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Abstract—Prior work [1] studied the cohesvenessof swarm
dynamics when a consensus<Elter [2] is guiding swarm move-
ment. In that earlier work it was shown that the degree
of consensusachieved was dependent on the swarm's size.
This paper proves that if the swarm's communication graph
is regular, then the introduction of integral action into the
consensu<lter achievesperfect consensugegardlessof swarm
size.

I. INTRODUCTION

Swarmingis a collective behaior in which a group of
distinct dynamicalagentsbegin to move as a single entity.
Swarming behaior has fascinatedthoseinterestedin how
collective actionscan emege from the sel£shbehaior of
individuals in the group. Early examples may be found
in physics and biology [3], [4] [5] [6] [7]- Control sci-
entists have recently begun studying multi-agent systems
for applicationsinvolving cooperatre groupsof unmanned
autonomousvehicles (UAV's). The cooperatre behaiors
includesmoving in formation[8] [9] [10] [11], aggreating
in swarms[12] [13], and exploring hazardouservironments
[14] [15].

A popularapproachto investicate agentinteractionsuses
Lagrangian models. Broadly speaking,Lagrangianmodels
canbedividedfurtherinto two types;swarmingand=ocking.
Theterm“swarming” is often resered for kinematicmodels
in which swarm membersare treatedas point massesThe
standing assumptionin this caseis that viscous forces
are large enough so that an agents accelerationis only
signif£cantover a shortperiod of time. The ith agents state,
x : < | <" therefore,satisEesa £rst order differential
equationx;(t) = F;(t). The function F; is the control
input signal. On the otherhand,the term “aocking” pertains
to a group of agentswhose statessatisfy a secondorder
differential equation,® (t) = F;(t), in which individuals
react to external forces by accelerating.This is clearly
distinct from the “swarming” casein which inertial forces
arengglected.In both casesthe controlinput canbe written
as

X
Fi(t) =
i 2N;

f(Xi;%;) + Ui

where N; is the set of the ith agents neighbors,f;

<" £ <"1 <" modelsthe interagentforcesand u; is an
exogenousnput. Early work in swarming[12] and@ocking
[13] assumedhatN; wasthe entiregroup.Othergroups[8]
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[16] consideredrockingin groupsin whichN; only captured
nearesteighborinteractions.ln nearly all of theseworks,
inter-agentforces are modeledas a mixture of short-range
repulsionand long-rangeattractionforcesof the form

f(xiixj) = Ykxi i XjK)(Xii Xj)i ®&kxii xjK)(xii x;) (1)

where%s: <* | <* and®:<* ! <* representepulsie
and attractve forcesbetweenagentsrespectrely.

This paperconsidersswarm dynamicsin which N; rep-
resentsthe entire group andinter-agentforcesare governed
by the repulsie-attractve forcesshovn in equationl. The
novelty in thiswork is its focuson externalinputsu; thatare
generatedy a consensusglter. In otherwordswe studythe
interconnectiorof a swarmwith a consensuglter asshavn
in £gurel. The consensug£lter wasoriginally introducedby
Olfati-Saberand Shamma[2] as an extensionof consensus
protocols[17] usedin distributed estimation.In this paper
the consensu<lter generatesa collective estimateof the
swarm's centerand agentsuse that estimateto guide their
movements.The primary questionaddressedn this paper
concernghe cohesvenesf the swarmunderconsensuand
the level of consensuschieved.
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Fig. 1. Interconnectiorof Swarm and Consensus-ilter

Olfati-Saberet al. [18] brieny discussedising consensus
protocols to guide cooperatre multi-agent systemswith
regard to multi-vehicle formation control [11]. Recently a
detailedstability analysisof vehicle swarmsunderconsen-
sus was done by Lemmon and Sun [1] in which it was
shavn that the level of consensusvas dependenton the
swarm's size. In that earlier paperit was conjecturedthat
the introduction of integral action into the consensuslter
could achieze near perfect consensusegardlessof swarm
size. This paperfollows up on that conjectureto prove that
integral action indeed achieves perfect consensugprovided
the group's communicationgraphis regular.

The remainder of the paperis organized as follows.
Sectionll reviews the mainresultsfrom [1] thatarerelevant



to this paperandintroduceshe consensus$lter with integral  where¢ denoteshe minimum out-deyreeof the communi-

action. The papers main resultswill be foundin sectionlll  cationgraph,G. The resultsin equation4 indicatethat the
with simulation resultspresentedn sectionlV. SectionV  level of consensusvill be boundedbelown by the swarmsize
summarizeghe paper which will alwaysbe nonzero.As a resultthe swarmin [1]

will not achieve perfectconsensus.
In our earlierpaper[1], simulationresultswere presented
Our earlier paper[1] studieda swarm of N dynamical suggestingthat the introduction of integral action into the
agentswhosesystemequationsare, consensu<Elter might achieze near perfect consensusn

Il. PRIOR RESULTS

B _ X _ _ which kék is nearly zero. This is similar to the low pass
X = (Xoi R)+ o glkxi i xK)(xii X)) (@) consensuglter introducedin [2]. The consensuglter with
>l " integral action satisEeghe following equations,
X X
2 = (Xoi R)+ AR R+ A R) () = (Xo()i Ri(M)+ Ay (x(t)i Ri(t)
j»i j=1 j»i
where x; the physical stateof the ith agentand ®; is the + A (Rt i i) + Kz

consensustateof theith agent.Thetargetstateis denotedas j»i
Xo. ThecoeEcientAj is theij -th componenbf the matrix

In + Adj (G) wherely isanN £ N identity matrix and z = A (R ()i Ri(t) (5)
Adj (G) is the adjaceng matrix of the undirectedgraph,G. j=1
The graphG modelsthe communicatiorconnectvity within - for j = 1;:::;N. The entire systemis formed by combin-
the swarm. Agentj is ableto transmitits consensustate®;  jng the swarm dynamicsin equation2 with the modifed
angits currentstatey; to agenti if andonlyif Aj = 1. We  consensuglter above in equation5.
let ;,;x; denote iL1j6i X Thefunctiong: <* 1 < Let z 2 <NM be the vector of integratederrors.We can
canbe written as useequations2 and5 to obtainthe following stateequation
for the consensurror &,
g(r) = %r) i &)
e = (A-Ip)e+B- I1,)e+Klynz (6)

forany r 2 <* wherelz: <* I <* and®:<* ! <*
denotethe repulsionandattraction function, respectiely. In z = jL- 1.8 (7

particular the original paper[1] andthis paperassumehat whereA - B is the Kronecler productof matrix A andB.

vr)y= %: @r)= & We canrewrite theseequationsin matrix vectorform as
r? r
L . T . W s 1
forary r 2 <* where% and®, arepositive real constants. & . _A K- In € + B . I, e (8)
We de£nethe swarmerror andconsensugrror of theith Z il 0 z 0
agentattime t as In the abore equation
a(t) = x(t)i X(t) A = X+L(G)
&(t) = Ri()i x(t) B = Adj(G)+Inj 117
where L = Deg (G) i Adj (G)
1 .
1 W X = ST 2n i 3(Adj (G))
X(t) = N X (t) . :
j=1 whereAdj (G) and Deg (G) arethe adjaceng and degree

matrix of graphG, respectiely. The matrix L is the Lapla-

denoteghe swarmcenter We let e(t) and &(t) denotevec- cian matrix of G.

torsin <N" whose(in + j)" elementis the j th component
of the ith agents swarm and consensugrror, respectiely. [11. CONSENSUS ERROR ANALYSIS
In the paper[1] it wasshavn thatthe norm of the swarm

This sectioncontainsthe papers main result, which is a
error may be boundedas,

theoremestablishingconditionsunderwhich the consensus

_N(Nj 1% N(Ni )% - £lter achieves perfect consensusThe proof of this result
R= T - kek - T T® R ®3) requireghefollowing two technicalemmas.The£rstlemma
B - characterizeshe eigervaluesof the systemmatrix
where and  are positive real constantsTheseconstants A K
are associatedvith the swarm'’s internal enegy [1]. It was ©= :
alsoshown thatthe norm on the consensugrroris bounded ik o0
as The secondlemma characterizeshe similarity transforma-
Nijlj¢ tion taking © to its diagonalcanonicalform. The proofsfor
K€k, — ¢ Kek (4)  bothlemmaswill be foundin the appendix(sectionV1).



Lemma3.1: Assumethecommunicatiorgraph,G, is con-
nectedthen© hasexactly onezeroeigemwvalueandall other
eigevalueshave real partsstrictly lessthanzero.

Lemma3.2: Let & be a diagonalcomple-valued matrix
whosediagonalelementsare the eigervaluesof © - |. Let
U dencitethe similarity transformationsuchthat®© - | =
UsoU !

B

U:.U]_ U ¢¢C uoy ]
u;, u, ¢ u "
22 T 4
Vi Vv
vl ooov)
and U‘1:§ 7 z In
VN Vin
whereu;; u;; vi andy; 2 <N fori = 1;:::;2N. The

matricesU andUi ! have following properties,
1) upy = u¢l’ 2 <N whereu is a constant.

2) VaN =0¢17 2<N,and
Voy = VE1T 2 <N wherev is a constant.
3) Ky =, vf i=1,¢0¢2N j 1
P o\
4 N u! = i uavdy
5) ViyUpy =1
From equation 3, we know eventually ke(t)k - R.

Assumethate(t) satisEeghisinequalityattime 0. Assuming
that initial statesatisEese(0) = z(0) = O, we canusethe
consensugrror equationss-7 to see

é(t) ’ — ‘ o (ti ¢)pri 1 B- | ’ . .
Z(t) = . Ue U 0 e(¢)de
We defnethe vector kégsk
késsk = tIlilm supfk&(g)k @ t, ¢9 9)

The following theoremprovides an upperboundon kégk.
Theoem 3.3:

Zul [
k8sk - o EllT BoR (10)
wherethe scalarc is
c= j1TAL

_Proof: For notationalcorveniencewe let A = A - |

andB = B - |. Then

2Zt ' g R g
Ke(Dk = & [Ing OnaUE@MAUTL 0 e(g)ded

o 0 o

22 s

o uetidyTBdee R

0

where

£ o
= u; ux ¢€¢¢ uoy tJ- I'n

= Vi Vo ¢ee VN - In

Sincevyy = 0, thelowestn £ n sub-matrixin the matrix
vi B is zerg.Sowe canconclude

o
o ii °
. o1 .
o . 70 .
késsk gug S z I.vIB? R
. T o
OA r| o
o il T B
= i ——+ruxmviy B2R
o | . 2N V2N o
o i=1 > o
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- o 1 K BOR
=1 s
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o 0 —
= o UnVy BoR
o K o
ou 1 ﬂ o
o 0 —
= o Kuv11T BoR

wherethe last coupleequalitiesfollow from lemma3.2.
Multiplying vJ, on the left-handside andusingthe sixth
item in lemma3.2 yields,

VinyAuoy + K =0
The above equationis equivalentto,

welTAl +K =0

Therefore,
oM T 2
ek - 5 — 2 117 BOR
ss i 1TAL
andthe proof is complete. ]

The following theoremrepresentshe main result of this
paper It statesand proves a boundon k&g k for swarming
underconsensusvith integral action.

Theoem3.4: Let¢ and¢ denotethe maximumandmin-
imum out-degree of the communicationgraph,respectiely.
Then

ci¢ o
Remark: A regular graphis onein which ¢ = ¢, so

thatall nodeshave the sameout degree. Theorem3.4 means
that if the graph, G, is regular then the consensuserror
will be zeroin swarmsunderconsensusvith integral action
regardlessof the swarm'’s size.

Proof: Let

ul 1
M= =117 B;
C

where the scalarc is j 1T Al. The norm of M can be
boundedas

kM k? Cisz BT117 ¢11"Bx =
Ni . ®

C2

N
ng BT11"Bx
1" Bx

Wherex 2 <N is a nonzerovector suchthat kxk = 1 and
N
i=1 Xj = 0.



From the de£nitionof matrix B we canshawv that

X
1™Bx = (N 1j ¢y)x
i=1
wherex; is theit" glementof vectorx.
By construction iNzl Xj = 0 so we can partition x so

thatx; - O (i = 1;¢¢¢;°) andx; , O(i = ~ + 1;¢¢¢N).
Then,
- - X X _ X
1™Bx - ¢ X ¢ xi=(Ci¢) x
i=1 i="+1 i=1
3 . ’ 2
Application of Caucly's Inequality N iz1 X
i, X2 yields,
A 1o
) N X 1 X
kMK - = (@ ¢) x - S(@¢) X
¢ i=1 ¢ i=1
1 X 1
2@ ) xt =50 ¢)kek
i=1
1
= g(‘t i ¢)

which we cancombinein the above inequalityto obtainthe
theorems result. ]

The following corollary characterizeshe degree of con-
sensusachieved with and without integral action when
swarming underconsensus.

Corollary 3.5: Theratio of theminimumconsensusrrors
&int and€no; int achieved with and without integral action,
respectrely is

kek, [
. N (12)
kékyo int  N(Nj 1j ¢)

Remark: This corollary boundsthe decreasen the con-
sensuserror whenwe add integral action. The result shavs
thatconsensusrrorcanbe smallin poorly connectedyraphs
(¢ is small) provided the swarm is large enough.

Proof: This follows directly from equation4 and
equation1l in theorem3.4. ]

IV. SIMULATION

A matlab script was written to simulate swarming under
consensusvith integral action.In the following simulations,
theintegratorgainis K = 20 andtheswarmsizeis N = 20.
The repulsion/attractiorstrengthsare ¥ = 1 and®, = 2,
respectrely. Every simulationran for 6000 time stepswith
a stepsizeof T = 0:02

We £rstsimulatedswarmingunderconsensusvith integral
action on the two communicationgraphsshavn in £gure
2. The left-hand£gure correspondgo a regular graphwith
degree 8. The right-hand£gure correspondgo a connected

8 degree Communication Graph

Connected Communication Graph, miz20, min0)=9
0.8

Fig. 2.
graph

CommunicationGraph, N= 20 (left) 8-degree (right) connected
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Fig. 3. Out DegreeDistribution of ConnectedGraph

graphwith ¢ = 19 and¢ = 8. The degreedistribution for
this graphis shovn in £gure 3.

Even though the connectedgraph has an agentthat is
connectedo all otheragentsthe entire swarm is unableto
achieve perfectconsensusThe regular graph,on the other
hand, achieved perfect consensuss is shavn in £gure 4.
This £gureplotsthelog of the normsquaredconsensusrror,
kek? asa function of time. In this particularsimulationthe
swarm size, kek was boundedabove by 1:6662 The solid
line in £gure4 is the consensugrror for the regular graph
andthedashedine is the consensusrrorfor the othergraph.
In theregulargraph,the consensusrrorreacheda minimum
level of késsk = 5:9174ej 014, which is essentiallyzero.
The minimum consensusrror achiezed over the othergraph
was several ordersof magnitudelarger.

Consensus Filters Convergence Rate

.
% 20
ol —regular CGD=8
% connected CG
O 40+ 1
60 + ‘ ‘ s
0 2000 4000 6000

Number of Time Slots t

Fig. 4. Consensug&rror Boundwith Integral Action, N=20

As notedabore, evenif the graphis not regular, integral
action can dramatically improve the level of consensus.
Figure5 shawvs the comparisorof minimum consensugrror



with /without integral action on the same communication
graph. In this paritcular graph the node out-degreeswere
boundedbetweent = 3and¢ = 7. Withoutintegral action
the minimum consensuserror was about 0:9851 (dashed
line). With an integral gain of K = 20, the samesystem
achieved a minimum consensusevel of 0:0102 The £gure
verifesthat integral action candecrease¢he consensugrror
signi£cantly
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Fig. 5. Consensug&rror Equilibrium with /without Integral Action

The following simulationresultsexperimentallyevaluate
the tightnessof the boundspresentedn theorem3.4 and
corollary 3.5. Theorem3.4's proof usedthe following bound

- - X
1"Bx - (¢j ¢) x; and,
i=1
_ X _ X
Ci¢e) x-(@i¢) x
i=1 [
. . . ... Py
in which a unit vector x satisfying Z; x; = 0 was
partitionedinto its positive and negative componentgx; -
0(i = 1;¢¢¢’) andx; , O(i =+ 1;¢¢¢;N)). The bound
clearly getstight when ¢ _is closeto ¢ .

Figure6 illustratesthe relationshipbetween(¢ ; ¢) and
theboundon k&g k. This £gureplots kégsk for two different
graphs.In the £rst graph(solid line) thereis a large spread
in the nodeout-dggrees(¢ = 13 and¢ = 5). In this case
the consensurror is predictedto be lessthan 0:3176 by
theorem3.4. The actualminimum consensugrror, however,
wasonly 0:0154 In thesecondyraph(dashedine), thereis a
small spreadn the nodeout-degrees(¢_ = 10and¢ = 11).
For this case theorem3.4 predictsa consensugrror thatis
lessthan 0:0216 with the actualnorm being 0:0134 These
resultsshav closeagreemenbetweenthe predictionsmade
in theorem3.4 and actualsimulatedresults.

V. SUMMARY

This paperstudiedthe effect of integral actionon the con-
sensuglter. Whencomparedo consensugrrorsin swarms
without integral action, we found that addingintegral action
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Fig. 6. Consensugrror Boundwith different¢ and¢_

dramaticallyimproved the level of consensusln particular
we found that if the communicationgraphis regular, then
the swarm could achiese perfect consensusinder integral
action.

V1. PROOFS

Proof: Lemma 3.1: Any eigervalue, of © mustsatisfy
the characteristicequationA(©) = 0 sothat

i A jKIC

L N A
det((1i A)det' I+ KL( 1 A)i?
det(,(,1j A)+ KL) (13)

The rank of Laplacianmatrix L(G) is N j 1 whenthe
graph G is connectedso that det(K L) = 0. This implies
that© hasat leastone zeroeigervalue.

We now shaw that the eigervalues of © cannot have
positive real parts.Assumethat , is aneigervalueof © such
thatRe(,) > 0. If , is compl, its complex conjucate, ,
must also be an eigervalue of ©. So considerary vector
x 6 0in <N andletx* denoteits conjugatetransposethen

T (i A)+ KL)X
XTI A)+ KL)X

—2
= >2+:

0

A(©) = det

+

1 —
XTXi ,+, X"AX + Kx"Lx

2(Re(,))?x*x i 2Re( )x* Ax + Kx*Lx (14)

In [1], Gershgorins theoremwas usedto showv that the
eigervaluesof A werereal andnegative. Thereforethe facts
that A is negative defnite,L is positve semide£niteand
Re(, ) > 0 canbeusedto deducethatthe right-handside of
equationl4 is greaterthan zerowhich meansthat, cannot
satisfy the characteristicequationandsoif , is comple, it
cannothave positive real part. A similar agumentcan be
usedto shaw that, cannotbe positie if it is real.

Finally, we shav that© hasat mostonezeroeigervalue.
We considermatrix ©T,

B

A L

T =
©_KI 0



andlet ,; be thg zero eigegralue of ©" with associated

eigervectoru = ul uj 2 <N in whichuj;u, 2
<N then
0 = Auij Lu, (15)
0 = jKuj (16)

Equation16 implies thatu; = 0 andu, is the eigervector
resultingin Lu , = 0. u, will beary vectorbelongingto the
null-spaceof matrix L. Becausd. is the Laplacianof graph
G, the dimensionof L's null spaceis exactly one, thereby

completingthe proof. n (1]
Proof: Lemma 3.2: It is straightforvard that 2]
X
1 ACKET '1_§ : z Nngann L
u' L0 lh=8U'"= . 2 <
0 (4]
and, (5]
. > o]
iAL KOI -1haU=Ua = x ¢¢ x 0 2<2NnENg

wherex is ary comple vectorsatisfyingdimensionrequire-

ment. 171
1) For the eigemvalueof | ;5 = 0, we have,
2 3 [8]
A KI°~ : 0
uan  _ . 2N
L0 Uy —2;%2< [9]
0
Hence, uyy is the null spacevector of Laplacian (10]
matrix L, which completeghe proof of the £rstitem.
2) Thesecondtem's proofis similar to the £rstone.For  [11]

the eigemvalue of | o, = 0, we have,

£ o] s £ o} 12]
VN Vi _A K2 %0 gee o 2<1’52’L
iL o0 [13]
Sothat,vony = 0 andv,y = v ¢1.
3) For the eigervalueof | ; 6 0, we have, [14]
£ o A KI®_ £ o
ViT !iT i L 0 =L ViT !iT
[15]
It is easyto show,
Kvl = v i=1,6¢¢2N j 1
, [16]
4) SinceUU i ! = [, it meansthe matrix block
V] 17
£ og
Uy 66¢ umy 9 ¢ b =02<NEN
18
N [18]
It turnsout,
2)(] 1
UiV = j UanVoy
i=1
5) Becauseof Ui U = |, we have the last element

T T _
VonUan + VoyUpy = 1

in terms of the property of v,y = 0T, the above
equationis equivalentto, vl U,y = 1.

6) It is easyto shovn basedon the equation,
2 3

0
A KI7 uxn " _6 . INE1
iL O Uoy _2 : g 2 <
0
[]
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