0,p(M).

2.2. Hodge–Dolbeault operators

An almost hermitian manifoldM is equipped with a canonicalspinc structure and the associat
complex spinor bundle is

Sc := Λ0,∗T ∗M =
⊕
p�0

Λ0,pT ∗M.

Note that detSc = K−1
M . The Chern connection induces a hermitian connection det∇c on K−1

M and we
denote byDc the geometric Dirac operator induced by the Levi-Civita connectionD on T M and the
connection det∇c onK−1

M .
If M is spinable, then a choice of spin structure is equivalent to a choice of a square root ofKM and

in this caseSc := S ⊗ K
−1/2
M . The bundleSc has a natural Dirac type operator, the Hodge–Dolbe

operator

HJ := √
2(∂̄ + ∂̄∗) :C∞(SJ ) → C∞(SJ ).

We have the following result[2, Theorem 2.2]and[4, Section 3.6].

HJ = Dc − 1

4

{
c
(
(dcω)+) − c

(
(dcω)−)}

.

UsingTheorem 1.10we deduce thatHJ is a geometric Dirac operator, more preciselyHJ is induced by
∇̂ ⊗ 1 + 1 ⊗ det∇c, where∇ is the connection

∇ = D − 1

6

(
(dcω)+ − (dcω)−)

with torsionT † = 1

3

(
dc(ω)− − (dcω)+)

.

3. Dirac operators on contact manifolds

3.1. Differential objects on metric contact manifolds

We review a few basic geometric facts concerning metric contact manifolds. For more details w
to [3,11].

A metric contact manifold(m.c. manifold for brevity) is an oriented manifold of odd dimension 2n+1
equipped with a Riemann metricg and a 1-formη such that
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ing

f

• |η(x)|g = 1, ∀x ∈ M . Denote byξ ∈ Vect(M) the metric dual ofη and setV := kerη ⊂ T M . V is a
hyperplane sub-bundle ofT M and we denote byPV the orthogonal projection ontoV .

• There existsJ :T M → T M such that

dη(X,Y ) = g(JX,Y ), J 2X = −X + η(X)ξ, ∀X,Y ∈ Vect(M).

Definition 3.1. A contact metric connectionon (M2n+1, η, J, g) is a metric connection such that∇J =
0= ∇ξ .

The manifoldM is calledpositively orientedif the orientation induced by the nowhere vanish
(2n + 1)-form η ∧ (dη)n coincides with the given orientation ofM . In this casedvg = 1

n!η ∧ (dη)n. Set
ω := dη. We have decompositions

V ⊗ C = V 1,0 ⊕ V 0,1, V ∗ ⊗ C = (V ∗)1,0 ⊕ (V ∗)0,1

and we setKM := det(V ∗)1,0, Φ := LξJ . The operatorΦ is a traceless, symmetric endomorphism oV

(see[3]). SinceLξ(J
2) = 0 we deduce

(3.1)JΦ + ΦJ = 0 �⇒ (JΦ)∗ = (JΦ).

Define the Nijenhuis tensorN ∈ Ω2(T M) by3

N(X,Y ) = 1

2

{
J 2[X,Y ] + [JX,JY ] − J [X,JY ] − J [JX,Y ]}.

Notice thatN(ξ,X) = −1
2JΦX, ∀X ∈ Vect(M). (M,g,η) is a Cauchy–Riemann manifold(CR for

brevity) if and only ifJN(X,Y ) = 0, ∀X,Y ∈ C∞(V ). Equivalently, this means, and

N(X,Y ) + 1

2
ω(X,Y )ξ = −J 2N(X,Y ) = 0, ∀X,Y ∈ C∞(V ).

In this case, the Nijenhuis tensor can be given the more compact description

(3.2)N† = 1

2
(JΦ ∧ η − η ⊗ dη).

In particular,M is a CR manifold when dimM = 3.

3.2. The generalized Tanaka–Webster connection

To each metric contact manifoldM we can associate an almost hermitian manifold(M̂, ĝ, Ĵ ) defined
as follows.

M̂ = R × M, ĝ = dt2 + g, Ĵ ∂t = ξ.

We will denote byd̂ the exterior differentiation on̂M . If we set

ω̂(X,Y ) = ĝ(ĴX,Y ), ∀X,Y ∈ Vect(M̂)

3 We used the factor1 rather than the1 used in the almost complex case only to keep up with the conventions in[3].
2 4
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thenω̂ = dt ∧ η + ω andd̂ω̂ = −dt ∧ ω. We deduce that the Lee formθ = Λ(−dt ∧ dη) is −ndt . We
will work with local, oriented orthonormal frames (e0, f0, e1, . . . , en, fn) adapted toĴ such that

e0 = ∂t , f0 = ξ, e0 = dt, f 0 = η,

ω̂ = iε0 ∧ ε̄0 + i
n∑

k=1

εk ∧ ε̄k, d̂ω̂ = − i√
2
(ε0 + ε̄0) ∧

n∑
k=1

εk ∧ ε̄k.

Hence

d̂cω̂ = − 1√
2
(ε0 − ε̄0) ∧

n∑
k=1

εk ∧ ε̄k = −η ∧ dη

so that(bN̂†) = (d̂cω̂)− = 0. We have the following identity,[3].

(3.3)N̂(X,Y ) = 1

2

(
N(X,Y ) + 1

2
ω(X,Y )ξ

)
, N̂(∂t ,X) = 1

4
ΦX, ∀X,Y ∈ Vect(M).

Observe thatN̂†|M = 1
2N

† + 1
4η ⊗ dη so that

0 = bN̂†|M = 1

2
bN† + 1

4
b(η ⊗ dη) = 1

2
bN† + 1

4
η ∧ dη.

Hence

bN† = −1

2
η ∧ dη.

We want to findB ∈ Ω1,1
s (T ∗M̂) such that trB = −n

2 dt and the basic connection it induces onT ∗M̂ is
compatible with the splitting∂t ⊕ T M . From(2.2)we deduce that the torsion of such a connection is

(3.4)T̂
†
b = N̂† − 1

4

(
(d̂cω̂)+ + M(d̂cω̂)+) + B = N̂† + 1

4

(
η ∧ ω + M(η ∧ ω)

) + B.

ThusbT
†
b = η ∧ dη. UsingProposition 1.2we deduce that∇b = D + A where

A
†
b = 1

2
bT

†
b − T

†
b = 1

4

(
η ∧ dη − M(η ∧ dη)

) − N̂† − B.

Thus, for allX,Y ∈ Vect(M) which aret-independent we have

ĝ(∇b
t X,Y ) = A

†
b(∂t ;X,Y ).

Since

B(∂t ; •,•) = 0 and ĝ(N̂(X,Y ), ∂t ) = 0, ∀X,Y ∈ Vect(M).

we deduce

ĝ(∇b
t X,Y ) = −1

4
M(η ∧ dη)(∂t ;X,Y ) = 0.

Similarly, we deduce

ĝ(∇b
t X, ∂t ) = A

†
b(∂t ;X,∂t) = 0 �⇒ ∇b

t Z = 0, ∀Z ∈ Vect(M).
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Since∇b is a metric connection we deduceĝ(∇b•∂t , ∂t ) = 0. On the other hand, for any vector fieldsX,Y

onM we have

ĝ(∇b
X∂t , Y ) = A

†
b(X; ∂t , Y ) = −1

4
Mη ∧ dη(X, ∂t , Y ) − ĝ

(
N̂(∂t , Y ),X

) − B(X; ∂t , Y )

= 1

4
g(XV ,YV ) − 1

4
g(ΦY,X) − B(X; ∂t , Y ),

whereXV = PV X, Y = PV Y . Next,∀X,Y ∈ Vect(M), we have

ĝ(∇b
XY, ∂t ) = A

†
b(X;Y, ∂t ) = −1

4
Mη ∧ dη(X;Y, ∂t ) − ĝ

(
N̂(Y, ∂t ),X

) − B(X;Y, ∂t )

= −1

4
g(XV ,YV ) + 1

4
g(ΦY,X) − B(X;Y, ∂t ).

Lemma 3.2. There existsB0 ∈ Ω1,1
s (T ∗M̂) such thattrB = −n

2 dt and

(3.5a)B(∂t ; •,•) = 0,

(3.5b)B(X;Y, ∂t ) = 1

4
g(X,ΦY) − 1

4
g(XV ,YV ), ∀X,Y ∈ Vect(V ).

Proof. Define

(3.6)B = 1

4
(Φ ∧ dt + JΦ ∧ η) − 1

4
(PV ∧ dt + JPV ∧ η) + 1

2
η ⊗ dη

and we set

B0 = 1

4
(Φ ∧ dt + JΦ ∧ η), B1 = −1

4
(PV ∧ dt + JPV ∧ η).

We need to show that this definition is correct, i.e., the aboveB satisfies all the required conditions(3.5a),
(3.5b)and

trB = −n

2
dt, bB = 0, B ∈ Ω1,1(T ∗M).

Here the elementary properties inLemma 1.1will come in handy. SinceΦ and JΦ are symmetric
and traceless we deduce that trB0 = 0, bB0 = 0. The conditionB0 ∈ Ω1,1 follows from the identity
φJ = −JΦ. Now observe thatB1 ∈ Ω1,1 and

bB1 = −1

2
η ∧ dη, trB1 = −n

2
dt.

Finally η ⊗ dη ∈ Ω1,1, it is traceless andb(η ⊗ dη) = η ∧ dη. The condition(3.5b) follows by direct
computation. The lemma follows putting together the above facts.�

If we chooseB as inLemma 3.2we deduce

ĝ(∇b
•X,∂t) = 0, ∀X ∈ Vect(M).

The above computations show that the basic connection∇b of (M̂, ĝ, Ĵ ) determined byB0 preserves
the orthogonal splittingT M̂ = 〈∂ 〉 ⊕ T M and thus induces abalancedcontact metric connection∇TW
t
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d,
(see

oes not
t

onT M . To compute its torsion we use the identity(3.4). Observe that

N̂†|M = 1

2

{
N† + 1

2
η ⊗ dη

}
,

andM(η ∧ dη)|M = η ⊗ dη. Finally

B|M = 1

4
(JΦ) ∧ η − 1

4
JPV ∧ η + 1

2
η ⊗ dη.

Since onM we have the equalityJPV = J , the torsionTTW of ∇TW given by

(3.7)T
†
TW = 1

2
N† + η ⊗ dη + 1

4
η ∧ dη + 1

4
(JΦ − J ) ∧ η.

Moreover,bTTW = η ∧ dη.

Definition 3.3. We will call the above connection∇TW thegeneralized Tanaka–Websterconnection ofM .
It is the unique metric connection with torsion given by(3.7).

To explain the terminology in the above definition suppose now thatM is a CR-manifold. Using(3.2)
and(3.7)we deduce

T
†
TW = 3

4
η ⊗ dη + 1

4
η ∧ dη − 1

4
(J ∧ η) + 1

2
JΦ ∧ η.

In particular,

TTW(X,Y ) = dη(X,Y )ξ, ∀X,Y ∈ Vect(V ).

Because the distributionV 1,0 is integrable we deduce

TTW(X,Y ) = 0, ∀X,Y ∈ C∞(V 1,0).

A contact metric connection with the above property will be called aCR metric connection. Next observe
that forX,Y ∈ C∞(V ) we have

g
(
X,TTW(ξ, Y )

) = T
†
TW(X; ξ,Y ) = −1

4
dη(X,Y ) + 1

4
g(JX,Y ) + 1

2
g(JΦX,Y ).

HenceTTW(ξ, Y ) = 1
2JΦY . SinceΦJ = −JΦ we deduceJTTW(ξ,X) = −TTW(ξ, JX).

Remark 3.4. Using [11, Proposition 3.1], we deduce that whenM is a Cauchy–Riemann manifol
the connection∇TW on (V ,J ) is the Tanaka–Webster connection determined by the CR structure
[10,11,13]for more details). The generalized Tanaka–Webster connection we have constructed d
agree with the generalized Tanaka–Webster connection constructed by S. Tanno in[11] because tha
connection is not compatible withJ if M is not a CR-manifold.

Finally, let us point out that whenM is a CR manifold then

g(∇TW
ξ X,Y ) = g(DξX,Y ) + 1

2
bT

†
TW(ξ,X,Y ) − T

†
TW(ξ ;X,Y ) = g

(
DξX − 1

2
JX,Y

)
so that∇TW

ξ = DV
ξ := PV Dξ − 1

2J .
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nection

c

n

Example 3.5. Let us consider in greater detail the special case of a metric, contact,spin3-manifoldM .
M is automatically a CR-manifold so that the torsion of the (generalized) Tanaka–Webster con
satisfies

TTW(X,Y ) = dη(X,Y )ξ, TTW(ξ,X) = 1

2
JΦX, ∀X,Y ∈ C∞(V ), bT

†
TW = η ∧ dη.

ThespinDirac operatorD0 onM is related to the Dirac operatorD(∇TW) by the equality

D(∇TW) = D0 + 1

4
c(bT

†
TW) = D0 + 1

4
c(η ∧ dη) = D0 − 1

4
.

WhenM is Sasakian, i.e.,Φ = 0, the above equality shows thatD(∇TW) coincides with the adiabati
Dirac operator introduced in[9] (see in particular[9, Eq. (2.20)]with λ = 1

2, δ = 1).

Later on we will need to compare the connections det∇c and det∇b induced by the Chern connectio
∇c and respectively∇b onK−1

M̂
.

Proposition 3.6. det∇c = det∇b + ni
2 η.

Proof. Denote by∇0 the first fundamental connection of(M̂, Ĵ ). We have∇b = ∇0 − B, whereB is
described inLemma 3.2. Setδ := ε0 ∧ ε1 ∧ · · · ∧ εn. Then for every vector fieldX on M̂ we have

det∇b
Xδ = det∇0

Xδ − BXδ.

Observe thatBXεk = ∑n
j=0 C

j

k εj so thatBXδ = (
∑n

j=0 Ck
k )δ. On the other hand,Ck

k = gc(BXεk, ε̄k),
wheregc denotes the complex bilinear extension ofg. Hence

Ck
k = 1

2
gc

(
BX(ek − ifk), ek + ifk

) = ig(BXek, J ek) + ig(BXfk, Jfk).

Thus

(3.8)
∑

k

Ck
k = −i

n∑
k=0

(
g(JBXek, ek) + g(JBXfk, fk)

) = −i trJBX.

Using equality(3.6)we deduce

ĝ(BXY,JY ) = 1

4

{
ĝ(ΦX,Y )dt (JY ) − ĝ(JΦX,Y )η(JY )

}
+ 1

4

{
ĝ(PV X,Y )dt (JY ) − ĝ(JPV X,Y )η(JY )

} + 1

2
η(X)dη(Y,JY ).

We see that trJBX �= 0 only if X = ξ in which case shows that the sum(3.8) is n. Hence

∇bδ = ∇0δ − inη.

On the other hand we have the identity,[4, Eq. (2.7.6)],

det∇c = det∇0 + i
2
Jθ = det∇0 − ni

2
J dt = det∇b + ni

2
η. �

Corollary 3.7. F(det∇c) = F(det∇b) + ni
2 dη.
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it
3.3. Geometric Dirac operators on contact manifolds

Consider the Hodge–Dolbeault operatorĤ on M̂

Ĥ = √
2(∂̄ + ∂̄∗) :Ω0,∗(M̂) → Ω0,∗(M̂).

It is a geometric Dirac operator and it satisfies

Ĥ = √
2

n∑
k=0

(
ĉ(εk)∇̂εk

+ ĉ(ε̄)∇̂ε̄k

)
,

whereĉ denotes the Clifford multiplication on̂Sc
∼= Λ0,∗T ∗M̂ , ∇̂ = ∇̂b ⊗ 1 + 1 ⊗ det∇c, and det∇c

denotes the hermitian connection onK−1
M̂

induced by the Chern connection on̂T M . More precisely

ĉ(ε̄k) = √
2ε̄k ∧ •, ĉ(εk) = −√

2εk • .

Above,εk • denotes the odd derivation ofΩ0,∗(M̂) uniquely determined by the requirements

εk ε̄j = δkj , ∀j, k = 0, . . . , n.

We want to point out that(ε̄k∧)∗ = εk . We set

J := ĉ(dt) = 1√
2

(
ĉ(ε0) + ĉ(ε̄0)

)
, Sc := Ŝ

+
c

∣∣
0×M

.

Note thatŜc|M ∼= Sc ⊕J Sc.
The metric contact structure onM produces aU(n)-reduction of the tangent bundleT M . ThisU(n)-

reduction induces aspinc structure onM andSc is the associated bundle of complex spinors and detSc
∼=

K−1
M .
The Clifford multiplication onSc is defined by the equality

c(α) = J ĉ(α), ∀α ∈ Ω1(M).

Along M we can identifyŜ−
c with J S

+
c and as suchJ we can write.

J =
[

0 −G∗
G 0

]
, GG∗ = G∗G = 1Sc

.

We can view the Hodge–Dolbeault operator as an operator onSc ⊕ Sc

Ĥ = J
(

∇̂b
t −

[
H 0
0 −GHG∗

])
, H∗ = H.

H is the geometric Dirac operator induced by∇̂TW ⊗1+1⊗ det∇c. We want to provide a more explic
description of the operatorH. Observe that

C∞(Ŝ+
c ) = Ω0,even(M̂) = Ω0,even(V ∗) ⊕ ε̄0 ∧ Ω0,odd(V ∗)

whereΩ0,p(V ∗) := C∞(Λp(V ∗)0,1). We can representψ ∈ C∞(Ŝ+
c ) as a sum

ψ = ψ+ ⊕ ε̄0 ∧ ψ−, ψ+ ∈ Ω0,even(V ∗), ψ− ∈ Ω0,odd(V ∗).
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e-
The above decomposition can be alternatively described as follows. The operator

c(η) = J ĉ(η) :C∞(Ŝ+
c ) → C∞(Ŝ+

c )

satisfiesc(η)2 = −1 and thusc(iη) is an involution ofC∞(Ŝ+
c ). More explicitly

c(η) = i
2

(
ĉ(ε̄0) + ĉ(ε0)

)(
ĉ(ε̄0) − ĉ(ε0)

) = i(ε̄0 ∧ −ε0 )(ε̄0 ∧ +ε0 ).

Thus, for everyφ ∈ Ω0,∗(V ∗) we have

c(iη)(ε̄0 ∧ φ) = −ε̄0 ∧ φ, c(−iη)φ = φ.

This shows that the above decomposition is defined by the±1 eigenspaces of the involutionc(η). The
restriction of the operator̄∂ :Ω0,∗(M̂) → Ω0,p(M̂) to Ω0,∗(V ∗) decomposes into two parts. More pr
cisely, if φ ∈ Ω0,∗(V ∗) then

∂̄φ = ε̄0 ∧ ∂̄0φ + ∂̄V φ := 1

2

(
1+ c(iη)

)
∂̄ + 1

2

(
1− c(iη)

)
∂̄ .

Note that

∂̄0φ := ε0 ∂̄φ ∈ Ω0,p(V ∗), ∂̄V ∈ Ω0,p+1(V ∗).

We will regard∂̄0 and∂̄V as operators

∂̄0 :Ω0,∗(V ∗) → Ω0,∗(V ∗), ∂̄V :Ω0,∗(V ∗) → Ω0,∗+1(V ∗).

Pick at-independent sectionψ = C∞(Ŝ+
c ). It decomposes as

ψ = ψ+ + ε̄0 ∧ ψ−, ψ± ∈ Ω0,even/odd(V ∗).

We have the equality

Ĥ
[

ψ

0

]
= −

[
0 −G∗
G 0

][
H 0
0 −GHG∗

][
ψ

0

]
=

[
0 HG∗

GH 0

][
ψ

0

]
.

Thus√
2(∂̄ + ∂̄∗)ψ = GHψ = ĉ(dt)Hψ �⇒ Hψ = −√

2J (∂̄ + ∂̄∗)ψ.

We compute

(∂̄ + ∂̄∗)(ψ+ + ε̄0 ∧ ψ−) = ∂̄ψ+ + (∂̄ ε̄0) ∧ ψ− − ε̄0 ∧ ∂̄ψ− + ∂̄∗ψ+ + ∂̄∗(ε̄0 ∧ ψ−) (∂̄ ε̄0 = 0)

= ε̄0 ∧ ∂̄0ψ+ + ∂̄V ψ+ − ε̄0 ∧ ∂̄V ψ− + (ε̄0 ∧ ∂̄0 + ∂̄V )∗ψ+ + ∂̄∗(ε̄0 ∧ ψ−)

= ε̄0 ∧ (∂̄0ψ+ − ∂̄V ψ−) + ∂̄V ψ+ + ∂̄∗
V ψ+ + ∂̄∗

0(ε0 ψ+) + ∂̄∗(ε̄0 ∧ ψ−)

= ε̄0 ∧ (∂̄0ψ+ − ∂̄V ψ−) + ∂̄V ψ+ + ∂̄∗
V ψ+ + ∂̄∗(ε̄0 ∧ ψ−).

To proceed further we need to provide a more explicit description for∂̄∗(ε0 )∗ψ−. We denote by〈•,•〉M
theL2-inner product onM . For everyt-independent compactly supportedα ∈ Ω0,odd(M̂) we haveα =
α− + ε̄0 ∧ α+, α± ∈ Ω0,odd/even(V ∗), and〈

α, ∂̄∗(ε̄0 ∧ φ−)
〉
M

= 〈∂̄α, ε̄0 ∧ φ−〉M = 〈ε̄0 ∧ ∂̄0α−, ε̄0 ∧ φ−〉M − 〈ε̄0 ∧ ∂̄V α+, ε̄0 ∧ φ−〉M
= 〈∂̄ α ,φ 〉 − 〈∂̄ α ,φ 〉 = 〈α , ∂̄∗φ 〉 − 〈α , ∂̄∗ φ 〉 .
0 − − M V + − M − 0 − M + V − M
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we

the
We conclude

∂̄∗(ε̄0 ∧ φ−) = ∂̄∗
0φ− − ε̄0 ∧ ∂̄∗

V φ−,

and

(∂̄ + ∂̄∗)(ψ+ + ε̄0 ∧ ψ−) = ε̄0 ∧ (∂̄0ψ+ − ∂̄V ψ− − ∂̄∗
V φ−) + ∂̄V ψ+ + ∂̄∗

V ψ+ + ∂̄∗
0φ−.

Now observe that

ĉ(dt)• = 1√
2

(
ĉ(ε̄0) + ĉ(ε0)

)• = (ε̄0 ∧ • − ε0 •)

so that

Hψ = −√
2(ε0 −ε̄0∧)

{
ε̄0 ∧ (∂̄0ψ+ − ∂̄V ψ− − ∂̄∗

V φ−) + ∂̄∗
V ψ+ + ∂̄V ψ+ + ∂̄∗

0ψ−
}

= −√
2
{
(∂̄0ψ+ − ∂̄V ψ− − ∂̄∗

V φ−) − ε̄0 ∧ (∂̄∗
V ψ+ + ∂̄V ψ+ + ∂̄∗

0ψ−)
}
.

In block form

H
[

ψ+
ψ−

]
= √

2

[
−∂̄0 (∂̄∗

V + ∂̄V )

(∂̄∗
V + ∂̄V ) ∂̄∗

0

]
·
[

ψ+
ψ−

]
.

The above equality can be further simplified as follows. Ifφ ∈ Ω0,p(V ∗) ⊂ Ω∗(M) ⊗ C then

dφ ∈ η ∧ (
Ω0,p(V ∗) + Ω1,p−1(V ∗)

) ⊕ Ω0,p+1(V ∗) ⊕ Ω1,p(V ∗) ⊕ Ω2,p−1(V ∗).

and

−√
2∂̄0φ = −i(ξ dφ)0,p =: −iLV

ξ φ.

On the other hand, the identity(2.3a)implies

∂̄0φ = ∇b
ε̄0

φ = i√
2
∇TW

ξ φ.

Sincedivgξ = 0 the operatori∇TW
ξ is symmetric and so must byiLV

ξ . Hence∂̄∗
0φ = iLV

ξ and

H
[

ψ+
ψ−

]
=

[ −iLV
ξ

√
2(∂̄∗

V + ∂̄V )√
2(∂̄V + ∂̄∗

V ) iLV
ξ

]
·
[

ψ+
ψ−

]
or equivalently,

(3.9)H = c(iη)LV
ξ +

[
0

√
2(∂̄V + ∂̄∗

V )√
2(∂̄∗

V + ∂̄∗
V ) 0

]
.

We will refer toH as thecontact Hodge–Dolbeault operator. The next result summarizes the results
have proved so far.

Theorem 3.8. Suppose(M2n+1, g, η) is a metric contact manifold,V := kerη. Denote bySc the bundle
of complex spinors associated to the spinc structure determined by the contact structure. Denote
corresponding Clifford multiplication byc.
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(i) Sc
∼= Λ0,∗V ∗, c(iη)φ = (−1)pφ, ∀φ ∈ Ω0,p(V ∗). We decompose

Sc = S
+
c ⊕ S

−
c , S

±
c = Λ0,even/odd(V ∗).

(ii) The operatorH :C∞(Sc) → C∞(Sc) defined by(3.9) is a geometric Dirac operator induced by th
connection∇TW onT M anddet∇c on detSc.

(iii) If we denote byDc the Dirac operator onSc induced by the Levi-Civita connection onT M and
det∇c on detSc then

H = Dc + 1

4
c(η ∧ dη).

(iv) Using the identityF(det∇c) = F(det∇TW) + ni
2 dη, we deduce thatH satisfies a Weitzenböck fo

mula

H2 = (∇w)∗(∇w) + s(g)

4
+ 1

16

(
4c(dη ∧ dη) − 2n

) + 1

2
c
(
F(det∇TW)

) + ni
4

c(ω),

where∇w is the Weitzeböck connection defined in(1.7). In particular, if dimM = 3 (so thatn = 1
andc(η ∧ dη) = −1) we have

Dc = H+ 1

4
, H2 = (∇w)∗(∇w) + s

4
− 1

8
+ 1

2
c
(
F(det∇TW)

) + i
4

c(dη).

3.4. Connections induced by symplectizations

Thesymplectizationof the positively oriented metric contact manifold(M2n+1, η, g, J ) is the manifold
M̃ = R+ × M equipped with the symplectic form

ω̃ = dt ∧ η + t dη = dt ∧ η + tω.

If we denote byd̃ the exterior derivative onM̃ then we can writeω̃ = d̃(tη). M̃ is equipped with a
compatible metric̃g = dt2 + η2 + tω(•, J•).

We denote byJ̃ the associated almost complex structure. We will identifyM with the slice{1} × M

of M̃ . If we fix as before a local, oriented, orthonormal frameξ, e1, f1, . . . , en, fn compatible with the
metric contact structure onM then we get a symplectic frame

ẽ0 = ∂t , f̃0 = ξ, ẽk = t−1/2ek, f̃k = t−1/2fk, k = 1, . . . , n.

The dual coframe is

ẽ0 = dt, f̃ 0 = η, ẽk = t1/2ek, f̃ k = t1/2f k, k = 1, . . . , n.

We denote byÑ the Nijenhuis tensor of̃J and byN̂ the Nijenhuis tensor of the almost complex manifo
(M̂, Ĵ ) used in Section3.1. The Chern connectioñ∇c of (M̃, g̃, J̃ ) is the metric connection with torsio
T̃ = Ñ . In this caseθ = 0, bT̃ = 0. Observe that̃J = Ĵ . We deduce that forj, k = 1, . . . , n, we have

Ñ(ẽj , ẽk) = 1

t
N̂(ej , ek), Ñ(ẽj , f̃k) = 1

t
N̂(ej , fk), Ñ(f̃j , f̃k) = 1

t
N̂(fj , fk),

Ñ(∂t , ẽj ) = 1√
t
N̂(∂t , ej ), Ñ(∂t , f̃k) = 1√

t
N̂(∂t , fk),
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c

Ñ(ξ, ẽj ) = 1√
t
N̂(∂t , ej ), Ñ(ξt , f̃k) = 1√

t
N̂(∂t , fk).

Denote byD̃ the Levi-Civita connection determined byg̃. It determined by (see[6,8])

2g̃(D̃XY,Z) = Xg̃(Y,Z) + Y g̃(X,Z) − Zg̃(X,Y )

+ g̃
([X,Y ],Z) + g̃

([Z,X], Y ) + g̃
(
X, [Z,Y ]).

We deduce from the above identity that ifX,Y aret-independent vectors tangent alongM

2g̃(D̃tX,Y ) = g(XV ,YV ) = ω(X,JY ),

whereXV := PV X. Hence

2g̃(D̃XY, ∂t ) = −∂t g̃(X,Y ) = −g(XV ,YV ) = ω(JX,Y ).

As in Section3.1 we want to alter∇̃c by B ∈ Ω1,1
s (T ∗M̃) such that trB = 0 so that the new basi

hermitian connectioñ∇b with torsionT̃
†
b := Ñ† + B satisfies

(3.10)∇̃b
Xξ = 0, g̃(∇̃b

XY, ∂t ) = 0,

for all t-independent tangent vectorsX, Y alongM . We have∇̃ = D̃ + A, whereA† = −T̃
†
b . Thus we

need

0 = g̃(∇̃XY, ∂t ) = g̃
(
D̃X(Y, ∂t )

) − g̃
(
X, Ñ(Y, ∂t )

) − B(X;Y, ∂t )

= −1

2
ω(JX,Y ) + g̃

(
X, Ñ(∂t , Y )

) − B(X;Y, ∂t ).

If Y = ξ we deduce

B(X; ξ, ∂t ) = 0.

If Y ∈ C∞(V ) then we deduce

0 = −1

2
ω(JX,Y ) + 1√

t
g̃
(
X, N̂(∂t , Y )

) + B(X; ∂t , Y )

= 1

2
g(X,Y ) + 1

4
√

t
g̃(X,ΦY) + B(X; ∂t , Y )

= 1

2
g(X,Y ) +

√
t

4
g(X,ΦY) + B(X; ∂t , Y ).

We conclude thatB must satisfy the additional conditions

B(ξ ; ∂t , Y ) = 0, Y ∈ C∞(V ),

B(X; ∂t , Y ) = − 1

2
√

t

(
1√
t
g̃(X,Y ) + 1

2
g̃(X,ΦY)

)
.

We writeB = B0 + B1 whereB0 is defined as inLemma 3.2by the equality

B0 = 1

4
√

t
{Φ ∧ dt + JΦ ∧ η}.
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B1 must satisfy the equalities trB1 = 0,

(3.11a)B1(X; ∂t , Y ) = − 1

2t
g̃(X,Y ), ∀X,Y ∈ C∞(V ),

(3.11b)B1(X; ξ, ∂t ) = B1(ξ ; ∂t , Y ) = 0, ∀X ∈ Vect(M), Y ∈ C∞(V ).

We tryB1 of the form

B1 = xdt ⊗ dt ∧ η + yη ⊗ dη + U + V

where

U = 1

2t
PV ∧ dt, V = 1

2t
JPv ∧ η.

ClearlyB1 ∈ Ω1,1(T ∗M̃). Next observe that

bB1 = yη ∧ dη + bV =
(

y + 1

t

)
η ∧ dη, trB1 =

(
x + n

t

)
dt.

Thus, setx = −n
t
, y = 1

t
. These choices guarantee thatB1 ∈ Ω1,1

s (T ∗M̃) and trB1 = 0. The conditions
(3.11a) and (3.11b)can now be verified by direct computation. We can now conclude that if

B = 1

4
√

t
(Φ ∧ dt + JΦ ∧ η) − n

t
dt ⊗ dt ∧ η − 1

t
η ⊗ dη + 1

2t
(PV ∧ dt + JPV ∧ η)

then the connectioñ∇b with torsionÑ† + B satisfies the conditions(3.10). These conditions show th
∇̃b induces by restriction to the slice{t}×M a connection∇ t onT M . The torsion of∇1 = ∇ t=1 is given
by

(T1)
† = Ñ†|t=1 + B|t=1 = N̂†|M + 1

4
(JΦ ∧ η) − η ⊗ dη + 1

2
(JPV ∧ η)

(3.3)= 1

2
N† − 3

4
η ⊗ dη + 1

2
(JPV ∧ η) + 1

4
(JΦ ∧ η).

This connectionnevercoincides with the generalized Tanaka–Webster connection constructed i
tion 3.1, because in this case we havebT

†
1 = 0. This shows∇1 is Dirac equivalent to the Levi-Civita

connection. We have thus proved the following result.

Theorem 3.9. On every metric contact manifold(M,g,J ) there exists a canonical balanced conta
metric connection∇1 induced by a basic hermitian connection on the symplectization ofM . This contact
connection is Dirac equivalent to the Levi-Civita connection and its torsion is given by

T
†
1 = 1

2
N† − 3

4
η ⊗ dη + 1

2
(JPV ∧ η) + 1

4
(JΦ ∧ η).

WhenM is a CR manifold we deduce from(3.2)

T
†
1 = −η ⊗ dη + 1

2
J ∧ η + 1

2
JΦ ∧ η.
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In particular

T1(X,Y ) = −dη(X,Y )ξ, ∀X,Y ∈ C∞(V ).

Let us observe that in this case for everyX,Y ∈ C∞(V ) we have

g(∇1
ξ X,Y ) = g(DξX,Y ) − g

(
ξ, T1(X,Y )

) = g(DξX,Y ) + ω(X,Y )

so that

∇1
ξ = DV

ξ + J = PV Dξ + J = ∇TW
ξ + 3

2
J.

Remark 3.10. Let us point out a difference between contact and hermitian connections. We have
that there always exist contact connections with torsionT satisfyingbT † = 0.

On the other hand, if∇ is a hermitian connection on an almost complex hermitian manifold(M,g,J )

with Nijenhuis tensorN then its torsion satisfies (see[4])

(bT )− = (bN†) = (dcω)−.

If dim M = 4 then always(dcω)− = 0 and in this case it is possible to find hermitian connections D
equivalent to the Levi-Civita connection. However, in higher dimensions this is possible if and o
(dcω)− = 0.

3.5. A uniqueness result

The constructions we performed in the previous subsection may seem a bit ad-hoc but as we w
in this section they produce, at least for CR manifolds, connections uniquely determined by a few
requirements.

Proposition 3.11. Suppose(M,η,g, J ) is a CR manifold. Then each Dirac equivalence class of con
tions contains at most one balanced CR connection.

Proof. Suppose∇ is a balanced CR connection with torsionT . SetΩ := bT . We get a hermitian con
nection∇̂ = dt ∧ ∂t + ∇ on (T M̂, Ĵ ) with the propertybT (∇̂)† = Ω , trT (∇̂)† = 0. Denote by∇b the
basic hermitian connection on(T M̂, Ĵ ) we have constructed in Section3.1. The results in Section2.1
imply that

T (∇̂)† = T
†
b + 9

8
ψ+ − 3

8
Mψ+ + B =: T †

b + S,

where

ψ+ ∈ Ω3,+(M̂), B ∈ Ω1,1
s (T ∗M̂), Ω = bT

†
b + 3ψ+ = 3ψ+ + η ∧ dη,

(∗)B(∂t ; •,•) = 0= B(•;•, ∂t ) = 0, trB = 0.

Thusψ+ is uniquely determined. Moreover, since∇ is a CR connection we deduce that

g
(
X,T (Y,Z)

) = 0, ∀X,Y,Z ∈ C∞(V ).
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Since the restriction of∇b to M is also a CR connection we deduce

S(X;Y,Z) = 0, ∀X,Y,Z ∈ C∞(V ).

Thus the restriction ofB to V is uniquely determined. The conditionB ∈ Ω1,1
s (T ∗M̂) coupled with(∗)

show that the restriction ofB to R∂t ⊕ Rξ ⊂ T M̂ is also uniquely determined. This concludes the pr
of Proposition 3.11. �
Corollary 3.12. The Tanaka–Webster connection on a CR manifold is the unique balanced CR con
adapted toH. Moreover, the connection∇1 of Section3.4 is the unique balanced CR connection w
torsion satisfyingbT † = 0, i.e., Dirac equivalent with the Levi-Civita connection.
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