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Abstract—This paper studies the cohesion of multi-agent
swarms moving under the control of a consensuslter . This
paper's main result shows that swarming under consensusis
cohesve. We establishspeci ¢ boundson the degreeof cohesion
and consensusas a function of the attraction/r epulsion elds,
swarm size,and connectvity in the communication network.

I. INTRODUCTION

There has recently been considerableactvity studying the
swarming [1][2] of autonomousunmannedvehicles(AUV)
or mobile agents Most of this effort hasuseda Lagrangian
framawork [3] [4] which focuseson therelationshipbetween
individual agents.Nearly all of these papersassumethe
swarm consistsof agentsthat have the sameunderlyingve-
hiculardynamics Vehiclemovements drivenby acommand
that passesthrough either a single integrator [5][6][7] or
doubleintegratordynamic[8]. Thecommandnputis usually
the gradient of a potential eld. This potential eld can
be automaticallygeneratedrom proximity sensorsletecting
neighboringagentsand obstaclesPotential elds associated
with obstaclecauseagentsto move away from the obstacle.
Potential elds generatedby neighboringagentsarebasecdon
long-rangeattractionand short distancerepulsionbetween
agentsThis mechanismhelpsassureghe cohesvenesof the
swarm while minimizing the likelihood of agentcollisions.

Potential elds, however, may alsoarisefrom virtual objects
[9] that are not directly sensedy ary individual agent.For

example, a group of mobile robots attemptingto nd the
sourceof a chemicalplume, must use the aggreyate of all

local measurementsf chemicalconcentratiorto determine
the best direction for the swarm to move towards. The
“source” of the chemical plume may be thought of as a
virtual positionthat generates potential eld which draws
all agentsin the swarm toward that location. An individual

agents movements therefore,are no longer determinedo-

cally by thatagents sensorsThosemovementsareguidedby

a vectorthatis the result of aggreyating sensorinformation
from agentsthroughoutthe entire swarm.

This sensorinformation is broadcasbver the entire swarm
usinga communicatiometwork. In practice,thesenetworks
are multi-hop networks. It is alreadywell known that ad
hoc multi-hop networks have inherentcapacity limitations
[10Q]. Soin recentyears,therehasbeenconsiderablénterest
in studying the impact that limited communicationhas on
the performanceof swarmingin suchsystems.n much of
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this work [11][12] [13][14], the communicationnetwork is
treatedas a graphof limited connectvity andthe question
concernsthe behaior of the swarm underlimited network
connectvity.

This paperfocuseson the useof consensugn swarm guid-
anceandcontrol. In particular we studythe interconnection
of swarmdynamicswith aconsensudter asshovnin gure
1. The swarm dynamicsusedin this paperemploy short
rangerepulsionand long rangeattractionfunctions, similar
to [4] and [6], to prevent agentcollisions. The individual
velocity is generatedy integratingthe mutualforcesrelated
to the senseddistance between neighboring agents. The
consensuslter is basedon the systemintroducedin [13].
In this study the consensudter estimateghe swarm center
and then computesthe guidancedirection from estimated
centerto a known target point.
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Fig. 1. Interconnectiorof Swarm and Consensus-ilter

The paperderives uniform ultimate boundson the swarm
sizeandlevel of consensuthroughLyapuna-basednethod-
ologies, similar to that done in [6] for the swarm and
[13] for the consensuslter. The boundsare expressedas
a function of the attraction/repulsiorstrength, number of
network agents,and communicationnetwork connectvity.
Theseresults establishthat the swarm is indeed cohesve
underconsensudtering, thoughthe level of consensuss a
function of swarm size.

The remainderof the paperis organizedas follows. The
problem statementis statedin sectionll. The conceptsof
swarm error and consensugrror are introducedin section
lll. Theswarmandconsensudter stability analysisarepre-
sentedn sectionlV andsectionV. We studythe distribution
of swarm agentsin sectionVI. We then study the behavior
of the consensuslter underintegral actionin sectionVII.

SectionVIIl summarizeghe paper



Il. PROBLEM STATEMENT

Considera swarm of N dynamical agentsthat exchange
information over a multi-hop communicatiometwork. Each
agentis characterizedoy two types of states;its physical
staterepresentinghe agents positionin the real world and
its consensustate representinghe agents estimateof the
swarm's geometriccenter The physicalstateof theith agent
attime t is denotedasa vectorx;(t) in Euclideann-space,
<", Thetrajectoryof theith agents physicalstateis denoted
by the functionx; : <* ! <" which satis es the ordinary
differential equation
X

xi(=u®+ gk xOKM X (1) (1)

joi

andg: <* ! <isafunctionfromthepositiverealline, <*,
into thereal line, <. We will usethe notatiolggi- to denote
g(kxi xjk) andwelet ; ;x; todenote ;g X;.

The summationin equationl representséong rangephysical
interactionsbetweenagents We assumehat this interaction
can be decomposednto a repulsiveand attractive compo-
nent.In particularif welet :<* ! <*and :<*! <%
denotethe repulsionandattraction functions,theng may be
written as

gr)= () (1

for any r 2 <* . This paperrestrictsits attentionto attraction
and repulsionfunctionsof the form

(r = )
(n = ®3)

for any r 2 <* andwhere o and ¢ arepositive constants.

= -
o Nlo

The consensusstate of the ith agentat time t is denoted
as a vector Rj(t) 2 <". The trajectory of the ith agents
consensustateis denotedby the function ®; : <* I <"
which satis esthe consensudter equation

X

() = (xo() R+ Ay (0(t) Ri(t)
i
X
+ AR &) 4)
j=1
fori = 1;:::;N. Thevectorxe(t) 2 <" is the stateof the

targetattimet. The coefcient A; istheij th components
of the matrix | , + Adj (G) wherel, isann n identity
matrix andAdj (G) is the adjaceng matrix of the graphG.
The graphG modelsthe communicatiorconnectvity within
the swarm. Agentj is ableto transmitits consensustatex;
andaninput 0; to agenti if andonly if A; = 1.

Figure 1 shows that the entire swarm may be viewed asan
interconnectiorof the swarm dynamics(equationl) andthe
consensuslter (equation4). The swarm dynamics input
from the j th agentto the consensusdlter' s ith agentis the
position of the jth agent,in other words ¢; = x;. The

consensuslter' s input from the jth agentto the swarm
dynamicsj th agentis thej 'th agents estimateof the swarm
center(consensustate)relative to the target, in otherwords
Uj = Xo Rj. Theconsensuslter is trying to estimatethe
centerof the swarm andthe swarm is usingthoseestimates
to guide the swarm toward the target. The overall dynamics
of this systemmay therefcg(rebe written as

Xi = (Xo ki)*‘_ 9 (kxi  xjK)(xi  x;) (5)
2 = (Xo R)+  AF(Rx ®)
i
X
+ Aij (Xj Rﬁ) (6)

j=1

We're interestedin establishingwhetherthe sygrm is co-
hesive and achieses consensusLet x(t) = Ni jN:1 X; (t)
denotethe swarm center attime t. De ne the swarm error

andconsensuserror of theith agentattimet as
e (t) xi(t) x(t)2<";
&) = &) x(t)2<";

respectiely. Furthermorelet e(t) 2 <N" and é(t) 2 <Nn
denotethe swarm and consensugrror vectors,

e(t) er(t) e ey (1)
&(t) el e &l (1)

With regard to the previous notationalcorventionswe say
that the swarm de ned by equations5 and 6 is cohesve if
andonly if thereexist positive real constantR andR such
thatlim supke(t)k R andlim inf ke(t)k R. We saythat
theswarmachieves -consensusf thereexistsa positive real
constant suchthatlim supké(t)k . Theobjectie of this
paperis to establishwhetherthe swarm de ned in equations
5 and 6 is cohesve, achieves -consensusand to provide
boundson the constantsR, R, and as a function of the
swarm parameters.

T

T

I1l. ERROR EQUATIONS

Sinceour analysisis concernedvith the asymptoticoehavior
of the error vectorse(t) and &(t), it will be corvenientto
transformthe original systemequationdnto a setof coupled
error equations.

The derivative of the ith agents swarm error is

1 X
& = X N Xj
j=1
= (X0 Ri)+ g (kxi xK(xi 0 xp)
o I 1
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Note that ]-N:l K j Oik(kx;  xkk)(Xj  Xxk) = 0, X
Xj = & ¢g,and® % = & ¢ sotheswarm error
equationbecomes
1 X
e = gi (ke gki(e )+ o (& &)7)
i j=1
fori=1;:::;N
The derivative of the ith agents consensugrror is
1 X
A T
j=1
= (Xo R)+  Aj(R R)
joi
X 1 X
+ A (X R) N (Xo %)
=1 j=1
X
= Aj (R R+ A(X RN)
=1 j=1
1 X
"N R R)
j=1
X
= A (R R)+ A &)
j=1 j=1
whereA; = Aj + 4. Notethat®, % =& & and
Xj R = ¢ & sowe canrewrite theconsensusgrror state
equationas
X X
& = Aj (g &)+ Aj (g &) (8)
j=1 j=1
fori=1;:::;N

It will be convenientto expressequation(8) in matrix-vector
form. In particular let ; denotethe out-degreeof the ith
ggentm the swarm's commu|5|cat|ongraph G. Note that
i=1 Aj = 1+ ; andthat i=1 Aj = + 2 Further
assumethat thereexist posmvemtegers and  suchthat
i for i = 1;:::;N. With thesenotational
conventionswe may rewrite equatlons as

N X
Aj( &)+ (e &)+
j=1 i
X X X

Aj & +
i j=1 i

& = Aj (g &)

= &

But notethat
1 X
e = = (X
j=1 j=1 j=1

&)+ e+ Ajj g

P
which implies that
expressionfor & as

] -1 § = 0. So we can rewrite our

X X _
& = & Aje+  Aj(§ &)
x x0T
g+ Aig
i i
2N 1 X X
= N 2 &6+ Ajg+  (Aj Dg
i i
Thenthe vectorform of consensugrror equationis,
é= Aé+ Be 9)
where
2 — — 3
Kil Al AN
Ayl Kol Ao
A= ) ) .
KN 1| KN 2| K N I
2 3
0 (Az 1)l (A DI
E (A1 1) 0 (Aon D) z
B = .
(An: DI (Anz D) 0
Ki= &1 2, 0isann n matrix of zerosandl
isann n identity matrix.

IV. UNIFORM ULTIMATE BOUND ANALYSIS

The main result of this paper establishesboundson the
level of consensug ) and the swarm size (R and R) as
a function of the swarm parameters o, o, N,  and
__. This is accomplishedby studyingthe uniform ultimate
boundednes§UUB) of the swarm dynamicsand consensus
Iters. This sectionpresents lemmascharacterizingegions
of the error space(e;#), in which suitably de ned positive
de nite functionsof the swarm error, e, or consensugrror
& have negative de nite directionalderivatives.

The following lemmastudiesthe directionalderivative of a
positive de nite function, V (e) of the swarm error, e. The
lemmaprovidessufcient conditionson the norm of kek for
which we canshaw the directionalderivative, \.(€), of this
function is negative. This lemma provides one part of the
UUB analysisof the swarm underconsensus

Lemmad4.1: Consider the systemin equation1 and let

V(e = %eTe for any e 2 <N If there exists a positive
real constant suchthat
X
kxi  xjk  kek (20)
i=1 j=1
andif
kek NN Do (11)

0



then\.(e) O.

Proof: The directionalderivative of V(e) is

X
Ve = ee
¥ o0 11
r @ 1 AA
= @@ g gy (¢ @)
i=1 0 joi j=1 1
X L X
= @ g (kek® € g)+ N ey &)A

i=1 joi

P
The last term above is zero because iNzl & = 0 sothe
above equationreduceso

X
g (kek® €

i=1 j i

\(e) = §)

Completingthe squarewithin the abose summationyields
0 1

X
%@ _gij(ke.kz kg k? + ke gk?)A

i=1 joi

\L(e) =

Summingthe rst two termmsoveri equalszeroandrecall
thate g = x; X; sothatthe abose equationreduceso

XX
\L(e) = Oij kX Xj k2
E I
Equations2 and 3 allow us to reducethe above equationto
o XX

2i=1ji

N(N 1)

\L(e) = >

0 kXi Xj k (12)

By the assumptiorin equationl0 thereexists  suchthat

PP
kxi  xjk  kek;
i=1 j=1
soif
NN 1)o¢ o _kek O (13)
then we can use equation12 to shav that\\(e) 0. The

inequality in equation 13 is simply a restatementof the
lemmas secondcondtion(equationl11). }

Remark: Equation10 of lemma4.1 can be viewed as a
lower boundon the averageinteragentdistance.

Thefollowing lemmais aninstability resultthatcharacterizes
the setof kek for which \/(e) is positive.

Lemmad.2: Consider the systemin equation 7 and let
V(e) = 1eTe wheree 2 <N"_ |f thereexists > 0 such
that

XX
kXi
i=1 j=1

kek x; k (14)

andif
N(N 1)

0

kek

then\.(e) O.

Remark: Equation14 of lemma4.2 is an upperboundon
the averageinteragentdistance.

Proof: If thereexists satisfyinginequality 14 and if we
require
N(N 1)
2

then equation12 in the proof of lemma 4.1 implies that
v 0.}

0 %kek 0 (15)

The following lemma provides boundson kek and kék for
which a positive de nite function V(&) of the consensus
statehasa negative de nite directionalderivative. Sincethe
consensu®rror systemis a linear system,this lemmais a
straightforvard UUB analysis.

Lemmad4.3: Considerthe systemde ned in equation9 and
letV :<" ! < bethefunctionV(é) = 1e"e. Let__ denote
the minimum out-deggree of the swarm's communication
graph.lIf

N 1
TR

kek (16)

then\.(&) O.

Proof: Considerthe consensusgrrordynamicsin equation9.
Let (A) and (B) denoteeigervaluesof systemmatrices
A and B, respectiely. The eigervaluesof A and B are
real since thesematricesare symmetric. An applicationof
Gershgorins theoremestablisheghat the eigervaluesof A
lie in the union of the sets

2N 1 N 1
i(Ay= z2C: z+ N +2 it N
which meansthe eigervaluesof A areboundedas
3N 2
N 3 (A) 1

where  is the maximumout-degree of the swarm's com-
munication graph, and __ is the minimum out-degree. A
similar applicationof Gershgorins theoremestablisheghat
the eigervaluesof B lie in the union of sets

8 9

< X =

i(B)=.22C: jzj A1

. ] | )

which meansthe eigervaluesof B are boundedas

~+1 N (B) N 1

Now considerthe directionalderivative

(&) = efe=ea"Ae+ e Be:



We may usethe aforementionedoundson (A) and (B)
to show that

(&) (1+ )kek®+ (N 1 )kekkek (17)

If the righthandside of equationl7 is negative de nite then
V(&) 0. Inequality17 canbe rearrangedo yield equation
16.}

V. COHESION ANALYSIS

Establishingthe cohesionof the swarm underconsensuss
accomplishedy examiningtheregionsidenti ed in lemmas
4.1to 4.3. This examinationallows usto identify a compact
region which is an attractinginvariantsetof the system.

Proposition5.1: Considerthe interconnectedsystemgiven
by equation7 and 8. Assumethereexist constants and
suchthat

XX —
_kek kxi xjk kek (18)
i=1 j=1
Let
.= (e92<Mn ke NN Do
_ 0
o= (e;®) 2 <N kek N(N_Do
0
N
¢ = (e 2<AN" o kek —T kek

For ary initial state(e(0);&(0)) 2 <2R", the set
=NV ()
is an attractinginvariantset.

Proof: Theregionidenti ed in lemmas4.1,4.2,and4.3 are
preciselythesets ¢, { and ., respectiely. The set

is the intersectionof the complementf thesesets.From
lemmas4.1and4.2,we know theregion( £)°\ ( ¢ )¢ must
be an attractinginvariantset. Fromlemmad4.3 we know that
theregion ( . )¢ is anattractinginvariantset. Thereforethe
intersectionof thesetwo sets(the set ) is alsoan attracting

invariantsetand the propositions proof is complete.}

Remark: Figure 2 providesa graphicillustration of propo-
sition 5.1's proof. The boundaryof sets ., ¢ and . are
shavn in gure 2 for a systemin whichN = 20, _ = 10,
o= land o= 2. Thedownwardarron shovsthedirection
in which V(&) is a monotonedecreasingunction of time.

The right to left (left to right) arronv shaws the directionin

which V (e) is a monotonedecreasingdincreasing)function
of time. The arrowvs point to the boundarythat & or e is

corverging. The attracting invariant set  is the shaded
region in the gure.

The following corollary of proposition5.1 simply stateshat
the swarm is cohesve underconsensus.
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Fig.2. GeometricAnalysisof Interconnecte®ystemCohesienesy o =
1, 0=2,N=20 _ =10

Corollary 5.2: Considerthe interconnectedystemgiven by
equation7 and8. Assumethereexist constants and such
that B

XN

kek "~ kek

kXi
i=1 j=1

Xjk

Thenthe swarmis cohesve andachieves -consensusvhere
— N(N 1 N(N 1

r = N Jo. g NN Do
0 0

N 1
1+ 0

Proof: The variablesR and R are the boundson kek
obtainedin lemmas4.1 and 4.2, respectrely. The variable
is obtainedby insertingR into the upperboundfor kék in
lemma4.3. This correspondgo the upperrighthandcorner
of theset in gure 2.}

VI. INTERAGENT DISTANCE ANALYSIS

As mentionedearlier equation18 in proposition5.1 is an
assumedupperand lower boundon the averageinteragent
distance.This boundis expressedas a linear function of
the vector 2-norm of the swarm error vector which we can
consideras a reasonablaneasureof the swarm's size. This
sectionjusti es theboundin equation18 andshowvs how we
cango aboutcomputingthe constants and .

We rst claim that we can always bound the if,]teragent

distanceas shown in equation18. Let kxk; = Ein=1 iXi]
denotethe 1-normof vectorx 2 <". Let kxks = P oy X?

denotethe 2-norm of vectorx 2 <". It is alreadyknown
from standardmathemticalanalysisthat we canalways nd
constant and C suchthat

ckxks  kxk; Ckxks

So now considerthe swarm error vectore 2 <N" andnote



that

X
kek; = ke ki (19)
i=1
X
Ni kxi  Xjki
i=1 =1
% kxi  Xjka (20)
i=1 j=1
which implies that thereexists a constant  suchthat
X X
_kekz kxi  Xxjka:
i
Also notethat
XX XX
kx; X k, = ke, € k2
i=1 j=1 i=1 j=1
(keikz + ke ko)
i=1 j=1
BT keka+ kek)
¢ i=1 j=1
= ﬁkek1 (21)

which implies thereexists a constant - suchthat

_ XX
keks kx;

i=1 j=1

X;j ka:

Sowe canconcludethatwe canaways nd constants and
~ suchthatinequality 18 is true.

The determinationof constants and _ may be accom-
plished by solving an associatedptimization problem. In
particular considerthe optimizationproblem

Py P
minimize: J= ,Nl JNl ke gka
with respectto: B (i=1:::;N)
i . N 2 - g2
subjectto: p i=1 keks = E
s 8 =0

where E is a parameterto be chosen. This parameter
representshe total squareddistancebetweenswarm agents.
Essentially this pro‘QIemf_-s nding the smallest average
interagentdistance  ;_; '—1 kx;  Xjk2 such that the
total squareddlstqgce,kekz, is equal to E. Recall that
we shaved earlier iN:1 & mustalways equalzero, so the
nal constraintin the optimizationproblemensureghat this
conditionis satis ed.

The solution to the previous optimization problemmay be
denotedasJ (E) whereE is the suppliedparameterSinceE

equalsthe swarmsizekek,, the solutionsto this optimization
problemis generatinghe curve J (kek,) which we canthen
easily t with a linear function of kek,, therebyidentifying
the constant which enforceghe lefthandside of inequality
18.

A similar approachmay be usedto determine . In this case,
however, we seekto maximizeJ subjectto the samecon-
straints.The solutionsto this set of maximizationproblems
will generatesolutions J (kek,) which we can again over
boundwith a linear function of kek, to determine .

This optimizationproblemwas solved for a speci ¢ swarm
of size N = 20 using Matlab's fmincon function. The
asterisksn gure 3 plot J(kekz) andJ (kek,) versuskeks.
The dashedlines representthe best t linear functions of
kek, for the data.For this particularswarm we determined

that = 114and = 40
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Fig. 3. J andJ versuskeks

The distribution of swarm error vectors e computed by
solving this optimization problem are shovn in gure 4
for kek, = 5. The left-hand gure corresponddgo the low-
enegy con guration and the right-hand gure corresponds
to the high-enegy con guration. The high-enegy con gu-
ration shavs a con guration in which the agentshave all
groupedtogetherinto two distinct clusters.The low-enegy
con gurationshavs asetof agentghatareuniformly spaced.

5 5
0 0
55 0 5 %5 0 5

Fig. 4. Agentcon gurationsassociatedvith J  (right) andJ  (left)
With the precedingboundsfor and we cannow verify
the analysis results through simulation. A Matlab script
was written to simulatethe systemequationsin equations
5 and 6. This simulation was performedwith 20 agents
in which the repulsion coefcient o and the attraction
coefcient, ¢ wereboth equalto one. The communication
graphwasspeci ed at time 0 andthat graphwas kept static
over the lengthof the run. This simulations communication



graphhad a maximum connectvity of about__ = 10. The
swarm was attemptingto intercepta target that startedat
(0; 150) and moved with a constantvelocity of ( 10; 10).
The swarm was initialized to be uniformly distributed over
a rectangularregion with side length 30 centeredat the
(15; 15). The simulation was run for 100 time stepswith
a stepsizeof T = 0:02

Figure 5 shavs the swarm and consensugrrors(x X and
R X) atthe nal simulationtime. The righthandplot shavs
the nal swarm errorvectorsandthe lefthandplot shavs the
nal consensusrror vectors.In this casethe nal swarm
sizekek = 3:31 andthe nal consensu®rror kék = 0:48.
Notethatthe nal swarmcon gurationis similar to the low-
enepgy con gurationshavnin gure 4. This suggestshatthe
associatedswarm size shouldbe closerto the lower bound
in equation18 thanthe upperbound.

Fig. 5. Final Swarm/Consensukrror Vectors( o = 1;
20; _ = 10)

0=1, N =

Figures6 plot the the swarm and consensugrrors corver
genceprocessedn this particularsimulation,the swarmsize
N =20 o=1;, o= 1and_ = 10. The gures show that
the swarm error e and consensuserror & corverge to the
invariantset  exponentially

Fig. 6. Comparisorwith analyticalbounds ¢ = 2:0

Figure 7 is similar to the plot shavn in gure 2. In this
gure, however, notonly dowe plot , but we shav the nal
swarmandconsensusrrorsachiezedby the simulation.This
simulationwasrun for 5000stepswith a stepsizeT = 0:02.
This nal errorvectoris shovn by thebluecircle. Theregion
is marked by the dark dottedshadedegion. The four plots
in gure 7 shaw theseregionsandsimulationdataassuming
o = 2 andwith ¢ rangingfrom 0:5 to 2:0. In viewing
the plots, we want to seeif the experimentalpredictionlies
within theset . Thishappensn all casewith thesimulation
resultusually restingat the far lefthandside of the set

a,=2 r,=05 a

I I

Il

I«

I (§

Fig. 7. Comparisorwith analyticalbounds ¢ = 2:0

VIlI. CONSENSUS UNDER INTEGRAL ACTION

As statedin the introduction,the consensuslter generates
estimatef the swarm centerwhich arethenusedby agents
to guidethe swarm to the target. The analyticalboundsand
simulation results presentedabove indicate that using the
consensuslter in equation4, the bestwe can hopefor is

-consensusvhere the size of is given in corollary 5.2.
Obviously whatwe'd like to do is identify conditionsunder
which we might drive to zero.

In general,we've found it is impossibleto drive the con-
sensuserror & to zero for all agents.The best we can
shaw is that underintegral action we can force all agents
to reacha consensugrror that is identical for all agents.
That error, however, will not be zero. This is donethrough
the introduction of integral action in the consensuslter
equation.The state equationsfor the consensuslter with
integral actionare shavn below,

e
Z =

Aé+ Be+ Klz
Le

(22)

wherez 2 <N" js the integratederror, K 2 < is the
integrator gain, | is an Nn  Nn identity matrix, and L
is the Laplacianfor the communicationgraph.

To seehow integral action achieves perfectconsensuslet's
rst considervectorsés 2 <N" andzs 2 <N" suchthat

0
0 =

Aés + Be+ Klzg
Lés

where e is the steadystate swarm error vector The aug-
mentedsystemequationsmay now be rewritten in matrix
vectorform as

e _ A KI e . B
z L O z 0
In the precedingequationsi,it should be apparentthat &g

and zgs are equilibrium points of the unforcedsystem(i.e.
e=0).

From the secondequilibrium equationwe seethat &5 must
lie in the null spaceof the Laplacian,L. This meansthat
&s = 1 wherel is a vectorof onesand is ary real
constant.Insertingthis into the above equationwe seethat
Zs = Al L1Be Sincebs = 1, we know thatall

agentsorvergeto the sameconsensusrroré, underintegral

action. The magnitudeof that error (e.g. ) will dependon

theinitial conditionsof the systemln somesenseve cansay
thatthe Iter achieves perfectconsensudecausell agents
agreeuponthe sameerror vector

A Matlab script was written to simulate swarming under
consensusvith integral action. In this particularsimulation,
we setK = 20with =1, g=2,N =20, and__ = 10.
Figure 8 plotsthe swarm positionerror, the consensuegrror,
and the integrator vector z as a function of time. The plots
shav that the consensuserror clearly corvergesto a very
small constantvectorfor all agents.



swarm error, e(t)

2% 20 40 60 80 100time 120

consensus error, &(t)

0 20 40 60 80 100time 120

integrator variable, z(t)

0 20 40 60 80 100 time 120

Fig. 8. Swarm/Consensusime History (integral action)

VIIl. SUMMARY

This paperstudiedcohesve swarmingunderconsensuster -

ing.

Speci ¢ boundsweredeterminedor averageinteragent

distanceswarmsize,andthelevel of consensuasafunction
of repulsionstrength,attractionstrength,numberof agents,
and communicationnetwork connectvity. The theoretical
predictionsof the analysiswere corroboratedvith computer
simulationsof the system.This paperalsostudiedthe impact
of integral actionon the consensudlter .
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