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Abstract— Prior work [1] studied the cohesivenessof swarm
dynamics when a consensus£lter [2] is guiding swarm move-
ment. In that earlier work it was shown that the degree
of consensusachieved was dependent on the swarm's size.
This paper proves that if the swarm's communication graph
is regular, then the intr oduction of integral action into the
consensus£lter achievesperfect consensusregardlessof swarm
size.

I . INTRODUCTION

Swarmingis a collective behavior in which a group of
distinct dynamicalagentsbegin to move as a single entity.
Swarming behavior has fascinatedthoseinterestedin how
collective actionscan emerge from the sel£shbehavior of
individuals in the group. Early examples may be found
in physics and biology [3], [4] [5] [6] [7]. Control sci-
entists have recently begun studying multi-agent systems
for applicationsinvolving cooperative groupsof unmanned
autonomousvehicles (UAV' s). The cooperative behaviors
includesmoving in formation [8] [9] [10] [11], aggregating
in swarms[12] [13], andexploring hazardousenvironments
[14] [15].

A popularapproachto investigateagentinteractionsuses
Lagrangian models.Broadly speaking,Lagrangianmodels
canbedividedfurtherinto two types;swarmingand¤ocking.
Theterm“swarming” is oftenreservedfor kinematicmodels
in which swarm membersare treatedas point masses.The
standing assumptionin this case is that viscous forces
are large enough so that an agent's accelerationis only
signi£cantover a shortperiodof time. The i th agent's state,
x : < ! < n , therefore,satis£esa £rst order differential
equation _x i (t) = Fi (t). The function Fi is the control
input signal.On the otherhand,the term “¤ocking” pertains
to a group of agentswhose statessatisfy a secondorder
differential equation, Äx i (t) = Fi (t), in which individuals
react to external forces by accelerating.This is clearly
distinct from the “swarming” casein which inertial forces
areneglected.In bothcases,thecontrol input canbewritten
as

Fi (t) =
X

j 2 N i

f (x i ; x j ) + ui

where N i is the set of the i th agent's neighbors, f i :
< n £ < n ! < n modelsthe inter-agentforcesand ui is an
exogenousinput. Early work in swarming[12] and¤ocking
[13] assumedthatN i wastheentiregroup.Othergroups[8]
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[16] considered¤ockingin groupsin whichN i only captured
nearestneighborinteractions.In nearly all of theseworks,
inter-agentforces are modeledas a mixture of short-range
repulsionand long-rangeattractionforcesof the form

f (x i ; x j ) = ½(kx i ¡ x j k)(x i ¡ x j ) ¡ ®(kx i ¡ x j k)(x i ¡ x j ) (1)

where½: < + ! < + and® : < + ! < + representrepulsive
andattractive forcesbetweenagents,respectively.

This paperconsidersswarm dynamicsin which N i rep-
resentsthe entiregroupand inter-agentforcesaregoverned
by the repulsive-attractive forcesshown in equation1. The
novelty in this work is its focuson externalinputsui thatare
generatedby a consensus£lter. In otherwordswe studythe
interconnectionof a swarm with a consensus£lter asshown
in £gure1. Theconsensus£lter wasoriginally introducedby
Olfati-Saberand Shamma[2] as an extensionof consensus
protocols[17] usedin distributed estimation.In this paper,
the consensus£lter generatesa collective estimateof the
swarm's centerand agentsuse that estimateto guide their
movements.The primary questionaddressedin this paper
concernsthecohesivenessof theswarmunderconsensusand
the level of consensusachieved.
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Fig. 1. Interconnectionof Swarm andConsensusFilter

Olfati-Saberet al. [18] brie¤y discussedusing consensus
protocols to guide cooperative multi-agent systemswith
regard to multi-vehicle formation control [11]. Recently, a
detailedstability analysisof vehicle swarmsunderconsen-
sus was done by Lemmon and Sun [1] in which it was
shown that the level of consensuswas dependenton the
swarm's size. In that earlier paper it was conjecturedthat
the introduction of integral action into the consensus£lter
could achieve near perfect consensusregardlessof swarm
size.This paperfollows up on that conjectureto prove that
integral action indeedachieves perfect consensusprovided
the group's communicationgraphis regular.

The remainder of the paper is organized as follows.
SectionII reviews themain resultsfrom [1] thatarerelevant



to this paperandintroducestheconsensus£lter with integral
action.The paper's main resultswill be found in sectionIII
with simulation resultspresentedin sectionIV. SectionV
summarizesthe paper.

I I . PRIOR RESULTS

Our earlier paper [1] studieda swarm of N dynamical
agents,whosesystemequationsare,

_x i = (x0 ¡ x̂ i ) +
X

j » i

g(kx i ¡ x j k)(x i ¡ x j ) (2)

_̂x i = (x0 ¡ x̂ i ) +
X

j » i

A ij (x̂ j ¡ x̂ i ) +
NX

j =1

A ij (x j ¡ x̂ i )

where x i the physical stateof the i th agentand x̂ i is the
consensusstateof thei th agent.Thetargetstateis denotedas
x0. The coef£cientA ij is the ij -th componentof the matrix
I N + Adj (G) whereI N is an N £ N identity matrix and
Adj (G) is the adjacency matrix of the undirectedgraph,G.
ThegraphG modelsthecommunicationconnectivity within
theswarm.Agent j is ableto transmitits consensusstatex̂ j

andits currentstatex j to agenti if andonly if A ij = 1. We
let

P
j » i x j denote

P N
j =1 ;j 6= i x j . The function g : < + ! <

canbe written as

g(r ) = ½(r ) ¡ ®(r )

for any r 2 < + where½: < + ! < + and ® : < + ! < +

denotethe repulsionandattraction function, respectively. In
particular, the original paper[1] and this paperassumethat

½(r ) = ½0
r 2 ; ®(r ) = ®0

r

for any r 2 < + where½0 and®0 arepositive real constants.
We de£nethe swarmerror andconsensuserror of the i th

agentat time t as

ei (t) = x i (t) ¡ x(t)

êi (t) = x̂ i (t) ¡ x(t)

where

x(t) =
1
N

NX

j =1

x j (t)

denotesthe swarmcenter. We let e(t) and ê(t) denotevec-
tors in < N n whose(in + j ) th elementis the j th component
of the i th agent's swarm andconsensuserror, respectively.

In the paper[1] it wasshown that the norm of the swarm
error may be boundedas,

R =
N (N ¡ 1)½0

¯ ®0
· kek ·

N (N ¡ 1)½0

¯ ®0
= R (3)

where¯ and ¯ are positive real constants.Theseconstants
are associatedwith the swarm's internal energy [1]. It was
alsoshown that the norm on the consensuserror is bounded
as

kêk ¸
N ¡ 1 ¡ ¢

1 + ¢
kek (4)

where¢ denotesthe minimum out-degreeof the communi-
cation graph,G. The resultsin equation4 indicatethat the
level of consensuswill beboundedbelow by theswarmsize
which will alwaysbe nonzero.As a result the swarm in [1]
will not achieve perfectconsensus.

In our earlierpaper[1], simulationresultswerepresented
suggestingthat the introduction of integral action into the
consensus£lter might achieve near perfect consensusin
which kêk is nearly zero. This is similar to the low pass
consensus£lter introducedin [2]. The consensus£lter with
integral actionsatis£esthe following equations,

_̂x(t) = (x0(t) ¡ x̂ i (t)) +
X

j » i

A ij (x j (t) ¡ x̂ i (t))

+
X

j » i

A ij (x̂ j (t) ¡ x̂ i (t)) + K zi

_zi =
NX

j =1

A ij (x̂ j (t) ¡ x̂ i (t)) (5)

for i = 1; : : : ; N . The entire systemis formed by combin-
ing the swarm dynamicsin equation2 with the modi£ed
consensus£lter above in equation5.

Let z 2 < N n be the vector of integratederrors.We can
useequations2 and5 to obtainthe following stateequation
for the consensuserror ê,

_̂e = (A ­ I n ) ê + (B ­ I n ) e + K I N n z (6)

_z = ¡ L ­ I n ê (7)

whereA ­ B is the Kronecker productof matrix A andB .
We canrewrite theseequationsin matrix vector form as
· _̂e

_z

¸
=

µ·
A K I

¡ L 0

¸
­ I n

¶ ·
ê
z

¸
+

µ·
B
0

¸
­ I n

¶
e (8)

In the above equation

A = X + L(G)

B = Adj (G) + I N ¡ 11T

L = Deg (G) ¡ Adj (G)

X =
1
N

11T ¡ 2I N ¡ 3(Adj (G))

whereAdj (G) and Deg (G) are the adjacency and degree
matrix of graphG, respectively. The matrix L is the Lapla-
cian matrix of G.

I I I . CONSENSUS ERROR ANALYSIS

This sectioncontainsthe paper's main result,which is a
theoremestablishingconditionsunderwhich the consensus
£lter achieves perfect consensus.The proof of this result
requiresthefollowing two technicallemmas.The£rstlemma
characterizesthe eigenvaluesof the systemmatrix

© =
·

A K I
¡ L 0

¸
:

The secondlemma characterizesthe similarity transforma-
tion taking © to its diagonalcanonicalform. The proofsfor
both lemmaswill be found in the appendix(sectionVI).



Lemma3.1: Assumethecommunicationgraph,G, is con-
nectedthen© hasexactly onezeroeigenvalueandall other
eigenvalueshave real partsstrictly lessthanzero.

Lemma3.2: Let ¤ be a diagonalcomplex-valuedmatrix
whosediagonalelementsare the eigenvaluesof © ­ I . Let
U denotethe similarity transformationsuch that © ­ I =
U¤U ¡ 1.

U =
·

u1 u2 ¢¢¢ u2N

u1 u2 ¢¢¢ u2N

¸
­ I n ;

and U ¡ 1 =

2

6
6
6
4

v T
1 v T

1
v T

2 v T
2

...
...

v T
2N v T

2N

3

7
7
7
5

­ I n

where u i ; u i ; v i and v i 2 < N for i = 1; : : : ; 2N . The
matricesU andU ¡ 1 have following properties,

1) u2N = u ¢1T 2 < N , whereu is a constant.

2) v2N = 0 ¢1T 2 < N , and
v 2N = v ¢1T 2 < N , wherev is a constant.

3) K v T
i = ¸ i v T

i i = 1; ¢¢¢; 2N ¡ 1

4)
P 2N ¡ 1

i =1 u i v T
i = ¡ u2N v T

2N

5) v T
2N u2N = 1

6) Au 2N + K u2N = 0

From equation 3, we know eventually ke(t)k · R.
Assumethate(t) satis£esthis inequalityat time 0. Assuming
that initial statesatis£eŝe(0) = z(0) = 0, we can usethe
consensuserror equations6-7 to see

·
ê(t)
z(t)

¸
=

Z t

0
U e¤ ( t ¡ ¿) U ¡ 1

·
B ­ I

0

¸
e(¿)d¿

We de£nethe vectorkêssk

kêssk = lim
t !1

supfk ê(¿)k : t ¸ ¿g (9)

The following theoremprovidesan upperboundon kêssk.
Theorem3.3:

kêssk ·

°
°
°
°

µ
1
c

11T
¶

B

°
°
°
° R (10)

wherethe scalarc is

c = ¡ 1T A1
Proof: For notationalconveniencewe let A = A ­ I

andB = B ­ I . Then

kê(t)k =

°
°
°
°

Z t

0
[I N n 0N n ] U e¤ ( t ¡ ¿) U ¡ 1

·
B
0

¸
e(¿)d¿

°
°
°
°

·

°
°
°
°

Z t

0
ue¤( t ¡ ¿) v T B d¿

°
°
°
° R

where

u =
£

u1 u2 ¢¢¢ u2N
¤

­ I n

v =
£

v1 v2 ¢¢¢ v2N
¤

­ I n

Sincev2N = 0, the lowestn £ n sub-matrixin thematrix
v T B is zero.So we canconclude

kêssk ·

°
°
°
°
°
°
°
°
°

u

2

6
6
6
4

¡ 1
¸ 1

...
¡ 1

¸ 2N ¡ 1

r

3

7
7
7
5

­ I n v T B

°
°
°
°
°
°
°
°
°

R

=

°
°
°
°
°

Ã
2N ¡ 1X

i =1

¡
u i v T

i

¸ i
+ r u2N v T

2N

!

B

°
°
°
°
°

R

=

°
°
°
°
°

2N ¡ 1X

i =1

¡
u i v T

i

¸ i
B

°
°
°
°
°

R

=

°
°
°
°

µ
1
K

u2N v T
2N

¶
B

°
°
°
° R

=

°
°
°
°

µ
1
K

uv11T
¶

B

°
°
°
° R

wherethe last coupleequalitiesfollow from lemma3.2.
Multiplying v T

2N on the left-handsideandusingthe sixth
item in lemma3.2 yields,

v T
2N Au 2N + K = 0

The above equationis equivalent to,

uv ¢1T A1 + K = 0

Therefore,

kêssk ·

°
°
°
°

µ
1

¡ 1T A1
11T

¶
B

°
°
°
° R

andthe proof is complete.
The following theoremrepresentsthe main result of this

paper. It statesand proves a boundon kêssk for swarming
underconsensuswith integral action.

Theorem3.4: Let ¢ and¢ denotethemaximumandmin-
imum out-degreeof the communicationgraph,respectively.
Then

kêssk ·
¢ ¡ ¢

N (1 + ¢ )
R (11)

Remark: A regular graph is one in which ¢ = ¢ , so
thatall nodeshave thesameout degree.Theorem3.4 means
that if the graph, G, is regular then the consensuserror
will be zeroin swarmsunderconsensuswith integral action
regardlessof the swarm's size.

Proof: Let

M =
µ

1
c

11T
¶

B ;

where the scalar c is ¡ 1T A1 . The norm of M can be
boundedas

kM k2 ·
1
c2 xT B T 11T ¢11T Bx =

N
c2 xT B T 11T Bx

=
N
c2

¡
1T Bx

¢2

wherex 2 < N is a nonzerovector suchthat kxk = 1 andP N
i =1 x i = 0.



From the de£nitionof matrix B we canshow that

1T Bx = ¡
NX

i =1

(N ¡ 1 ¡ ¢ i )x i

wherex i is the i th elementof vectorx.
By construction

P N
i =1 x i = 0 so we can partition x so

that x i · 0 (i = 1; ¢¢¢; `) and x i ¸ 0 (i = ` + 1; ¢¢¢; N ).
Then,

¯
¯1T Bx

¯
¯ · ¢

X̀

i =1

x i ¡ ¢
NX

i = ` +1

x i = (¢ ¡ ¢ )
X̀

i =1

x i

Application of Cauchy's Inequality N
³ P `

i =1 x i

´ 2
·

P `
i =1 x2

i yields,

kM k2 ·
N
c2

Ã

(¢ ¡ ¢ )
X̀

i =1

x i

! 2

·
1
c2 (¢ ¡ ¢ )

X̀

i =1

x2
i

·
1
c2 (¢ ¡ ¢ )

NX

i =1

x2
i =

1
c2 (¢ ¡ ¢ ) kxk

=
1
c2 (¢ ¡ ¢ )

From the de£nitionof A we obtain

c = N +
NX

i =1

¢ i

which we cancombinein the above inequalityto obtainthe
theorem's result.

The following corollary characterizesthe degreeof con-
sensusachieved with and without integral action when
swarmingunderconsensus.

Corollary 3.5: Theratioof theminimumconsensuserrors
êin t and êno¡ in t achieved with and without integral action,
respectively is

kêkin t

kêkno¡ in t
·

¢ ¡ ¢
N (N ¡ 1 ¡ ¢ )

(12)

Remark: This corollary boundsthe decreasein the con-
sensuserror whenwe add integral action.The result shows
thatconsensuserrorcanbesmall in poorly connectedgraphs
(¢ is small) provided the swarm is large enough.

Proof: This follows directly from equation 4 and
equation11 in theorem3.4.

IV. SIMULATION

A matlabscript was written to simulateswarming under
consensuswith integral action.In the following simulations,
the integratorgain is K = 20 andtheswarmsizeis N = 20.
The repulsion/attractionstrengthsare ½0 = 1 and ®0 = 2,
respectively. Every simulationran for 6000 time stepswith
a stepsizeof T = 0:02.

We£rstsimulatedswarmingunderconsensuswith integral
action on the two communicationgraphsshown in £gure
2. The left-hand£gurecorrespondsto a regular graphwith
degree8. The right-hand£gurecorrespondsto a connected
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Fig. 2. CommunicationGraph,N= 20 (left) 8-degree (right) connected
graph
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graphwith ¢ = 19 and ¢ = 8. The degreedistribution for
this graphis shown in £gure3.

Even though the connectedgraph has an agent that is
connectedto all otheragents,the entireswarm is unableto
achieve perfectconsensus.The regular graph,on the other
hand, achieved perfect consensusas is shown in £gure 4.
This £gureplotsthelog of thenormsquaredconsensuserror,
kêk2 asa function of time. In this particularsimulationthe
swarm size, kek was boundedabove by 1:6662. The solid
line in £gure4 is the consensuserror for the regular graph
andthedashedline is theconsensuserrorfor theothergraph.
In theregulargraph,theconsensuserrorreacheda minimum
level of kêssk = 5:9174e ¡ 014, which is essentiallyzero.
Theminimumconsensuserrorachievedover theothergraph
wasseveral ordersof magnitudelarger.
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Fig. 4. ConsensusError Boundwith Integral Action, N=20

As notedabove, even if the graphis not regular, integral
action can dramatically improve the level of consensus.
Figure5 shows thecomparisonof minimumconsensuserror



with /without integral action on the samecommunication
graph. In this paritcular graph the node out-degreeswere
boundedbetween¢ = 3 and¢ = 7. Without integral action
the minimum consensuserror was about 0:9851 (dashed
line). With an integral gain of K = 20, the samesystem
achieved a minimum consensuslevel of 0:0102. The £gure
veri£esthat integral actioncandecreasethe consensuserror
signi£cantly.
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Fig. 5. ConsensusError Equilibrium with /without Integral Action

The following simulation resultsexperimentallyevaluate
the tightnessof the boundspresentedin theorem3.4 and
corollary3.5.Theorem3.4's proof usedthe following bound

¯
¯1T Bx

¯
¯ · (¢ ¡ ¢ )

X̀

i =1

x i and,

(¢ ¡ ¢ )
X̀

i =1

x2
i · (¢ ¡ ¢ )

NX

i =1

x2
i

in which a unit vector x satisfying
P N

i =1 x i = 0 was
partitionedinto its positive and negative components(x i ·
0 (i = 1; ¢¢¢̀ ) and x i ¸ 0 (i = ` + 1; ¢¢¢; N )). The bound
clearly getstight when¢ is closeto ¢ .

Figure6 illustratesthe relationshipbetween(¢ ¡ ¢ ) and
theboundon kêssk. This £gureplotskêssk for two different
graphs.In the £rst graph(solid line) thereis a large spread
in the nodeout-degrees(¢ = 13 and ¢ = 5). In this case
the consensuserror is predictedto be less than 0:3176 by
theorem3.4. The actualminimum consensuserror, however,
wasonly 0:0154. In thesecondgraph(dashedline), thereis a
small spreadin the nodeout-degrees(¢ = 10 and¢ = 11).
For this case,theorem3.4 predictsa consensuserror that is
lessthan 0:0216 with the actualnorm being 0:0134. These
resultsshow closeagreementbetweenthe predictionsmade
in theorem3.4 andactualsimulatedresults.

V. SUMMARY

This paperstudiedtheeffect of integral actionon thecon-
sensus£lter. Whencomparedto consensuserrorsin swarms
without integral action,we found that addingintegral action

0 1000 2000 3000 4000 5000 6000
�10

�8

�6

�4

�2

0

Number of Time Slots t

lo
g(

eh
T
*e

h)

Consensus Filters Convergence Rate

 

 
D

max
=13,   D

min
=5

D
max

=11,  D
min

=10

Fig. 6. ConsensusError Boundwith different¢ and¢

dramaticallyimproved the level of consensus.In particular,
we found that if the communicationgraph is regular, then
the swarm could achieve perfect consensusunder integral
action.

VI . PROOFS

Proof: Lemma 3.1: Any eigenvalue¸ of © mustsatisfy
the characteristicequationÂ(©) = 0 so that

0 = Â(©) = det
·

¸ I ¡ A ¡ K I
L ¸ I

¸

= det (¸ I ¡ A ) det
¡
¸ I + K L (¸ I ¡ A )¡ 1¢

= det (¸ (¸ I ¡ A ) + K L) (13)

The rank of Laplacianmatrix L (G) is N ¡ 1 when the
graphG is connected,so that det(K L ) = 0. This implies
that © hasat leastonezeroeigenvalue.

We now show that the eigenvalues of © cannot have
positive realparts.Assumethat¸ is aneigenvalueof © such
that Re(¸ ) > 0. If ¸ is complex, its complex conjugate, ¸
must also be an eigenvalue of ©. So considerany vector
x 6= 0 in < N andlet x+ denoteits conjugatetranspose,then

x+ (¸ (¸ I ¡ A ) + K L)x

+ x+ (¸ (¸ I ¡ A ) + K L)x

=
³

¸ 2 + ¸
2
´

x+ x ¡
¡
¸ + ¸

¢
x+ Ax + K x+ Lx

= 2(Re(¸ ))2 x+ x ¡ 2Re(̧ )x+ Ax + K x+ Lx (14)

In [1], Gershgorin's theorem was used to show that the
eigenvaluesof A wererealandnegative. Thereforethe facts
that A is negative de£nite,L is positive semide£niteand
Re(¸ ) > 0 canbe usedto deducethat the right-handsideof
equation14 is greaterthanzerowhich meansthat ¸ cannot
satisfy the characteristicequationandso if ¸ is complex, it
cannothave positive real part. A similar argumentcan be
usedto show that ¸ cannotbe positive if it is real.

Finally, we show that © hasat mostonezeroeigenvalue.
We considermatrix ©T ,

©T =
·

A ¡ L
K I 0

¸



and let ¸ j be the zero eigenvalue of ©T with associated
eigenvector u =

£
uT

1 uT
2

¤T
2 < 2N in which u1; u2 2

< N . then

0 = Au 1 ¡ Lu 2 (15)

0 = ¡ K u1 (16)

Equation16 implies that u1 = 0 and u2 is the eigenvector
resultingin Lu 2 = 0. u2 will beany vectorbelongingto the
null-spaceof matrix L . BecauseL is the Laplacianof graph
G, the dimensionof L 's null spaceis exactly one, thereby
completingthe proof.

Proof: Lemma 3.2: It is straightforward that

U ¡ 1
·

A K I
¡ L 0

¸
­ I n = ¤U ¡ 1 =

2

6
6
6
4

x
...
x
0

3

7
7
7
5

2 < 2N n £ 2N n

and,
·

A K I
¡ L 0

¸
­ I n U = U¤ =

£
x ¢¢¢ x 0

¤
2 < 2N n £ 2N n

wherex is any complex vectorsatisfyingdimensionrequire-
ment.

1) For the eigenvalueof ¸ 2N = 0, we have,

·
A K I

¡ L 0

¸ ·
u2N

u2N

¸
=

2

6
4

0
...
0

3

7
5 2 < 2N

Hence, u2N is the null spacevector of Laplacian
matrix L , which completesthe proof of the £rst item.

2) The seconditem's proof is similar to the £rst one.For
the eigenvalueof ¸ 2N = 0, we have,

£
v T

2N v T
2N

¤
·

A K I
¡ L 0

¸
=

£
0 ¢¢¢ 0

¤
2 < 1£ 2N

So that, v2N = 0 andv 2N = v ¢1.
3) For the eigenvalueof ¸ i 6= 0, we have,

£
v T

i v T
i

¤
·

A K I
¡ L 0

¸
= ¸ i

£
v T

i v T
i

¤

It is easyto show,

K v T
i = ¸ i v T

i i = 1; ¢¢¢; 2N ¡ 1

4) SinceUU ¡ 1 = I , it meansthe matrix block

£
u1 ¢¢¢ u2N

¤

2

6
4

v T
1
...

v T
2N

3

7
5 = 0 2 < N £ N

It turnsout,
2N ¡ 1X

i =1

u i v T
i = ¡ u2N v T

2N

5) Becauseof U ¡ 1U = I , we have the last element

v T
2N u2N + v T

2N u2N = 1

in terms of the property of v 2N = 0T , the above
equationis equivalent to, v T

2N u2N = 1.
6) It is easyto shown basedon the equation,

·
A K I

¡ L 0

¸ ·
u2N

u2N

¸
=

2

6
4

0
...
0

3

7
5 2 < 2N £ 1
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