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A Necessary and Sufficient Condition for Robust Asymptotic Stabilizability of
Continuous-Time Uncertain Switched Linear Systems

Hai Lin and Panos J. Antsaklis

) o ) . The stability issues of switched systems have been of
Abstract—The main contribution of this paper is @ nec- o aaqing interest in the recent decade, see for example
essary and sufficient rank condition derived for the robust
asymptotic stabilizability of switched linear systems with time- € survey papers [17], [11], the recent book [18] and the
variant parametric uncertainties, thus improving the sufficient ~ references cited therein. The stability study of switched
only conditions found in the literature. The method is based systems can be roughly divided into two kinds of problems.
on polyhedral Lyapunov-like functions for each unstable QOne is the stability analysis of switched systems under given

subsystems, which represent generalizations of the polytopic gitching signals (maybe arbitrary, slow switching etc.), and
Lyapunov functions in the classical sense. Under certain rank ' '

condition, which is related to these Lyapunov-like functions, the other is the synthesis of stabilizing switching signals for
the stabilizing switching law is constructed and a global @ given collection of dynamical systems.
Lyapunov function is composed, which guarantees asymptotic =~ For the stability analysis problem, the first question is
stability for the closed-loop switched linear system. The rank \hether the switched system remains stable when there is
condition is also proved to be necessary for the existence of , ragtriction (or na priori knowledge) on the switching
an asymptotically stabilizing switching control law for the . . . . .
switched linear systems. signals. This problem is usually called stability analysis
under arbitrary switching, and is typically being dealt
|. INTRODUCTION with by constructing a common Lyapunov function. For
A switched system is a dynamical system that consisgxample, various attempts has been made [24], [30], [19],
of a finite number of subsystems described by differentidP0] to find a common quadratic Lyapunov function for
or difference equations and a logical rule that orchestratéde family of systems, ensuring the asymptotic stability
switching between these subsystems. Properties of this typkswitched systems for any switching signal. In [19] and
of model have been studied for the past fifty years tpl], Lie algebra conditions were given, which imply the
consider engineering systems that contain relays andm@xistence of a common quadratic Lyapunov function. It
hysteresis. Recently, there has been increasing interest in theworth pointing out that a converse Lyapunov theorem
stability analysis and switching control design of switcheavas derived in [10] for the globally asymptotic stability
systems, see for example [17], [11], [4], [16], [18] and thedf arbitrary switching systems. This converse Lyapunov
references cited therein. The motivation for studying suctieorem justifies the common Lyapunov method which was
switched systems comes partly from the realization thagursued in the literature. However, most of the work was
there exists a large class of nonlinear systems which ca@stricted to the case of quadratic Lyapunov function, which
be stabilized by switching control schemes, but cannot benly gave sufficient stability test criteria. Usually, given
stabilized by any continuous static state feedback contrewitched systems may fail to preserve the stability under
law [9]. In addition, switched systems and switched multiarbitrary switchings. Therefore, a natural question is what
controller systems have numerous applications in control &f we restrict the switching signal to some constrained
mechanical systems, process control, automotive industgybclass of switchings. It is shown in [13], [34], [14] that
power systems, aircraft and traffic control, and many othéhe stability and performance could be preserved under
fields. Switched systems with all subsystems describexrtain constrained switchings, for example slow switching
by linear differential or difference equations are calledvith certain average dwell time. The stability analysis with
piecewise linear/ affine systems or switched linear systemgpnstrained switchings has been usually pursued in the
and have gained the most attention [16], [5], [4], [2]. Recenframework of multiple Lyapunov functions (MLF), see for
efforts in switched linear system research typically focusxample [28], [8], [33], [11], [17], [18] and references
on the analysis of the dynamic behaviors, like stabilitytherein.
[16], [17], [11], controllability and observability [5] etc., The other basic problem for switched systems is the
and aim to design controllers with guaranteed stability angynthesis of stabilizing switching laws for a given collection
performance [4], [16], [2]. of dynamical systems, which is called switching stabiliza-
) . . . tion problem. In the switching stabilization literature, most
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implies the existence of a state-dependent switching rungle subsystem. The determination of optimal disturbance
that stabilizes the switched system along with a quadratattenuation property for uncertain switched systems and its
Lyapunov function. A generalization to more than twodecidability issue was discussed in [22].

LTI subsystems was suggested in [26] by using a “min- The rest of the paper is organized as follows. In Sec-
projection strategy”. In [12], it was shown that the stableaion II, mathematical models for the uncertain switched
convex combination condition is also necessary for thknear system are described, and the robust stabilizability
quadratic stabilizability of two mode switched LTI systemproblem is formulated. The main result is presented in
However, it is only sufficient for switched LTI systems with Section IV. The sufficiency and the necessity of the rank
more than two modes. A necessary and sufficient conditiatondition are proved. The techniques are based on poly-
for quadratic stabilizability of switched controller systemshedral Lyapunov-like functions, which are introduced in
was derived in [31]. There are extensions of [29] to outputSection lIl. Finally, concluding remarks are presented and
dependent switching and discrete-time case [17], [35]. Fduture work is proposed.

robust stabilization of polytopic uncertain switched systems, In this paper, we use the lettefsP,S - - - to denote sets.

a gquadratic stabilizing switching law was designed foHP stands for the boundary of st andint(P) its interior.
polytopic uncertain switched linear systems based on LMFor any real\ > 0, the set\S is defined afz = My, y €
techniques in [35]. All of these methods guarantee stabilitg}. The term C-set stands for a convex and compact set
by using a common quadratic Lyapunov function, which igontaining the origin in its interior.

conservative in the sense that there are switched systems

that can be asymptotically (or exponentially) stabilized Il. PROBLEM FORMULATION

without using a common quadratic Lyapunov function. we consider a collection of continuous-time linear sys-

There have been some results in the literature that propOgns represented by the differential equations with paramet-
constructive synthesis methods to switched systems usifg yncertainties

multiple Lyapunov functions [11]. Exponential stabilization
for switched LTI systems was considered in [27] based oni(t) = Ay(w)z(t), teRT, ¢eQ={1,---,N} (1)

piecewise quadratic Lyapunov functions, and the synthesiﬁh'ereRJr denotes non-negative real numbers. In the above

problem was formulated as a bilinear matrix inequalit)yv . X ) ) .
(BMI) problem. In [15], a probabilistic algorithm was uncertain continuous-time state equations, the state variable

proposed for the synthesis of an asymptotically stabilizingrg]t) € R". Note that the originz, = 0 is an equ'lhbrlum
switching law for switched LTI systems along with a _aybe unstable) for the syste_ms des_crlbed in (1). The
piecewise quadratic Lyapunov function. Notice that thesiMt€ SEtQ stands for the collection of d|src:‘rxe;lte modes. In
stabilizability conditions, which may be expressed as thgaticular, for allg € @, Ay(w) : W — R***, and the
feasibility of certain LMIs or BMIs, in the existing literature NS of 4, (w) are ass;umed to be continuous functions
are basically sufficient only, except for certain cases ocff wEW, wherew < R 1s an aSS|gned compact S?t'
quadratic stabilization. A necessary and sufficient condition B€cause the minimum and maximum of a continuous
for asymptotic stabilizability of second-order switched LTIUnction on a compact set is well-defined, so the entries
systems was derived in [32] by detailed vector field analysig’.f Aq(w) can be bounded in an interval, Fha?@ <
However, it was not apparent how to extend the method .7 (W) < @ Therefore, the above uncertain time-variant

either higher dimensions or to the parametric uncertainﬁ}ate equation can be written as a time-invariant differential
case inclusion:

This paper will focus on this switching stabilization i(t) € Fy(x) )
problem, and derive necessary and sufficient conditions
for asymptotic stabilizability of switched linear systemswhere the multivalued vector-functiafi,(x) is defined for
with time-variant parametric uncertainties. In particular, wall z € R™ by
will focus on globally asymptotic stability and derive a
rank condition, which is necessary and sufficient for the Fy(z) ={f : [ =Am, AgeAg} 3)
asymptotic stabilizability of the uncertain switched linear;q the setd, c R " is the collection of all constant
systems. Similar uncertain switched system models haygirices with entries satisfying,; < a;; < @_. The
been considered in our previous work. In [21], a class qfqivalence is regarded in the sense of coincidence of the
uncertain switched linear systems affected by both paramgsis of absolutely continuous solutions of the system (1) and
ter variations and exterior disturbances was considered, agéihe differential inclusion (2) and (3) [3], [23]. It is known
the uniformly ultimate boundedness control problem wag,¢ the robust absolute stability problem of the differential
studied for both discrete-time and continuous-time casghclusion (2)-(3) can be reduced to an equivalent problem of

Under the assumption that each subsystem admits a finjig, st stability of the following linear time-varying system
persistent disturbance attenuation level, it was shown in [2}}51

that, by proper switching, the closed-loop switched systems
can reach a better disturbance attenuation level than any z(t) = Ag(t)z(¢) 4



where where the uncertain parametér< w < 2. The above
v ' v continuous-time system is obviously unstable. However, we
Ay(t) = z:le(t)Az]z’ w;(t) > 0, lej(t) =1 O mayselectt =[1 0] andR= [ 11 } to obtain
Jj= Jj= -

and the constant matricesg € R™*" are the extreme
points of A,. Note that4, has finite number (up t@")
of such extreme points. This gives us an equivalent linear N
time-varying system with polytopic uncertainties. for all w € [1, 2]. Therefore, the auxiliary system

Therefore, without loss of generality, let us assume g'(t) = (0.5 — w)E(t)
polytopic uncertainty in (1). In particulard,(w) =
> wiAl, w; > 0and T w; = 1. Notice that the is asymptotically stable.
coefficientsw; are unknown and possibly time varying. Remark 1:It can be shown that for the LTI case(t) =

Combine the family of continuous-time uncertain lineardz(t), there always exis and R satisfying the above
systems (1) with a class of piecewise constant functiens, assumption, except for the case when all the eigenvalues
R* — @, which serves as the switching signal between thef A are the same positive real numbgr> 0 and the
collection of continuous-time systems (1). The continuouggeometric multiplicity of the eigenvaluk equals ton. The
time switched linear system can be described as proof of this claim just explores the structure of the Jordan
canonical form ofA and uses straight-forward computation.

Aw)R =11 0}{0(')5 QH [ _11]20.5—w<0,

#(t) = Aoy (w)a(t), t R ©)  Details are omitted here.
and the switching signal is generated by Remark 2:For the case that there does not existo
 S(o(t- satisfy the above assumption for a particular subsystem,
a(t) = d(a(t7), (1)) @ we simply setL as a null row vector, which implies that

whereé : Q x R® — @Q andt™ = lim, g ,>o(t — 7). The the corresponding subsystem makes no contribution for the
discrete mode is determined by the current continuous statabilization of the switched system. To justify this, note that

x(t) and the previous mode(t~). in this case the matrid is similar to the matrix\/ for some
For this uncertain continuous-time switched system (6)Positive real numbei > 0. Here I stands for the identity
(7), we are interested in the following problem. matrix. If we look at the phase plane of the LTI system,

Problem: Given the continuous-time switched system (6)<(t) = Alz(t), all the field vectors points to infinity along
(7), derive a necessary and sufficient condition, under whidhe radial direction. Intuitively speaking, the dynamics are
there exist switching control laws to make the closed-loopxplosive and do nothing but drag all part of the states to

switched system globally asymptotically stable. infinity, which we would like to avoid. Therefore, setting
The following assumption is made for each unstablé to be a null vector and contribute nothing to the rank
subsystems (1). condition in Theorem 1.

Assumption: It is assumed that there exists a full row rank
matrix L, € R™«*", wherem, < n, such that the auxiliary
system for thes-th subsystem (1) It was shown in [23] that the asymptotic stability of
. N the auxiliary system (1) inR™s implies the existence
£(t) = LoAq(w)Re€(?), tER ®) of a polytopic Lyapunov function®,(¢), which can be
is asymptotically stable. Her&, € R"*™s is the right constructed by either algebraic or numerical methods, see
inverse ofL,,. [23], [7]. Assume that the polytopic Lyapunov function for
The above auxiliary system is derived through the genefl) is represented as follows:
alized similarity transformatio®?,{ = =. Notice that there _ _
may exist more than one pair of the matriceg and R, ®q(8) = 12?;{‘“}'

that satisfy the above assumption. s xm o
Intuitively, the above assumption can be interpreted alﬂgjt £y € R (s, > mg) be the matrix withf; &

Ill. POLYHEDRAL LYAPUNOV-LIKE FUNCTIONS

IxXmg te H
representing part of the states (or their linear combination a ung\sl II:/ZeIthser?W vector. It was shown in [7] that the
of the original system (1) that is asymptotically stable. The P
auxiligry system _implies the lower dim(_ansional subspacpq ={(eR™: O (&) <1} ={(€R™: F (<1} (9)
to which the original system can be projected for stability. _ _ B _
Note that even when all parts of the states of the origind$ an invariant set, wheré stands for a column vector in
system (1) are unstable, there still may existo satisfy R™¢ with all elements being and< is component-wise. In
the assumption. For example, the previous example, one may pick the inter@aE {£ :

Example 1:Consider a continuous-time linear system, —1 < § < 1}, which is an invariant set for the auxiliary
05 system.
. w

(t) - [ 0 1 ] x(t) 1This corresponds to the uncertain parameten/4ebeing a singleton.



The next step is to shape the polytopic Lyapunov funowe have ¥,(z) = 0. This is one of the main differ-
tion ¥,(¢) for the auxiliary system (8) into a polyhedralences from the classical Lyapunov function, so we call it
Lyapunov-like function for the original system (1). Lyapunov-like function.

For such purpose, we need to introduce the Euler Ap- Next, we will show that the Dini derivative o¥, along
proximate System (EAS) for the auxiliary system (8) as: the trajectory of the continuous-time system (1) is negative

N for all = outside the con&,, where the Dini derivative
§lh 1] = Loll + 74 (w)|Reé[k], k€ Z™. (10)  pty, (4(1)) is defined as
The connection between the continuous-time system (8) and _
its corresponding discrete-time EAS (10) is based on the D" ¥q(z(t)) = lim  sup Lolalt +7)7)— Lo(z(t))
concept of a contractive set. T0T=0

Definition 1: Given a positive scalah, 0 < A\ < 1, a It was shown in [7] that the Dini derivative o¥, at
setP is said A\-contractivewith respect to the discrete-time the time instantt, for x(t) = », andw(t) = w, can be
EAS (10), if, for any¢ € P, all the possible next step statescalculated as
through the transition (10) are contained in the sBt that DHU,(o(t)) = lim  sup

Wy + A (w)e) — Wy(x)

is 7—0,7>0 T
LI A R,£ € NP, . .
all + 74 (W)}Ry8 The following property of the contractive sets for EAS
holds for anyw € W. (11) is essential to prove that the Dini derivative bf is
Itis shown in [7], that for an asymptotically stable systemnmegative along the trajectory of (1).
(8), there always exists a positive scatar> 0 such that, Lemma 1:If S is a A-contractive set for the EAS (11),

forall 0 < 7 < 7, the level setP, = {¢ : F,£ <1} thenuS is so for allyu > 0.
in (9) is A-contractive for the corresponding discrete-time A similar result for a bounded polyhedron appeared in
EAS (10). [6], and the proof can be extended to the unbounded case
Therefore, we obtain that without difficulties. So the details are omitted here due to
_ space limitation.
FyLgll +7A¢(w)]Re§ < AL The next lemma shows that the contractiveness of the

holds for all¢ € P, = {¢ : F,¢ <1}, forallw e W and polyhedral setS, for the EAS (11) implies the negativeness

for + small enough. of the Dini derivative of¥, for (1).
Note thatR,¢ = = and¢ = Ly, then for allz € {z : Lemma 2:1f there exist scalar® < A <1 and7 >0,
F,Lx <1}, such that the polyhedral s&;, = {z : Hsz < 1} is a
- A-contractive set for the EAS (11) with @ll< 7 < 7, then
FyLg[I +7Aq(w)]z <A1 the Dini derivativeD* W, ((t)) for all z(¢) outside the cone
C, is negative along the trajectory of the continuous-time

holds for allw € W and for all0 < 7 < 7. This means
that the setS, = {z : F,L,z < 1}, which may be
an unbounded polyhedral set, is\econtractive set for the
discrete-time system

system (1).
Proof: For anyxz € R™ outside the coné€,, there exists a
positive scalar: > 0 such thatz lies on the boundary of
the polyhedronuS,, that isz € ouS,. From Lemma 1, the
zlk + 1] = [I 4+ 1A (w)]z[k] (11) the polyhedromuS, is a A-contractive set(( < A < 1) for
the EAS (11). Therefore,
by definition.
Notice that the above discrete-time system (11) is the Uy(z + 74q(w)z) < pA,
EAS of the original subsystem (1). In the following, we _
will show that the existence of such contractive Sgtfor Eg![ﬂssrgcre; a>n(;) ;C%g tfy)\th<en1. Subtract¥y(z) = u to
the EAS (11) implies a polyhedral Lyapunov-like function '
for the continuous-time subsystem (1). Vy(o +7aq(w)r) — Wo(z) _ pA—p
Denote F, L, € R%*" as H,, and h; as thei-th row T - 7
vector of H,. Then the polyhedral Lyapunov-like function ngiice that’“ L= £(A-1)<0, S0
candidate from the polyhedra$), can be defined as T
U, (z) = max {h;x,0}. (12)

1<i<sq

Vy(r +7Aq(w)z) — Wy(x)

In addition, the difference quotient is a nondecreasing
function for r for a convex¥,, we conclude that

< 0.

It is straightforward to verify that,(z) > 0 for all z €
R™, and that¥,(x) is convex, continuous and piecewise
linear for z. However,¥,(z) = 0 does not implyz is the DT, (z(t)) <O0. O

origin. In fact, for allz contained in the convex cone )
In summary, we started from the assumption and proved

C,={z : Hux <0}, the existence of a polyhedral Lyapunov-like function



U, (z(t)) for the subsystems (1). The determination opolyhedral sets, is bounded, if and only if the matrix (13)
such polyhedral Lyapunov-like function can be reduced thasn linear independent row vectors, or equivalently it has
the determination of a polytopic Lyapunov function of therank n.
auxiliary system (8) if the matrixX, is given. It was shown  The proof of this corollary uses Lemma 4 and explores
in [7] that polytopic Lyapunov function may be derived bythe algebraic structure dff, = F,L,. It is not difficult, so
numerically efficient algorithms involving polyhedral sets.details are omitted here.
To calculate the matrixl, that satisfies the assumption, To prove the sufficiency of the main theorem, it is
a systemic method can be developed for the LTI case lassumed that there exist matrickg, for ¢ € (), satisfying
exploring the Jordan canonical form. In the next section, wihe assumption and the rank condition (13). This implies
will construct the stabilizing switching law and compose dhat the intersection of the polyhedréy is a bounded set,
global Lyapunov function for the switched system based odenoted asS. It is straightforward to verify tha$ is convex
these polyhedral Lyapunov-like functiob,(z(t)) for the and compact, and the origin is contained in the interior of
subsystems. S. Hence,S is a polyhedral C-set.
In our recent work [21], we constructed a switching con-
IV. MAIN RESULTS trol law to guarantee that the switched system is uniformly
A necessary and sufficient condition for the robustltimate bounded in a polyhedral C-set. The techniques can
asymptotic stabilizability of the uncertain switched lineatbe used here without significant change to construct switch-
systems (6)-(7) can be stated as the following rank condiag laws that attract all the state trajectories igtawithin
tion. a finite time interval. We will sketch the switching law
Theorem 1:The switched linear system (6)-(7) with synthesis procedure and verify the ultimate boundedness
time-variant uncertainties can be globally asymptoticallyere.
stabilized by a switching law, if and only if there exist First, we introduce some notations. Given a polyhedral
matrices L,, which satisfies the assumption (8) for eaclC-setS, let vert(S) = {v1,vq, - ,v.} stand for its finite
subsystem respectively, and the following matrix vertices, while face(S) = {Fi, Fs,---,Fy} denote its
facets. The hyperplane that corresponds to %k facet

2 F), is defined by
: € R=amax", (13) H,={z eR": frx =1} (14)
Ly where f;, € R'*" is the corresponding gradient vector

of facet F,. The set of vertices of}, can be found as
vert(Fy) = wvert(P) N Fy. Finally, we denote the cone
A. Sufficiency generated by the vertices &f, by cone(Fy) = {x € R™:

First, we give a necessary and sufficient condition for @i @iVki» @i = 0, vk, € vert(Fy)}.
polyhedron to be bounded. Note that a bounded polyhedronNote that if S is a polyhedral C-set then

is usually called a polytope. U cone(Fy) = R™.
Lemma 3:[25] A non-empty polyhedral set

hasn linear independent row vectors.

k=1,---,M
P={x€eR" : Hx < g} Hence, we obtain a conic partition of the whole state space
. . . R™, from which we induce a stabilizing switching law as
is bounded, if and only if the cone follows.
C={zeR"” : Hx <0} For each facet of, F};, there exists at least one moge
_ such that the gradient vector of fadét, namelyf, is one
only contains the null vecta. of the (non-redundant) row vectors &f,. Collect all such

For 0-symmetric polyhedrons, the boundedness checkingodes; and call them active modes foone(F},), denoted
can be reduced to the following simple rank condition. zg Act{cone(F})}.
Lemma 4:A non-empty0-symmetric polyhedral set It can be shown that these active modesdne(F},) have
_ n . the following properties. First, for two different modes
P={zeR" : |Hel< g} g2 € Act{cone(Fy)}, the equality¥,, (z) = ¥, (z) holds
is bounded, if and only if the matri¥l € R**" (s > n) forall z € cone(F}). Secondly, for any € Act{cone(Fy)}
hasn linear independent row vectors, or equivalently thend any another modg € Q, ¥,(z) > ¥, (x) holds for all

rank of H equals ton. x € cone(Fy). The results are not surprising, by considering
In particular, for the intersection of, we have the the geometric interpretation of the Lyapunov-like function

following corollary. which is basically a distance measure from a point to the
Corollary 1: If all the polyhedral setsP, in R™ are boundaries of a polyhedral set.

0-symmetric, then so are thé&, in R”, for all ¢ € For any convex coneone(Fy), we simply pick one mode

Q = {1,2,---,N}. In addition, the intersection of all the ¢ from its active modes sefict{cone(F})} and associate



g with the cone by relabelling the cone &. After this By the arguments in the previous section, the polytopic
relabelling process, the whole state sp&€eis partitioned Lyapunov function¥, implies a contractive polytope for

into a finite number of conic cong??, that is the EAS (10), which can be represented as
U or=r" Py ={€cR™ : |F¢| <T}.
q€Q

So the generated contractive polyhedral for the original
In addition, for all thex € Q4 Q7 the equalityl,, () = System (1) inR™ can be represented as

\I/q/ (l‘) hOIdS . N . Sq — {x c Rn : |FqufL'| S I}’
Based on the conic partition of the state space given by
Q4, q € Q, we define the switching law as: which is 0-symmetric. With the satisfaction of the rank

condition (13), we know thats = () S, is a C-set by
Corollary 1. Therefore, a conic partition based stabilizing

It can be shown that the switching law defined above c swnc_hmg law can be constructed, and a global Lyapunov
unction V' (z) can be composed. O

guarantee the uniformly ultimate boundedness (UUB) for __ . o
the uncertain switched system (6)-(7) info= (), Sy- This completes the sufficiency proof of Theorem 1.
Proposition 1: Consider the class of switching laws de-B. Necessity
fined by §(-,z) = ¢ if z is contained inQ?. Then, the
uncertain continuous-time switched system (6)-(7) is UU
in the polyhedral C-seff) ., Sq-
Proof : Define the functio/ (z) = maxgeq ¥4 (). For all
z(t) ¢ Nyeq So» V(2(t)) = maxgeq ¥q(z) > 1. Assume
thatz(t) € 27 and current mode (¢) = ¢. If no switching
occurs att, then there exists > 0 such thatv0 < 7 < 7,
z(t+7) € QU andz(t + 1) ¢ int(Sy). ThenV(z(t)) =
maxgeq Wq((t) = Uy (x(t)) andV (z(t+7)) = Uy (a(t+

xeN! =4(,x)=¢q (15

To discuss the necessity of the stabilizability of switched
I‘Déystems, we need the following lemma.

Lemma 5:The uncertain switched linear system (6)-(7)
can be globally asymptotically stabilized by a switching law
if and only if it can be asymptotically stabilized by a conic
partition switching law.

Proof : Because of the fact that a conic partition switching
law is a specific class of switching law, the necessity is

Th derive that obvious.
7))- Then we derive tha To prove sufficiency, it is assumed that the switched sys-
DIV (x(t)) = DT, (z(t)) <0 tem can be globally asymptotically stabilized by a properly

designed switching law. Therefore, there exists a switching
Else, if switching occurs at timg then there exists > 0  signalo(t) such that the closed-loop switched system
such thatV0 < 7 < 7, z(t + 7) € Qp and z(t + ) = A
7) ¢ int(Sy). Then V(z(t)) = maxgeq Vy(a(t)) = &(t) = Ago (w)z(t)
Wo(z(t)) = Yo (2(t)) and V(z(t + 7)) = ¥g(z(t +7)).  is globally asymptotically stable. Therefore, there exists a
Therefore, polytopic Lyapunov function? (x) [23] for the closed-loop
, _w, switched linear systems. Note that the level set
DTV (z(t)) = lim sup Yo (et +7) = Oy (@(t) < 0.
=0+ T P={zeR" : ¥(x)<1}
Therefore, the uncertain switched system (6)-(7) is UUR; 5 c-set [7].

with respect to the regiofi) ., Sy - For anyz € 9P, according to the above asymptotic

Because of Lemma 1 and the above UUB result, theapiity assumption, there exists at least one mgdeich
switching control law can drive all the state trajectorieghat the Dini derivative of¥(z) is negative along the

a decreasing sequence of with limy .o ux = 0, then  eyists a positive constartt > 0 and a scalad < \ < 1,
all the trajectories will finally be driven to the origin. This g,ch that

implies globally asymptotic stability for the switched linear
system (6)-(7). In summary, we have the following result. [+ rdq(wle C AP,
Proposition 2: Under the assumption, if the matrix (13) holds for all0 < 7 < 7. In addition, for any positive scalar
has n linear independent row vectors, then there exists > 0,
a switching control law to asymptotically stabilize the [+ 7Ay(w)]px C AuP,

uncertain switched system (6)-(7). o C
; : . ... holds for all0 < 7 < 7. This implies that the Dini derivative
Proof: It was shown in [23] that the asymptotic stability of W(uz) is negative along the dynamics of mogd7].

of the ¢-th auxiliary system (8) implies the existence of a . : :
. . . g Because of the continuity, there exists a small neighbor-
polytopic Lyapunov function¥, in the following infinite hood ofz, B,(x), such that for ally ¢ 9P () By (x),

norm form
Uy (€) = [ Foblloo- [+ 7A4(w)ly C AP,




holds for all0 < 7 < 7. Note that
oPC |J 0PN B, (v),
xedP

and the fact thadP is closed and bounded iR"™, namely
compact. Therefore, there exists a finite coverddy, which

which is asymptotically stable. It is easy to verify that the
interval [—1, 1] is contractive for the first auxiliary system.
Then, we obtain the polyhedral regi¢h as

Si={zeR*| -1<[1 0]z<1}.
For the second subsystem, pid = [ 1 —8 | and

induces a finite partition of the faces @&. With each _ -1
partition of 9P, a conic cone can be generated and the? | —0.25
union of these cones is the whole state space. Within each {

] , then

. . 1. 2 -1
cone, following the previous arguments, one modmn be LyAsRy =[ 1 —8 | _g 05 } { _0.95 ] =—19.
selected to make the Dini derivative ¥fx) negative along y ' ' _
the dynamics of mode. This generates a conic switching Similarly, the auxiliary system for modg, can be written
law which globally asymptotically stabilizes the switched®S

Because of the above lemma, the existence of asymptoti- _ )

cally stabilizing switching law for the switched system (6)-Which is asymptotically stable as well. The interyaB, 3]
(7) implies the existence of a polytopic Lyapunov functior$ contractive for the second auxiliary system, which induce
¥(z) and a conic partition based switching law whichth€ polyhedral regioi, as
globally asymptotically stabilizes the closed-loop switched S ={zeR?| -3< [ 1 -8 ] z < 3}.

system. Denote such conic partition @$, such that i ) o
Note that the rank condition (13) is satisfied, namely
Q¢ =R".
U Li] 1 o] _
mnk:[LQ}—r(mk;[l —8]_2'

q€Q

As proved in the above lemma, within the cof¥, the  Therefore, the switched linear systems can be globally
Dini derivative of ¥'(z) is negative along the dynamics of 3symptotically stabilized through proper switching. From
the modeg. This implies that the cone the sufficiency proof in Section IV-A, the stabilizing switch-

c— ﬂCq ing control law can be constructed as follows:
q

First take the intersection af; and S; as shown in
Figure 1. Then, the state spad®® can be partitioned
only contains the null vector, which implies that the interinto four conic regions by the radii that starting from the
section ofS, is bounded. By Corollary 1, the rank conditionorigin and going through the four vertices &f= S; NS,
is obtained. respectively. Within each conic partition, we associate either
This completes the necessity proof. O ¢ or g, to it, as shown in Figure 1, and if the stateis

To illustrate the results, let us consider the followingwithin that region then the associated mode becomes active.
example, which was considered in [11] used primarily as

a counter-example to show that switching between two
unstable systems may exhibit stable behavior.

Example 2:Consider the following continuous-time
switched linear system:

o Aw)e®), o) =a
a(t) = { As(w)z(t), o(t) = g

In this example the mode s&) = {q1,¢2}, and the
corresponding state matrices for each subsystem are given
as

0 10 1.5 2 Fig. 1. The intersection of; and Sz and its induced conic partition
Ar(w) = o o | Az (w) = 9 _05 based stabilizing switching law.
1 This gives us exactly the same switching control law
SelectZ; = [ 1 0 ] andR; = { _1 ] then as the one proposed in [11]; for simulations see [11]. Of
course, it is possible to get different stabilizing switching
LAR =[1 0] { 0 10 } [ 1 ] TS law for this example, if we choose differedt, and/or
0 0 -1 different contractive regions for the auxiliary systems. The-

The auxiliary system for mode, can be written as

oretically speaking, we may obtain a whole class of switch-
ing control laws that asymptotically stabilize the switched
system.



V. CONCLUDING REMARKS [13]

In this paper, continuous-time switched linear systems af-
fected by parameter variations were considered. The robug]
stabilizability problem for such uncertain switched linear
systems was investigated. A necessary and sufficient rar@ks
condition for the existence of a switching control law to
assure the asymptotic stability of the closed-loop switched
systems was derived. The sufficiency proof also proposeﬂ6
a constructive method for the stabilizing switching law
synthesis, which is characterized by conic partition of thdl7]
state space.

In our future work, the nature of the generalized simi-[18]
larity transformation, especially for parametric uncertainty
case, needs to be better understood. In fact, two problenlnjs9
are of particular interest for this rank test. One is the
existence of the stable generalized similar system for (1[z0]
with uncertainties. The second problem is how to develop
an efficient method to determine or to parameterize theai)
similarity transformation matrix_, for a given subsystem.
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