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Cohesive SwarmingunderConsensus
Michael D. LemmonandYashanSun

Abstract— This paper studies the cohesion of multi-agent
swarms moving under the control of a consensus�lter . This
paper's main result shows that swarming under consensusis
cohesive. We establishspeci�c boundson the degreeof cohesion
and consensusas a function of the attraction/r epulsion �elds,
swarm size,and connectivity in the communication network.

I . INTRODUCTION

There has recently beenconsiderableactivity studying the
swarming [1][2] of autonomousunmannedvehicles(AUV)
or mobileagents. Most of this effort hasuseda Lagrangian
framework [3] [4] which focuseson therelationshipbetween
individual agents.Nearly all of these papersassumethe
swarm consistsof agentsthat have the sameunderlyingve-
hiculardynamics.Vehiclemovementis drivenby a command
that passesthrough either a single integrator [5][6][7] or
doubleintegratordynamic[8]. Thecommandinput is usually
the gradient of a potential �eld. This potential �eld can
beautomaticallygeneratedfrom proximity sensorsdetecting
neighboringagentsandobstacles.Potential�elds associated
with obstaclescauseagentsto move away from theobstacle.
Potential�elds generatedby neighboringagentsarebasedon
long-rangeattractionand short distancerepulsionbetween
agents.This mechanismhelpsassurethecohesivenessof the
swarm while minimizing the likelihoodof agentcollisions.

Potential�elds, however, mayalsoarisefrom virtual objects
[9] that arenot directly sensedby any individual agent.For
example, a group of mobile robots attemptingto �nd the
sourceof a chemicalplume, must use the aggregateof all
local measurementsof chemicalconcentrationto determine
the best direction for the swarm to move towards. The
“source” of the chemical plume may be thought of as a
virtual position that generatesa potential�eld which draws
all agentsin the swarm toward that location.An individual
agent's movements,therefore,are no longer determinedlo-
cally by thatagent'ssensors.Thosemovementsareguidedby
a vector that is the resultof aggregatingsensorinformation
from agentsthroughoutthe entireswarm.

This sensorinformation is broadcastover the entire swarm
usinga communicationnetwork. In practice,thesenetworks
are multi-hop networks. It is already well known that ad
hoc multi-hop networks have inherentcapacity limitations
[10]. So in recentyears,therehasbeenconsiderableinterest
in studying the impact that limited communicationhas on
the performanceof swarming in suchsystems.In much of
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this work [11][12] [13][14], the communicationnetwork is
treatedas a graphof limited connectivity and the question
concernsthe behavior of the swarm under limited network
connectivity.

This paperfocuseson the useof consensusin swarm guid-
anceandcontrol. In particular, we studythe interconnection
of swarmdynamicswith a consensus�lter asshown in �gure
1. The swarm dynamicsused in this paper employ short
rangerepulsionand long rangeattractionfunctions,similar
to [4] and [6], to prevent agentcollisions. The individual
velocity is generatedby integratingthemutualforcesrelated
to the senseddistancebetweenneighboring agents.The
consensus�lter is basedon the systemintroducedin [13].
In this study, theconsensus�lter estimatestheswarm center
and then computesthe guidancedirection from estimated
centerto a known target point.
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Fig. 1. Interconnectionof Swarm andConsensusFilter

The paperderives uniform ultimate boundson the swarm
sizeandlevel of consensusthroughLyapunov-basedmethod-
ologies, similar to that done in [6] for the swarm and
[13] for the consensus�lter . The boundsare expressedas
a function of the attraction/repulsionstrength,number of
network agents,and communicationnetwork connectivity.
Theseresults establishthat the swarm is indeed cohesive
underconsensus�ltering, thoughthe level of consensusis a
function of swarm size.

The remainderof the paper is organizedas follows. The
problem statementis statedin sectionII. The conceptsof
swarm error and consensuserror are introducedin section
III. Theswarmandconsensus�lter stability analysisarepre-
sentedin sectionIV andsectionV. We studythedistribution
of swarm agentsin sectionVI. We then study the behavior
of the consensus�lter under integral action in sectionVII.
SectionVIII summarizesthe paper.



2

I I . PROBLEM STATEMENT

Considera swarm of N dynamical agentsthat exchange
informationover a multi-hop communicationnetwork. Each
agent is characterizedby two types of states;its physical
staterepresentingthe agent's position in the real world and
its consensusstate representingthe agent's estimateof the
swarm's geometriccenter. Thephysicalstateof the i th agent
at time t is denotedasa vectorx i (t) in Euclideann-space,
< n . Thetrajectoryof thei th agent'sphysicalstateis denoted
by the function x i : < + ! < n which satis�es the ordinary
differentialequation

_x i (t) = ui (t) +
X

j � i

g(kx i (t) � x j (t)k)(x i (t) � x j (t)) (1)

for i = 1; : : : ; N . Thevectorui (t) 2 < n is anexternalinput
andg : < + ! < is a functionfrom thepositiverealline, < + ,
into the real line, < . We will usethe notationgij to denote
g(kx i � x j k) andwe let

P
j � i x j to denote

P N
j =1 ;j 6= i x j .

The summationin equation1 representslong rangephysical
interactionsbetweenagents.We assumethat this interaction
can be decomposedinto a repulsiveand attractive compo-
nent.In particular, if we let � : < + ! < + and� : < + ! < +

denotethe repulsionandattraction functions,theng maybe
written as

g(r ) = � (r ) � � (r )

for any r 2 < + . This paperrestrictsits attentionto attraction
andrepulsionfunctionsof the form

� (r ) =
� 0

r 2 (2)

� (r ) =
� 0

r
(3)

for any r 2 < + andwhere� 0 and� 0 arepositive constants.

The consensusstateof the i th agentat time t is denoted
as a vector x̂ i (t) 2 < n . The trajectory of the i th agent's
consensusstateis denotedby the function x̂ i : < + ! < n

which satis�es the consensus�lter equation

_̂x i (t) = (x0(t) � x̂ i (t)) +
X

j � i

A ij (ûj (t) � x̂ i (t))

+
NX

j =1

A ij (x̂ j (t) � x̂ i (t)) (4)

for i = 1; : : : ; N . The vectorx0(t) 2 < n is the stateof the
target at time t. Thecoef�cient A ij is the ij � th components
of the matrix I n + Adj (G) whereI n is an n � n identity
matrix andAdj (G) is the adjacency matrix of the graphG.
The graphG modelsthecommunicationconnectivity within
theswarm.Agent j is ableto transmitits consensusstatex̂ j

andan input ûj to agenti if andonly if A ij = 1.

Figure1 shows that the entireswarm may be viewed as an
interconnectionof the swarm dynamics(equation1) andthe
consensus�lter (equation4). The swarm dynamic's input
from the j th agentto the consensus�lter' s i th agentis the
position of the j th agent, in other words ûj = x j . The

consensus�lter' s input from the j th agent to the swarm
dynamic's j th agentis thej ' th agent'sestimateof theswarm
center(consensusstate)relative to the target, in otherwords
uj = x0 � x̂ j . The consensus�lter is trying to estimatethe
centerof the swarm andthe swarm is usingthoseestimates
to guidethe swarm toward the target.The overall dynamics
of this systemmay thereforebe written as

_x i = (x0 � x̂ i ) +
X

j � i

gij (kx i � x j k)(x i � x j ) (5)

_̂x i = (x0 � x̂ i ) +
X

j � i

A ij (x̂ j � x̂ i )

+
NX

j =1

A ij (x j � x̂ i ) (6)

We're interestedin establishingwhether the swarm is co-
hesive and achieves consensus. Let x(t) = 1

N

P N
j =1 x j (t)

denotetheswarm center at time t. De�ne theswarm error
andconsensuserror of the i th agentat time t as

ei (t) = x i (t) � x(t) 2 < n ;

êi (t) = x̂ i (t) � x(t) 2 < n ;

respectively. Furthermorelet e(t) 2 < N n and ê(t) 2 < N n

denotethe swarm andconsensuserror vectors,

e(t) =
�

eT
1 (t) eT

2 (t) � � � eT
N (t)

� T

ê(t) =
�

êT
1 (t) êT

2 (t) � � � êT
N (t)

� T

With regard to the previous notationalconventionswe say
that the swarm de�ned by equations5 and 6 is cohesive if
andonly if thereexist positive real constantsR andR such
that lim supke(t)k � R andlim inf ke(t)k � R. We saythat
theswarmachieves� -consensusif thereexistsa positive real
constant� suchthat lim supkê(t)k � � . Theobjective of this
paperis to establishwhethertheswarm de�ned in equations
5 and 6 is cohesive, achieves � -consensus,and to provide
boundson the constantsR, R, and � as a function of the
swarm parameters.

I I I . ERROR EQUATIONS

Sinceour analysisis concernedwith theasymptoticbehavior
of the error vectorse(t) and ê(t), it will be convenient to
transformtheoriginal systemequationsinto a setof coupled
error equations.

The derivative of the i th agent's swarm error is

_ei = _x i �
1
N

NX

j =1

_x j

= (x0 � x̂ i ) +
X

j � i

gij (kx i � x j k)(x i � x j )

�
1
N

NX

j =1

0

@(x0 � x̂ j ) +
X

k � j

gj k (kx j � xk k)(x j � xk )

1

A

= � x̂ i +
X

j � i

gij (kx i � x j k)(x i � x j )



3

�
1
N

NX

j =1

0

@� x̂ j +
X

k � j

gj k (kx j � xk k)(x j � xk )

1

A

Note that
P N

j =1

P
k � j gj k (kx j � xk k)(x j � xk ) = 0, x i �

x j = ei � ej , and x̂ i � x̂ j = êi � êj so the swarm error
equationbecomes

_ei =
X

j � i

gij (kei � ej k)(ei � ej ) +
1
N

NX

j =1

(êj � êi )(7)

for i = 1; : : : ; N .

The derivative of the i th agent's consensuserror is

_̂ei = _̂x i �
1
N

NX

j =1

_x j

= (x0 � x̂ i ) +
X

j � i

A ij (x̂ j � x̂ i )

+
NX

j =1

A ij (x j � x̂ i ) �
1
N

NX

j =1

(x0 � x̂ j )

=
NX

j =1

A ij (x̂ j � x̂ i ) +
NX

j =1

A ij (x j � x̂ i )

+
1
N

NX

j =1

(x̂ j � x̂ i )

=
NX

j =1

A ij (x̂ j � x̂ i ) +
NX

j =1

A ij (x j � x̂ i )

where A ij = A ij + 1
N . Note that x̂ j � x̂ i = êj � êi and

x j � x̂ i = ej � êi sowe canrewrite theconsensuserrorstate
equationas

_̂ei =
NX

j =1

A ij (êj � êi ) +
NX

j =1

A ij (ej � êi ) (8)

for i = 1; : : : ; N .

It will beconvenientto expressequation(8) in matrix-vector
form. In particular, let � i denotethe out-degreeof the i th
agent in the swarm's communicationgraph, G. Note thatP N

j =1 A ij = 1 + � i and that
P N

j =1 A ij = � i + 2. Further
assumethat thereexist positive integers� and � suchthat
� � � i � � for i = 1; : : : ; N . With thesenotational
conventionswe may rewrite equation8 as

_̂ei =
NX

j =1

A ij (êj � êi ) + (ei � êi ) +
X

j � i

A ij (ej � êi )

= � êi �
X

j � i

A ij êi +
NX

j =1

A ij (êj � êi ) + ei +
X

j � i

A ij ej

But note that

ei =
1
N

NX

j =1

(x i � x j ) =
1
N

NX

j =1

(ei � ej ) = ei �
1
N

NX

j =1

ej

which implies that
P N

j =1 ej = 0. So we can rewrite our
expressionfor _̂ei as

_̂ei = � êi �
X

j � i

A ij êi +
X

j � i

A ij (êj � êi )

�
X

j � i

ej +
X

j � i

A ij ej

=
�

�
2N � 1

N
� 2� i

�
êi +

X

j � i

A ij êj +
X

j � i

(A ij � 1)ej

Then the vector form of consensuserror equationis,

_̂e = A ê+ B e (9)

where

A =

2

6
6
6
4

K 1I A12I � � � A1N I
A21I K 2I � � � A2N I

...
...

...
...

AN 1I AN 2I � � � K N I

3

7
7
7
5

B =

2

6
6
6
4

0 (A12 � 1)I � � � (A1N � 1)I
(A21 � 1)I 0 � � � (A2N � 1)I

...
...

...
...

(AN 1 � 1)I (AN 2 � 1)I � � � 0

3

7
7
7
5

K i =
�
� 2N � 1

N � 2� i
�
, 0 is an n � n matrix of zerosandI

is an n � n identity matrix.

IV. UNIFORM ULTIMATE BOUND ANALYSIS

The main result of this paper establishesbounds on the
level of consensus(� ) and the swarm size (R and R) as
a function of the swarm parameters� 0, � 0, N , � and
� . This is accomplishedby studying the uniform ultimate
boundedness(UUB) of the swarm dynamicsandconsensus
�lters. This sectionpresents3 lemmascharacterizingregions
of the error space,(e;ê), in which suitablyde�ned positive
de�nite functionsof the swarm error, e, or consensuserror
ê have negative de�nite directionalderivatives.

The following lemmastudiesthe directionalderivative of a
positive de�nite function, V (e) of the swarm error, e. The
lemmaprovidessuf�cient conditionson thenormof kek for
which we canshow the directionalderivative, _V (e), of this
function is negative. This lemma provides one part of the
UUB analysisof the swarm underconsensus

Lemma4.1: Consider the system in equation 1 and let
V (e) = 1

2 eT e for any e 2 < N n . If there exists a positive
real constant� suchthat

NX

i =1

NX

j =1

kx i � x j k � � kek (10)

and if

kek �
N (N � 1)� 0

� � 0
(11)
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then _V (e) � 0.

Proof: The directionalderivative of V(e) is

_V (e) =
NX

i =1

eT
i _ei

=
NX

i =1

0

@eT
i

0

@
X

j � i

gij (ei � ej ) +
1
N

NX

j =1

(êj � êi )

1

A

1

A

=
NX

i =1

0

@
X

j � i

gij (kei k2 � eT
i ej ) +

1
N

NX

j =1

eT
i (êj � êi )

1

A

The last term above is zero because
P N

i =1 ei = 0 so the
above equationreducesto

_V (e) =
NX

i =1

X

j � i

gij (kei k2 � eT
i ej )

Completingthe squarewithin the above summationyields

_V (e) =
NX

i =1

1
2

0

@
X

j � i

gij (kei k2 � kej k2 + kei � ej k2)

1

A

Summingthe �rst two termmsover i equalszeroandrecall
that ei � ej = x i � x j so that the above equationreducesto

_V(e) =
NX

i =1

1
2

X

j � i

gij kx i � x j k2

Equations2 and3 allow us to reducethe above equationto

_V (e) =
N (N � 1)

2
� 0 �

� 0

2

NX

i =1

X

j � i

kx i � x j k (12)

By the assumptionin equation10 thereexists � suchthat

NX

i =1

NX

j =1

kx i � x j k � � kek;

so if

N (N � 1)� 0 � � 0� kek � 0: (13)

then we can useequation12 to show that _V (e) � 0. The
inequality in equation 13 is simply a restatementof the
lemma's secondcondtion(equation11). }

Remark: Equation 10 of lemma 4.1 can be viewed as a
lower boundon the averageinteragentdistance.

Thefollowing lemmais aninstability resultthatcharacterizes
the setof kek for which _V(e) is positive.

Lemma4.2: Consider the system in equation 7 and let
V (e) = 1

2 eT e wheree 2 < N n . If thereexists � > 0 such
that

� kek �
NX

i =1

NX

j =1

kx i � x j k (14)

and if

kek �
N (N � 1)� 0

� � 0

then _V (e) � 0.

Remark: Equation14 of lemma4.2 is an upperboundon
the averageinteragentdistance.

Proof: If there exists � satisfying inequality 14 and if we
require

N (N � 1)
2

� 0 �
� 0�

2
kek � 0 (15)

then equation12 in the proof of lemma 4.1 implies that
_V � 0. }

The following lemmaprovides boundson kek and kêk for
which a positive de�nite function V (ê) of the consensus
statehasa negative de�nite directionalderivative. Sincethe
consensuserror systemis a linear system,this lemmais a
straightforward UUB analysis.

Lemma4.3: Considerthe systemde�ned in equation9 and
let V : < n ! < bethefunctionV (ê) = 1

2 êT ê. Let � denote
the minimum out-degree of the swarm's communication
graph.If

kêk �
N � 1 � �

1 + �
kek (16)

then _V (ê) � 0.

Proof: Considertheconsensuserrordynamicsin equation9.
Let � (A ) and � (B ) denoteeigenvaluesof systemmatrices
A and B , respectively. The eigenvaluesof A and B are
real since thesematricesare symmetric.An applicationof
Gershgorin's theoremestablishesthat the eigenvaluesof A
lie in the union of the sets


 i (A ) =
�

z 2 C :

�
�
�
�z +

�
2N � 1

N
+ 2� i

� �
�
�
� � � i +

N � 1
N

�

which meansthe eigenvaluesof A areboundedas

�
3N � 2

N
� 3� � � (A ) � � 1 � � :

where � is the maximumout-degreeof the swarm's com-
munication graph, and � is the minimum out-degree. A
similar applicationof Gershgorin's theoremestablishesthat
the eigenvaluesof B lie in the union of sets


 i (B ) =

8
<

:
z 2 C : jzj �

X

j � i

jA ij � 1j

9
=

;

which meansthe eigenvaluesof B areboundedas

� + 1 � N � � (B ) � N � 1 � �

Now considerthe directionalderivative

_V(ê) = êT _̂e = êT A ê+ êT B e:
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We may usethe aforementionedboundson � (A ) and� (B )
to show that

_V (ê) � � (1 + � )kêk2 + (N � 1 � � )kekkêk (17)

If the righthandsideof equation17 is negative de�nite then
_V (ê) � 0. Inequality17 canbe rearrangedto yield equation
16. }

V. COHESION ANALYSIS

Establishingthe cohesionof the swarm underconsensusis
accomplishedby examiningtheregionsidenti�ed in lemmas
4.1 to 4.3.This examinationallows us to identify a compact
region which is an attractinginvariantsetof the system.

Proposition5.1: Considerthe interconnectedsystemgiven
by equation7 and8. Assumethereexist constants� and �
suchthat

� kek �
NX

i =1

NX

j =1

kx i � x j k � � kek (18)

Let


 �
s =

�
(e;ê) 2 < 2N n : kek �

N (N � 1)� 0

� � 0

�


 +
s =

�
(e;ê) 2 < 2N n : kek �

N (N � 1)� 0

� � 0

�


 �
c =

�
(e;ê) 2 < 2N n : kêk �

N � 1 � �
1 + �

kek
�

For any initial state(e(0); ê(0)) 2 < 2Rn , the set


 = (
 +
s )c \ (
 �

s )c \ (
 �
c )c

is an attractinginvariantset.

Proof: The region identi�ed in lemmas4.1, 4.2, and4.3 are
preciselythe sets
 �

s , 
 +
s and 
 �

c , respectively. The set 

is the intersectionof the complementsof thesesets.From
lemmas4.1and4.2,we know theregion (
 +

s )c \ (
 �
s )c must

be anattractinginvariantset.From lemma4.3 we know that
the region (
 �

c )c is an attractinginvariantset.Thereforethe
intersectionof thesetwo sets(theset
 ) is alsoanattracting
invariantsetand the proposition's proof is complete.}

Remark: Figure 2 providesa graphicillustration of propo-
sition 5.1's proof. Theboundaryof sets
 �

s , 
 +
s and
 �

c are
shown in �gure 2 for a systemin which N = 20, � = 10,
� 0 = 1 and� 0 = 2. Thedownwardarrow showsthedirection
in which V(ê) is a monotonedecreasingfunction of time.

The right to left (left to right) arrow shows the direction in
which V(e) is a monotonedecreasing(increasing)function
of time. The arrows point to the boundarythat ê or e is
converging. The attracting invariant set 
 is the shaded
region in the �gure.

The following corollaryof proposition5.1 simply statesthat
the swarm is cohesive underconsensus.
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Corollary 5.2: Considerthe interconnectedsystemgivenby
equation7 and8. Assumethereexist constants� and� such
that

� kek �
NX

i =1

NX

j =1

kx i � x j k � � kek

Thentheswarm is cohesive andachieves� -consensuswhere

R =
N (N � 1)� 0

� � 0
; R =

N (N � 1)� 0

� � 0

� =
N � 1 � �

1 + �
�

N (N � 1)� 0

� � 0

Proof: The variables R and R are the bounds on kek
obtainedin lemmas4.1 and4.2, respectively. The variable�
is obtainedby insertingR into the upperboundfor kêk in
lemma4.3. This correspondsto the upperrighthandcorner
of the set 
 in �gure 2. }

VI . INTERAGENT DISTANCE ANALYSIS

As mentionedearlier, equation18 in proposition5.1 is an
assumedupperand lower boundon the averageinter-agent
distance.This bound is expressedas a linear function of
the vector2-norm of the swarm error vector, which we can
consideras a reasonablemeasureof the swarm's size.This
sectionjusti�es theboundin equation18 andshows how we
cango aboutcomputingthe constants� and � .

We �rst claim that we can always bound the interagent
distanceas shown in equation18. Let kxk1 =

P n
i =1 jx i j

denotethe1-normof vectorx 2 < n . Let kxk2 =
p P n

i =1 x2
i

denotethe 2-norm of vector x 2 < n . It is alreadyknown
from standardmathemticalanalysisthat we canalways �nd
constantsc andC suchthat

ckxk2 � kxk1 � Ckxk2

So now considerthe swarm error vectore 2 < N n andnote
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that

kek1 =
NX

i =1

kei k1 (19)

�
NX

i =1

1
N

NX

j =1

kx i � x j k1

�
NX

i =1

C
N

NX

j =1

kx i � x j k2 (20)

which implies that thereexists a constant� suchthat

� kek2 �
X

i

X

j

kx i � x j k2:

Also note that
NX

i =1

NX

j =1

kx i � x j k2 =
NX

i =1

NX

j =1

kei � ej k2

�
NX

i =1

NX

j =1

(kei k2 + kej k2)

�
N
c

(
NX

i =1

kei k1 +
NX

j =1

kej k1)

=
2N
c

kek1 (21)

which implies thereexists a constant� suchthat

� kek2 �
NX

i =1

NX

j =1

kx i � x j k2:

Sowe canconcludethatwe canalways�nd constants� and
� suchthat inequality18 is true.

The determinationof constants� and � may be accom-
plished by solving an associatedoptimization problem. In
particular, considerthe optimizationproblem

minimize: J =
P N

i =1

P N
j =1 kei � ej k2

with respectto: ei (i = 1; : : : ; N )
subjectto:

P N
i =1 kei k2

2 = E 2
P N

i =1 ei = 0

where E is a parameterto be chosen. This parameter
representsthe total squareddistancebetweenswarm agents.
Essentially this problem is �nding the smallest average
interagentdistance

P N
i =1

P N
j =1 kx i � x j k2 such that the

total squareddistance,kek2, is equal to E . Recall that
we showed earlier

P N
i =1 ei must always equalzero, so the

�nal constraintin the optimizationproblemensuresthat this
condition is satis�ed.

The solution to the previous optimizationproblemmay be
denotedasJ (E) whereE is thesuppliedparameter. SinceE
equalstheswarmsizekek2, thesolutionsto this optimization
problemis generatingthe curve J (kek2) which we canthen
easily �t with a linear function of kek2, therebyidentifying
theconstant� which enforcesthe lefthandsideof inequality
18.

A similar approachmaybeusedto determine� . In this case,
however, we seekto maximizeJ subjectto the samecon-
straints.The solutionsto this set of maximizationproblems
will generatesolutionsJ (kek2) which we can again over
boundwith a linear function of kek2 to determine� .

This optimizationproblemwas solved for a speci�c swarm
of size N = 20 using Matlab's fmincon function. The
asterisksin �gure 3 plot J (kek2) andJ (kek2) versuskek2.
The dashedlines representthe best �t linear functions of
kek2 for the data.For this particularswarm we determined
that � = 114 and � = 40.

 

2
e
 

( )J E  

( )J E

Fig. 3. J andJ versuskek2

The distribution of swarm error vectors e computedby
solving this optimization problem are shown in �gure 4
for kek2 = 5. The left-hand�gure correspondsto the low-
energy con�guration and the right-hand�gure corresponds
to the high-energy con�guration. The high-energy con�gu-
ration shows a con�guration in which the agentshave all
groupedtogetherinto two distinct clusters.The low-energy
con�gurationshowsasetof agentsthatareuniformly spaced.

-5 0 5
-5

0

5

-5 0 5
-5

0

5

Fig. 4. Agent con�gurationsassociatedwith J
�

(right) andJ � (left)

With the precedingboundsfor � and � we can now verify
the analysis results through simulation. A Matlab script
was written to simulatethe systemequationsin equations
5 and 6. This simulation was performedwith 20 agents
in which the repulsion coef�cient � 0 and the attraction
coef�cient, � 0 wereboth equalto one.The communication
graphwasspeci�ed at time 0 andthat graphwaskept static
over the lengthof the run. This simulation's communication
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graphhad a maximumconnectivity of about � = 10. The
swarm was attemptingto intercepta target that startedat
(0; 150) andmoved with a constantvelocity of (� 10; � 10).
The swarm was initialized to be uniformly distributed over
a rectangularregion with side length 30 centeredat the
(15; 15). The simulation was run for 100 time stepswith
a stepsizeof T = 0:02.

Figure5 shows the swarm andconsensuserrors(x � x and
x̂ � x) at the �nal simulationtime. Therighthandplot shows
the �nal swarmerrorvectorsandthe lefthandplot shows the
�nal consensuserror vectors.In this casethe �nal swarm
size kek = 3:31 and the �nal consensuserror kêk = 0:48.
Notethat the �nal swarmcon�guration is similar to the low-
energy con�gurationshown in �gure 4. Thissuggeststhatthe
associatedswarm size shouldbe closer to the lower bound
in equation18 than the upperbound.

Fig. 5. Final Swarm/ConsensusError Vectors( � 0 = 1; � 0 = 1; N =
20; � = 10)

Figures6 plot the the swarm and consensuserrorsconver-
genceprocesses.In this particularsimulation,theswarmsize
N = 20; � 0 = 1; � 0 = 1 and� = 10. The �gures show that
the swarm error e and consensuserror ê converge to the
invariantset 
 exponentially.

Fig. 6. Comparisonwith analyticalbounds� 0 = 2:0

Figure 7 is similar to the plot shown in �gure 2. In this
�gure, however, not only do we plot 
 , but we show the�nal
swarmandconsensuserrorsachievedby thesimulation.This
simulationwasrun for 5000stepswith a stepsizeT = 0:02.
This �nal errorvectoris shown by thebluecircle.Theregion

 is markedby thedarkdottedshadedregion.Thefour plots
in �gure 7 show theseregionsandsimulationdataassuming
� 0 = 2 and with � 0 ranging from 0:5 to 2:0. In viewing
the plots, we want to seeif the experimentalpredictionlies
within theset
 . Thishappensin all caseswith thesimulation
resultusually restingat the far lefthandsideof the set 
 .

 

e  e  

ê ê

ê ê

e  

e  e  

e  

0 02 0.5a r= =  
0 02 1a r= =  

0 02 1.5a r= =  
0 02 2a r= =  

Fig. 7. Comparisonwith analyticalbounds� 0 = 2:0

VII . CONSENSUS UNDER INTEGRAL ACTION

As statedin the introduction,the consensus�lter generates
estimatesof theswarmcenterwhich arethenusedby agents
to guidethe swarm to the target.The analyticalboundsand
simulation results presentedabove indicate that using the
consensus�lter in equation4, the bestwe can hopefor is
� -consensuswhere the size of � is given in corollary 5.2.
Obviously what we'd like to do is identify conditionsunder
which we might drive � to zero.

In general,we've found it is impossibleto drive the con-
sensuserror ê to zero for all agents.The best we can
show is that under integral action we can force all agents
to reacha consensuserror that is identical for all agents.
That error, however, will not be zero.This is donethrough
the introduction of integral action in the consensus�lter
equation.The stateequationsfor the consensus�lter with
integral actionareshown below,

_̂e = A ê+ B e+ K I z

_z = � L ê (22)

where z 2 < N n is the integrated error, K 2 < is the
integrator gain, I is an N n � N n identity matrix, and L
is the Laplacianfor the communicationgraph.

To seehow integral actionachievesperfectconsensus,let's
�rst considervectorsêss 2 < N n andzss 2 < N n suchthat

0 = A êss + B e+ K I zss

0 = � L êss

where e is the steadystate swarm error vector. The aug-
mentedsystemequationsmay now be rewritten in matrix
vector form as

�
_̂e
_z

�
=

�
A K I

� L 0

� �
ê
z

�
+

�
B
0

�
e

In the precedingequations,it should be apparentthat êss

and zss are equilibrium points of the unforcedsystem(i.e.
e = 0).

From the secondequilibrium equationwe seethat êss must
lie in the null spaceof the Laplacian,L . This meansthat
êss = � 1 where 1 is a vector of onesand � is any real
constant.Insertingthis into the above equationwe seethat
zss = � �

K A1 � 1
K B e. Since êss = � 1, we know that all

agentsconvergeto thesameconsensuserrorêi underintegral
action.The magnitudeof that error (e.g. � ) will dependon
theinitial conditionsof thesystem.In somesensewe cansay
that the �lter achievesperfectconsensusbecauseall agents
agreeuponthe sameerror vector.

A Matlab script was written to simulate swarming under
consensuswith integral action.In this particularsimulation,
we setK = 20 with � 0 = 1, � 0 = 2, N = 20, and� = 10.
Figure8 plots the swarm positionerror, theconsensuserror,
and the integratorvectorz as a function of time. The plots
show that the consensuserror clearly converges to a very
small constantvector for all agents.
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Fig. 8. Swarm/ConsensusTime History (integral action)

VII I . SUMMARY

Thispaperstudiedcohesiveswarmingunderconsensus�lter -
ing. Speci�c boundsweredeterminedfor averageinter-agent
distance,swarmsize,andthelevel of consensusasa function
of repulsionstrength,attractionstrength,numberof agents,
and communicationnetwork connectivity. The theoretical
predictionsof the analysiswerecorroboratedwith computer
simulationsof thesystem.This paperalsostudiedtheimpact
of integral actionon the consensus�lter .
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