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@Now that px(x) = (1/25)(3x* + 5), pr(») = (1/25(2y* + 5). Now px(1) = 8/25,
Pr(0) = 5/25, and p(1, 0) = 1/25. Since p(1, 0) # Px(1)py(0), X and Y are dependent.

By the independence of X and Y, o :

PX=1,Y=3)=P(X =1)P(Y =3) = %(;—) : %(2)3 = %.

R

PX+Y=3)=PX=1,Y=2)+PX=2,Y=1)
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@We have that

p(max(X,Y) <1) = PX <1, ¥ =1)= PX NP =) = FOGE-

P(min(X, Y) < t) =1- P(min(X, Y)> r)
=1—~PX>1, Y>t)=]—-P(X>t)P(Y>t)

—1-[1-FO)[} -6®]=F®)+GW)— F(HG@).

¥

o]
Jx(x) = / e gy = xe7* x> 0;
0

2

o0
fr() = / xze—’x(y“'”dx = e
0 (y+1)3

y=0,

where the second integral is calculated by applying integration by parts twice. Now since
JF e, y) # fxx) fy(»), X and ¥ are not independent.

/ 13)) Since

fl,y)=e* -2 = fy(x) fr (),

X and Y are independent exponeritial random variables with parameters 1 and 2, respectively.
Therefore,

E(X*Y)= E(X)E(XY)=2- -;— =1.




15. Liet F and f be the probability distrfbution and probability density functions of max(X, ¥),
respectively. Clearly,

F@)=P(max(X,¥)<t)=P(X <1, Y <t)=(10-e€")? 120

Thus

FO=F@)=2e"1—e")=2e" —2e7%.

Hence

S A

(> ] o0
E[max(X, Y)]=2/ te"dt——f e Fdt=2—
0 0

o0
Note that / te™" d1 is the expected value of an exponential random variable with parameter
b ,

o0
1, thus it is 1. Also, / 2te™? d1 is the expected value of an exponential random variable

, 0
with parameter 2, thus it is 1/2.

Che joint probability density function of B and C is
9b2c?
fb,c)=1 676
0 otherwise.

l<b<3 l<c<3

For X2+ BX + C to have two real roots we must have B2 —4C > 0, or, equivalently, B? > 4C..
Let : :

E:{(b,c):l<b<3,l<c<3,b2>4c};

the desired probability is

9b?c? 3, ¥4 gp2.2 .
dbd b 1
f g dbde /2 ( /1 dc)db ~ 0.12.
E

676

(Draw a figure to verify the region of integration.)

Pye Bl

e R N W 8
- i S 4 X

o ince f(x,y) = € -2¢%, X and Y are independent cxPOnex';ﬁaI random variabléé‘ w1th
parameters 1 and 2, respectively. Thus E(X) = 1, E(Y) = 1/2,

E(X®) =Var(X) + [EXf =1+1=2,

and
EQY?) =Va) +[EN] =

Therefore, E(X? + Y% =2+ —I— = —;—




et X1, X2, X3, X4, and Xs be geometric random variables with parameters 1, 4/5
and 1/5, respectively. The desired quantity is

E(X,+X2+X3+X4+X5)=E(X1)+E(X2)+E(X3)+E(X4)+E(X5)
5 5 5
a2+ 24 2 5=11.42
1+4+3+2+5

Let E; be the event that the ﬁrst three outcomes are heads and the fourth outcome is tails.
For2 < i <n — 3, let E; be as defined in the hint. Let E,_; be the event that the outcome
(n — 3) is tails and the last three outcomes are heads. The expected number of exactly three

consecutive heads is

n-3 . n-3
E(Xi+ Y Xi+ Xoz) = EG) + 3 EQX) + EXn2)

i=2 i=2

n—3

= P(E1) + )_ P(ED) + P(En-2)
i=2
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2. JEX)= }:Z;ﬁxaﬁy) _ 1

x=1 y=3 7

EQY) =3, mxy(x+y) = 12

3 4
. 1 )
E(XY) = E E %xzy(x-}—y):%%_

Xx==} y=3
Therefore,
Cov(X,Y)= EXY) - EEQ =2 _ 17 124 1
o 35 7 s
3. Intuitively, E(X) is the average of 1, 2, ..., 6 hich is 7/2; E(Y) s 20/ = 7/ :

show these, note that

.
EX)=) xpx(

x=}




@ince Cov(X,Y) = 0, we have
Cov(X,Y 4+ Z) = Cov(X,Y) + Cov(X, Z) = Cov(X, Z).

(9

@e have that - .
) ,

By the table constructed for p(x, y) in Example 8.2,

7
E(QY)=0- %4—1 ;§g+2 3989 +3. %Jr 3";9 +5- 3%4_6 -3-12:2.
By the same table, . .
E(XY)=)_> xyp(x,y) =91/12.
x=1 y=0
Therefore, .
Cov(X,Y) = E(XY) - E(X)E(Y) = 2% - —;— . % = ;Z > 0.

This shows that X and Y are positively correlated. The higher the outcome from rolling the
die, the higher the number of tails obtained—a fact consistent with our intuition.

Var(XY) = E(X*Y?) — [EX)E(N)]" = EXXH)EQY?) — p2pul
= W] + o)) +07) — uip] = ofo] + piof + ujof.

(a) Let U, and U; be the measurements obtained using the voltmeter for V; and V,, respec-
tively. Then V; = U; + X; and V, = U, + X,, where X, and X,, the measurément
errors, are independent random variables with mean 0 and variance o2. So the error:

variance in the estimation of V; and V; using the first method is o 2.

(b) Let U; and U, be the measurements obtained,using the voltmeter, for V and W, respec-
tively. Then V = Us;+ X3 and W = U, + X4, where X3 and X4, the measurement errors,
are independent random variables with mean O and variance o%. Since (Us + U,)/2 is
used to estimate V;, and (U3 — Us)/2 is used to estimate V,,

V+W__. U3+U4+X3+X4

V= =
1= 2 2

and

V-W Us—-U;s X3—X,4
Vo = = y
2 2 2 + 5

we have that, for part (b), (X3 + X,)/2 and (X3 — X4)/2 are the measurement errors in
measuring V; and V,, respectively. The independence of X3 and X, yields

o?

VM(M:_) = %[Var(x3) +Var(X4)] = %(02 +0?) = —,

2 2
and

_ : 2
Var(X3 . X4) —_ }_[Var(X3) +V31'(X4)] — _1.(0,2 + 02) — ?_2_-

Therefore, the error variances in the estimation of V; and V,, using the second method
is 02/2, showing that the second method is preferable.
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( 19. For 1 <i < n, let X; be the ith random number selected; we have

Var(ix,-) = j:Var(X,-) = Z a-0°_ =n
i=1

fz=] i=1 12 - 12.

@ To find Var(X), we use the following identity:

Var( }; X;) = Y Var(Xp) +2) 3 Cov(Xi, X;)- (38)

[E 1<J

L
Wit

Nowforl <i <n,
D D
E i = A. = T, 2 = i T e
(X;) = P(A) N E(X;) = P(A) N

Thus :
ety - [EGT = 2 - (BY = 2N~ D)
Var(X;) = E(XD) - [EXD)] = § (%) ==

Alsofori < j,

X;Xj — 1 if A,’Aj' ocecurs
0 otherwise.
Therefore,
D~-1 D _ (D—-1)D

E(X:X;) = P(AiA)) = PA 1 AVPA) =T NS (N=DN’

and

Cov(X:, X;) = E(XiX)) — EG)EX;)
(D—-1)D D D _—D(\N-D)

o s ——————— o —— Y ——

TIN-DN N N (N-1HN?~
Substituting the values of Var(X;)’s and Cov(X;, X;) back into (38), we get
D(N — D) n\r—D(N — D)
Vi = et
ar(X) "[ N2 ]+2(2)[ (N — DN? ]
nD(N — D)( n—1
-2zl

N? N-1

This follows since in (38), _and ) 3 _havenand (;) = ?—(—’1-2-———%2 equal terms, respectively.
i <j ; IS

F’a;ﬂ L3

@ By Exercise 23 of Section 8.2, X and Y are independent random variables. [This can also be
shown directly by verifying the relation f(x,¥) = fx(x) fr (y).} Hence Cov(X,Y) =0, and

therefore p(X,Y) = 0.




